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Abstract: In this paper, we give definitions of compatible mappings of type (y) in neutrosophic metric 
space, and obtain a common fixed point theorem under the conditions of weakly compatible mappings 
of type (y) in complete neutrosophic metric spaces. Our research generalizes, extends and improves the 
results given by Sedghi et al.[19]. 


Keywords: Fixed point, Neutrosophic metric Space, Compatible Mappings, Weak Compatible Mappings 
of Type (y). 


1. Introduction : 


Fuzzy set was presented by Zadeh [30] as a class of elements with a grade of membership. Kramosil 
and Michalek [9] defined new notion called Fuzzy Metric Space (FMS). Later on, many authors have 
examined the concept of fuzzy metric in various aspects. Since then, many authors have obtained fixed 
point results in fuzzy metric space using these compatible notions. Also, Kutukcu et al.[11] obtained the 
common fixed points of compatible maps of type($) on fuzzy metric spaces, and Sedghi et.al.[19] studied 
the common fixed point of compatible maps of type (7) in complete fuzzy metric spaces. 

Atanassov [1] introduced and studied the notion of intuitionistic fuzzy set by generalizing the 
notion of fuzzy set. Recently, Park[14] and Park et al. [17] defined the intuitionistic fuzzy metric space. 
Many authors [15, 16, 17] obtained a fixed point theorems in this space. Also, Park et al. [17] introduced 
the concept of compatible mappings of type(a) and type($), and obtained common fixed point theorems 
in intuitionistic fuzzy metric space. 
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In 1998, Smarandache [20, 21, 22] characterized the new concept called neutrosophic logic and 
neutrosophic set and explored many results in it. In the idea of neutrosophic sets, there is T degree of 
membership, I degree of indeterminacy and F degree of non-membership. Basset et al. [3] Explored the 
neutrosophic applications in dif and only iferent fields such as model for sustainable supply chain risk 
management, resource levelling problem in construction projects, Decision Making. In 2020, Kirisci et al 
[10] defined NMS as a generalization of IFMS and brings about fixed point theorems in complete NMS. 
In 2020, Sowndrarajan et al. [23] proved some fixed point results for contraction theorems in neutrosophic 
metric spaces. 

In this paper, we give definitions of compatible mappings of type (y) in neutrosophic metric space 
and obtain common fixed point theorem under the conditions of weak compatible mappings of type (y) 
in complete neutrosophic metric space. 


2. Some Relevent Results: 


Definition: 2.1.[18] 
A binary operation * : [0, 1] x [0, 1] > [0, 1] is a continuous t-norm [CTN] if it satisfies the following 
conditions : 
1. *is commutative and associative, 
2.  *is continuous, 
3. €1*1 =€1 for all e1€ [0, 1], 
4. e1* €2 < e3s*e4 whenever €1< €3and €2 < 4, for each €1, €, €3, €4€ [0, 1]. 


Definition: 2.2.[18] 
A binary operation °¢ : [0, 1] x [0, 1] > [0, 1] is a continuous t-conorm [CTC] if it satisfies the following 
conditions: 
1. is commutative and associative, 
2.  ¢is continuous, 
3. €1°0=€1 for all e1€ [0, 1], 
4. €19 €2 < €30 €4 whenever €1< ¢é3and €2 < «&4, for each €1, €2, sand é4 € [0, 1]. 


Definition: 2.3.[23] 

A 6-tuple (2, €, 0, Y,*,°) is said to be an Neutrosophic Metric Space (shortly NMS), if & is an arbitrary 
non empty set, * is a neutrosophic CTN, ¢ is a neutrosophic CTC and 2,0 and Y are neutrosophic on 
2»? x Rt satisfying the following conditions: 

For all 7,7, 6,07 EX, AE R. 

OSE(¢,n, AS105S 0(6,n, AS1;0S5Y(6,n, ASI; 
E(¢,n, A)+O(¢,n, A+ Y (6,0, A) $3; 

=(¢,n, A)=1 ifand only if ¢ = n; 

E(¢,n, A)=8(1,6,A), 

=(¢,n, A)*E(7,6,u)S2(0,6,A4+ py), for alla, u>0; 
=(¢,n, .): (0,0) > (0, 1] is neutrosophic continuous ; 
im =(¢,n, a)=1 forall A>0; 

0(¢,n, A)=0 if and only if ¢ = 7; 

0(¢,n, A)=0(1,6,4); 

0(¢,n, A)°0(7,6,n)20(¢, 6,4 +p), for alla, u>0; 


SOD OLS 0 sr 


ray 
= 
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11. ©(¢,n, .):(0,-%) > (0, 1] is neutrosophic continuous; 
12. '™ 0(¢,n,4)=0 forall 1 >0; 
13. Y (¢,n,A)=0 if and only if ¢ = 7; 
14. Y (¢,n, A=Y (1,6,4); 
15. Y(¢,n, AoY (7,6,uH)2Y (¢,6,A + py), for all 2, u> 0; 
16. Y(¢,n, .):(0,°) > (0, 1] is neutrosophic continuous; 
17. |" Y(¢,n, A)=0 forall 2>0; 
18. IfA <0 then E(@,7,6,4)=0; 0(@,7,6,A)=1; Y (0,7, 6,Aa)=1. 
Then, (£,0,Y) is called an NMS on Z. The functions =,0 and Y denote degree of closedness, 
neturalness and non-closedness between ¢ and 7 with respect to A respectively. 


Example: 2.4.[23] 
Let (Z, d) be a metric space. Define w*t = min {w,t} and wet = max { w,T} and 


z : m : : z - A : —~_4Gn)_. 
5,0,Y : &? x R*>[ 0, 1] defined by,we define = ( ¢, 7, A) aye A ee A) Teatny’ 
Y(¢,n, A)= ae) | for all ¢,n € XandA>0. Then (2,¢, 0, Y,*,0) is called NMS induced by a metric d the 


standard neutrosophic metric. 


Definition 2.5.[23] 

Let 2 be an NMS. Then , @ are said to be continuous on X? x R* if lim E(C », nn, An) = E(C, 1, A) ; 
lim ® (Cx, Nn An)= OC, n, A); lim YCx, nn, An) =¥ (C, m7, A), 

Whenever a sequence {(€ n, Nn, An)}c 2? x R* converges to a point (CG, n, A) € ©? x R'. 


Definition 2.6. 
Let T and O be mappings from an NMS £ into itself. Then the mappings are said to be compatible if 
lim EVO », OFC», A) =1, lim OTTO », OTC», A) =0, lim YTOS », OFC n, A) = 0, VA > 0, whenever {C x} 


is a sequence in X such that limTCn= limOQCn=C eX. 
n-0oco n-©co 


Example 2.7. 
Let © be an NMS, where © = [0, 2], *, © defined a * b = min{a, b} , a0b = max{a, b} for all a, b €[0, 1] 


and = (¢,n, A) =O (Sm A) = ETRY (Sm, A) = SSD for all A >0OandC,n ¢€ =. Define 
self maps T and 2. on X as follows: 
2ifo<s¢<1 2if G=1 
-{s ifl<¢<2 ang ote -{ss8 otherewise 


and ( n= 2- =. Then we have 01 =2=T1land Q2=1=I2. 
Also, O.T2 = Q1 =2, TO2 = 11=2(Q 12= TO2 =2), thus T and QO are weak compatible. 
. 1 1 1 1 1 1 : ty bat 
Also, since ITC ‘ited 7 (2 =a = 1 OC no 3(2 3) =1- 40h: Thus lim Tc n=1 = lim QC n. 
1. 1 3 4 1 1 
Furthermore, QO [TC n= O(1 arr oer arenas) kamera TOC n= TU) 


20n 
Now, 


Ene =jim 270-2 ya ee 
lim, E (TOC », OTC», A) = lim, & (2, 5 oat 5tt+6 ’ 
: =]j peers, Wy ee 
lim @ (TOC » QTC, A)= lim © (2,2 A)= 55, 
. 4 Beck Ah 8 
Tim ¥ (TQC », QTC», A)= lim Y (2, = Zon’ ) St’ 
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Hence I and Q is not compatible. 
3. Weak Compatible mappings of type (y): 


Definition 3.1. 
Let I and QO be mappings from an NMS » into itself. Then the mappings I and Q are said to be 
compatible maps of type (y) if satisfying: 


1. T and QO are compatible, that is, lim (TOC n QTC. A) =1, lim O(TOC » QTC A) =0, 
n-oco n- oo 
lim Y (TOC n, QTC n, A) =0, VA>0. 
n-oco 
Whenever {C n} <2 such that lim [PCn= lim QOCn=CeX. 
n-oco n-0co 


2. They are continuous at C. On the other hand, we have 
Tc = [( lim [€n) = T( lim OCn) = (lim OT Cn) =O( lim Cn) = OC. 


Definition 3.2. 
Let [ and Q be mappings from an NMS » into itself. The mappings I and Q are said to be weak - 
compatible of type(y) if lim [PCn= lim QCn=C forsome C € X implies that TC = OC. 


Remark 3.3. 
If self maps I and O of an NMS © are compatible of type(y), then they are weak compatible type(y). 
But the converse is not true. 


Lemma 3.5. 
Let © be an NMS, 

1. Ifwe define Ea: X? x R* by 
Ea (C,n)=inf {A>0;2(¢,n, A)>1-2,0(C,n, A)< Aand Y(C,1n, A) <A} for each p € (0,1) there 
exists a € (0,1) such that Ea (C1 , C n) S Ex (C1 , C 2) + Eo (2 , C 3) +... Ex (Ci, C 2) 
for any C1,C2...Cn eX. 

2. The sequence { Cn}nen is convergent in NMS » if and only if Ea(@,C)>0. 
Also, the sequence { Cn}nen is Cauchy sequence if and only if it is Cauchy sequence with Ea . 


Lemma 3.6. 

Let © be an NMS. © (Gr, Gu, A) > E(G, G, kA), O (G, Gu, A) < O (Co, G, kA) and 
Y (Gr, Gu, A) S$ ¥ (Co, Gi, k"A) for some k > 1 and for every ne N . Then sequence { Cn} is a Cauchy 
sequence. 


Lemma 3.7. 
Let & be an NMS. If there exists a number k e€(0, 1) such that for all C , n €X and A > 0. 
E(C,n, kKA)2E(C, 0, A), 8 (C, n, kA) < 0 (C, nm, A) and Y (C,n, KA) < Y (C, 0, A) thenC =n. 


4. Main Results 


Lemma 4.1. 
Let I and Q are self - mappings of a complete NMS © satisfying: 
There exists a constant k € (0, 1) such that 
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2°™EC, Qn, kA)* [E (C, TC, kA) E (y, Qn, kA)] * £2(y, Qn, kA) + aE (n, Qn, kA) 

E(C, On, 2kA) > [p 8 (C, TC, A) +q FC, A) E (C, Qn, 2k) (4.1.1) 
@2(TC, Qn, kA) 0 [O(C, FC, kA) 0 (n, Qn, kA)] © ©2(y, Qn, kA) +a © (n, Qn, kA) 

© (C, Qn, 2kA) < [pO (C, TZ, A) +qO (C, n, A)] © (C, On, 2kA) (4.1.2) 
YLT, Qn, kA) 0 [¥ (C, TT, kA) ¥ (1, Qn, kA)] 9 ¥2(n, Qn, kA) +a ¥ (n, Qn, kA) 

¥ (C, On, 2kA) <[p¥ (C, TC, A) +g ¥ (Cm, A ¥ (C, Qn, 2kA) (4.1.3) 


for every C,n € X and A > 0, where 0 < p, q< 1,0<a<1 such that p+ q-—a=l. ThenT and Q have a 
unique common fixed point in X. 


Proof: Let C oe & be an arbitrary point, there exist C 1 € & such that TC 0= C1, QC = C2. Inductively, 
construct the sequences {C n} c X such that C an =TC an, C 2nv2 = QC an 
for n=0, 1, 2, ..... Then we prove that {C } is a Cauchy sequence. 
For C =C 2, N = C 21 by we have 
E2(1C 2n, QC 2net, KA) *[ E (C 2n, PC 2n, kA) & (C ant, OC ant, KA)]* 2B 2(C an, QC 2net, kA) 
+ aE (C ant, QC an, KA) & (C 2n, QC anv, 2KA) 2[p F (C 2n, TC 2n, A) + q E (C 2n, C ant, A)] X 
= (C 2n, QC ant, 2kA) and 
= 2(C ane, C 2nv2, KA) *[ E (C 2n, C anti, KA) E (C ani, C 2nv2, KA)] * 2 2(C anst, C 2n12, KA) 
+aE (C ant, C 2nv2, KA) & (C 2, C 2012, 2kA) 2 [p E (C 2n, C ant, A) tq E (C 20, C 2m, A)] X 
= (C 2n, C 2nv2, 2kA), 
O20 C 2n, QC ans, KA) Of © (C 2n, PC 2n, KA) © (C ont, QC anti, KA)] > 0 2(C an, QC 2ne1, kA) 
+aO (Cant, QC ant, KA) © (C 2n, QC anu, 2KA) < [p O (C 2n, PC 2n, A) + q O (C 2n, C anu, A)] X 
© (C 2n, QC an, 2kA) and 
© 2(C ant, C 2n2, KA) O [0 (C 2n, C 2ne1, KA) © (C 2net, C 2nv2, KA)] 0 © 2(C ant, C 2n+2, KA) 
+a (Cann, C 2m, KA) © (C 2n, C 22, 2KA) < [p O (C 2n, C 2n1,A) +q © (C 2n, C anu, A] X 
© (C 2n, C 2nv2, 2KA). 
Y2(TC 2n, QC 2ne1, KA) OL Y(C 2n, TC 2n, KA) ¥ (C 2net, QS anv, KA)] 0 Y2(C ant, QC 2ne1, KA) 
+aY¥ (Can, QC on, KA) Y(C 2n, QC 201, 2KA) < [p ¥ (C 2n, PC 2n, A) +. q ¥ (C 2n, C ant, A)] X 
Y (C 2n, QC ant, 2kA) and 
YC anti, C 2n12, KA) O [Y (C 2n, C 2net, KA) ¥ (C ane, C 2nv2, KA)] O ¥2(C ant, C 2n+2, KA) 
+aY¥ (Cant, C 22, KA) ¥ (C 2n, C 22, 2KA) < [p ¥ (C 2n, C 2n41,A) +q ¥ (C 2n, C anus, A)] X 
Y (C 2n, C 2nv2, 2KA). 
Then 
= 2(C anti, C 22, KA) *[ E (C 2n, C anti, KA) E (C anti, C 2nv2, KA)] + aE (C ann, C 2n2, kA) 
 (C 2n, C 2n2, 2kA) 2 (p + q) E (C 2n, C ant, A) E (C 2n, C 22, 2KA), 
© (C ant, C 2ns2, KA) O[ © (C 2n, C 2ne1, KA) © (C ant, C 2n+2, KA)] + a © (C ant, C 2n¥2, KA) 
© (C 2n, C 2n2, 2kA) < (p + q) O (C 2n, C 2ne1, A) O (C 2n, C 2nv2, 2kA), 
YC anti, C 2n2, KA) O[ ¥ (C 2n, C ant, KA) Y¥ (C 2net, C 2nv2, KA)] + a ¥ (C ants, C 2nv2, KA) 
Y (C 2n, C 2nv2, 2kA) $ (p + q) ¥ (C 2n, C ant, A) ¥ (C 2n, C 2nv2, 2KA). 
So, 
EB (C ant, C nz, kA) + a & (C ane, C 2n12, kA) 2 (p + q) E (C 2n, C 2nut, A) 
© (C ant, C 2n12, KA) + a © (C ant, C 22, KA) S$ (p + q) © (C 2n, C 2nut, A) 
Y (C ant, C 2nv2, KA) + a Y (C ant, C 2nv2, KA) S$ (p +q) Y (C 2n, C anu, A). 
Therefore 
E (C anti, C 2n2, KA) = E (C 2n C ant, A), O (C ane, C 2nv2, KA) < © (C 2n, C an, A) and 
Y(C anv, C 2nv2, KA) S$ ¥ (C 2n, C 2net, A). 
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Similarly, we also have 
= (C 2nv2, C 23, KA) = E (C ani, C 2nv2, A), © (C 2ne2, C 2nv3, KA) < © (C ane, C 2nv2, A), 
Y (C 2anv2, C ana, KA) < ¥ (€ ant, C 2nv2, A) « 
For ke (0, 1) if ki= >1 and A=k: A1, then we have 
E (Cn, Cn, A) 22 (Co, C1, kf At), O (Cn, Cnt, A) SO (Co, C1, kf Arjand 
Y (Cn, Cn, A) SY (Co, C1, kf An). 
By Lemma 3.6, since {C n} is a Cauchy sequence in X which is complete, {C n} converges to w in X. Hence 
limT'C 2n= lim ¢ 2nel = lim ¢ 2nt= lim QC antl = W. 
Now, taking C = w and n =C 2n1 in (i), we have as n>, 
=2(T@, w, kA) * [E (w, Tw, kA) = (@, w, kA)] * 22(@, w, kA) + aE (@, w, kA) E (@, w, 2kA) 
= [pH(w, Tw, A) + qE(w, w, A)] E(w, w, 2kA), 
0 2(T'w, w, kA) * [0 (w, Pw, kA) 0 (w, w, kA)] > 0 2(w, w, kA) + a © (a, w, kA) 0 (w,~, 2kA) 
<[p 9 (w, Tw, A) + q 9 (w, w, A)] O (@, w, 2kA), 
Y2Tw, w, kA) * [Y (w, Tw, kA) ¥ (w, w, kA)] 0 ¥2(w, w, kA) +a ¥ (w, w, kA) © (w,w, 2kA) 
<[p Y(w, Pw, A) + q Y (@, w, A)] ¥ (@, w, 2kA). 
Therefore 
E(w, w, kA) +a 2 pH(w, Tw, A)+q, © Tw, w, kA) <0, Y (Tw, w, kA) <0, 
for allA>0, soltw=qw. Taking C=C 2 and n= w in (i), we have asn > ~, 
E(w, Ow, A)+ az p+q, 0 (w, Qu, A) +aO (w, Ow, A)<O and Y (w, Qw, A)+aY (w, Ow, A) <0, 
for all A > 0, so Qw =m. Thus w is a common fixed point of I and Q, 
Let 8 be another common fixed point of T and Q. Then using (i), we have 
E(w, B, kA) +a = (a, B, 2kA) = [p+ q E(w, B, A)] E(w, 6, 2kA), 
02(w, B, KA) <q 0 (a, B, A) 9 (w, 8, 2kA) and Y2(w, B, kA) <q Y (w, 8B, A) ¥ (@, B , 2KA) 
and 
E(w, 6B, A) E(w, B, 2kA) + aB(w, B, 2kA) 2[p + q E(w, B, A)JE(~, B , 2kA), 
O(w,B,A) 8 (w, B, 2kA) <q O (a, B, A) O (w, 8, 2kA), 
Y (w,B,A)Y (w, B, 2kA) <q ¥ (w, B,A)Y (w, B, 2kA). 
Thus, it follows that 
E(w, B,A)2 7-1 O(n, 8, A)s0,¥(n, B,A) <0, 


for all A>0, so w=. Hence I and Q have a unique common fixed point in X. 


Theorem 4.2. 
Let [’, QO, A and V be self mappings of a complete NMS © satisfying 
1. T(Z)eV(E), QE) CA (2), 
2. There exists a constant k € (0, 1) such that 
2PC, On, kA) * [EC AC, TC, kA) E(Vn, On, kA)] *22(Vn, On, kA) + aE(Vn, On, kA) 


E( AC, Qn, 2kA) > [pE( AG, TC, A) + gE( AC, Vn, A)] E(AG, Qn, 2kA) (4.2.1) 
QTC, Qn, kA) > [0 (AC, IC, kA) 0 (Vn, Qn, kA)] © © (Vn, Qn, kA) +a O (Vn, Qn, kA) 

@ (AG, Qn, 2kA) < [p @ (AG, TG, A) +q.O (AG, Vn, A)] © (AG, Qn, 2kA) (4.2.2) 
¥2(PC, Qn, kA) © [Y(AC, FC, kA) ¥ (Vn, Qn, kA)] 0 ¥2(Vn, Qn, kA) +a ¥ (Vn, Qn, kA) 

¥(AC, Qn, 2kA) < [p¥ (AG, FC, A) + q¥ (AC, Vn, A) ¥ (AG, Qn, 2kA) (4.2.3) 


for every C, n € X and A>0, where 0 < p, q<1,0<a<1 such that p+ q-a=l, 
3. The pairs ([, A) and (Q, V) are weak compatible of type (y). 
Then Tl, Q, A and V have a unique common fixed point in X. 
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Proof: Let C 0 € & be an arbitrary point. Since (2) c V(X) and Q(X) c A (2), there exists C1, C2 € X such 
that TC o=VC = 1, OQC1= AC =n. Because we can construct the sequences {C no}, {qn}c & such that nant = 
TC an= VC ant, Nantz =OQC a= A C22, forn=0, 1, 2,..., we prove {nn} is Cauchy sequence. 
For C =C 2n,  =C 21 by (ii), we have 
EPC 2n, QC anv, KA) *[EC A C 2n, TC 2n, KA) E(VC ant, OC onet, KA) *E2(VC ant, QC anti, KA) 
+a E(VC ant, QC ant, kA) EC A C 2n, QC anv, 2KA) 2[PE( A C 2n, VC 2n, A) + CEA C 2n, VC ant, A)] X 
E( AC 2n, QC ani, 2KA), 
O20 C an, QC an, KA) 0 [0 (A C 2m, TC 2n, KA) © (VE ant, QC 2net, KA) 0 © 2(VCE an, QC 2net, KA) 
+a (VC 2, OC ant, KA) O (A C 2n, OC 21, 2KA) < [p O (A C 2n, TC 2, A) tq O (AC 2n, VC ann, A)] X 
0 (AC 2n, QC ant, 2KA), 
Y2TC an, QE ant, KA) O [Y (A C 2n, PC 2n, KA) ¥ (VCE ant, QE ane, KA) OY (VC ane, QC ant, KA) 
+a ¥ (VC ant, QC ant, KA) ¥ (AC 2n, OC ant, 2KA)S [p ¥ (A C 2n, TC 2n, A) + q ¥ (AC 2n, VC ane, A)] X 
Y (AC 2n, QE 2net, 2KA). 
Hence 
E(r2n1, N2an2, KA) E(rj2n, Nanez, 2kA) + aE (ran, N2n2, KA) E(rj2n, N22, 2kA) 
= (p t+ q) E(npan, nant, A) E(r2n, N2n2,2kA), 
© (Tan, Nantz, KA) © (tan, N2n2, ZKA) + a O (t2nH1, N2n2, KA) O (H2n, N2n+2, 2kA) 
<(p t+ q) © (npn, Nant, A) O (Tan, N2n2,2kA), 
Y (rant, Nantz, KA) Y (20, Nantz, 2KA) + a ¥ (1241, T2n2, KA) ¥ (12, Tanz, 2KA) 
<(p tq) Y (rn, rans, A) ¥ (120, N202,2kA). 
So, we have 
E(nen1, N2n2, KA) = E(y2n, Nant, A), © (nan, N22, KA) < © (r20, Nan, A) and 
Y(r2n, 202, KA) < ¥ (120, Nant, A). 
Similarly, also we have 
E(r2n2, Nas, KA) = E(qjantt, N22, A), © (ry2n+2, N23, KA) < © (r2n1, T2n+2, A), 
Y (ry2n2, Nane3, KA) < ¥ (2n1, N22, A), for k € (0, 1), if ki =< >1 and A=ki Ai, then 
(qn, Na, A) 2 (qn, yn, ki A1) 2... 2 E(ro, m1, kf A1), 
0 (Fn, Nn, A) S$ O (NnA4, Nn, ki, A1) S$... $ O (No, m1, RTA), 
Y (Mn, Nt, A) S ¥ (qn, Nn, ki, Ai) S$... < ¥ (qo, yy KP At). 
Thus {nx} is a Cauchy sequence and completeness of %, {nn} converges to w € L. 
Hence 
limT'C 2n= lim Toni = Tim VC anti = lim T2n2 = lim QC 2ntl = lim AC an = lim AC2=W. 
Since I, A are weak compatible of type (vy), Aw = A w. 
Now, taking C = w and n= C 2n in (ii), we have as n > ©. 
=?(Pw, w, kA) * [2( A w, Pw, kA) E(w, w, kA)] *2?2(w, w, kA) + aE(w, w, kA) (Aw, w, 2kKA) 
2 [p=( A, Tw, A) + qE( Ao, w, A)E( A w, w, 2kA), 
02(Tw, w, kA) > [0 (A w, Tw, kA) 0 (w, w, kA)] > 0 2(w, w, kA) + a 0 (w, w, kA) 0 (A w, w, 2kA) 
<[p9(Aw,Taw,A)+q9(Aa,a,A)] 0 (Aa, w, 2kA), 
Y 2a, w, kA) o [Y (A w, Pw, kA) ¥ (@, w, kA)] > ¥2(~, w, kA) +a ¥ (w, w, KA) ¥ (A &, w, 2kKA) 
<[pY (Aw,Tw,A)+qY (Ao, @,A)] ¥ (A @, w, 2KA). 
It follows that 
=22(Cw, w, kA) + ak(Pa, w, 2kA) 2 [p+ ge(Tw, w, A)JE(Tw,a, 2kA), 
072([w,w, kA) <q 0 (Ta, w, A) 0 Ta, w, 2kA), Y2(Tw,w, kA) s q ¥ (Pa, w, A) ¥ (Tw, w, 2kA). 
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Since 3(C, n, .) is nondecreasing , © (Cn, .) is nonincreasing and Y (C, n, .) is nonincreasing for all C,n €X, 
we have 
0 


E(Tw, w, A) > 2* =1, 0 (Tw, w, A) < += 0, ¥ (Tw, w, A)< += 0. 
1-q 1-q 1-q 


for allA>0,SoTw=w. HenceTw= Aw=a. 
Similarly, since Q, V are weak compatible of type (y), we get Qw = Vw. 
For taking C =C 2 and n =a in (ii), we have asn > ~, 
=2(w, Qw, kA)* [E(w, w, kA) E(Vw, Ow, kA)] * E2(V@, Ow, kA) + aB(Vw, Ow, kA) 
E(w, Ow, 2kA) = [pE(w, w, A) + qE(w, Vw, A)] E(w, Qw, 2kA), 
02(w, Qw, kA) O [0 (w, w, kA) 0 (Vw, Ow, kA)] > 0 2(Vam, Ow, kA) + a 0 (Vm, Qw, kA) 
0 (w, Qu, 2kA) < [p 9 (w, w, A) + q 9 (w, Va, A)] 9 (w, Que, 2kA), 
Y¥ 2(w, Qw, kA) o [Y (@, w, kA) Y (Vw, Ow, kA)] > ¥ (Va, Qw, kA) +a Y (Vm, Ow, kA) 
Y (@, Qu, 2kA) < [p ¥ (w, w, A) + q ¥ (w, Vo, A)] ¥ (w, Ow, 2kA). 
Then, 
27(w, Ow, kA) + aE(w, Qw, 2kA) 2 [ptql(w, Vw, A)] E(w, Ow, 2kA), 
07(w, Ow, kA) < q @ (w, Va, A) 0 (w, Ow, 2kA), Y¥ 2(w, Qa, kA) < q ¥ (w, Vw, A) ¥ (@, Qa, 2kA). 
Thus it follows that 


E(w, Qw, A) >= *=1, 0 (w, Qw, A) <— 
1-q 1-q 


0 


=O and Y (w, Ow, A) < 0, for allA > 0, so OW=w. 


Hence Ow = Vw =w. 
Therefore w is a common fixed point of [,Q, A and V. 
Let 8 be another common fixed point of T,Q, A and V. Then we have 
22Pw, OB, kA) * [E( A w, Tw, kA) E(VB , OB, kA)] * 22(VB , OB, kA) 
+ a&(VB OB, kA) ECA B, OB, 2kA) 2 [pE( A w, To, A) + qE(Aw, VB, AVEC A «, OB , 2kA), 


02(Fw, QB, kA) > [0 (Aw, Tw, kA) 0 (VB, QB, kA)]0 ©°AVB, OB, kA) 
+a0 (VB OB, kA) 0( AB, OB, 2kA) <[p O (A w, Tw, A) +q 0 (A @, VB, A)] 8 (Aw, OF , 2kA), 
YP, QB, kA) o[¥ (Aw, Pw, kA) ¥ (VB, OF, kA)]O YAVB, QB, kA) 
+a¥ (VB OB, kA) ¥ (AB, QB, 2kA) <[p ¥ (A w, Tw, A) +g ¥ (A @, VB, AY (A @, OB , 2kA), 
So, 
Ew, B, kA) + aZ(w, B, 2kA) > [p+ q E(w, B, A)JE(w, B, 2kA), 
02w, B, kA) <q O (w, B, A) O (@, B, 2kA) and ¥(w, B, kA) <q Y(w, B, A) ¥ (@, B , 2kA). 
Therefore 
E(w, B,A)2 2-1, 0 (w, B,A)<7-=0,Y @, B,A)< 0, 


for allA>0,sow=6,henceT, Q, A and V have unique common fixed point on X. 


Example 4.3. 
Let (2, d) be a metric space with X= [0,1]. Denote w *t= min {w,t} and wet= max {w,T} for 
w,t € [0,1] and let Ea, Oa, Ya be neutroshopic sets on Y? x [ 0, -] defined as follows; 


iS) A d Gn) d (Zn) 
Ba(€, 0, =a gayi 84S Maggy TAG AH. 


Then (a, @a, Ya) is an NMS on and (2, Ea, Oa, Ya, *, °) isan NMS. 
Define self mappings T, Q, A and V by 


ss a _ (lif Cisrational | _ +1 
T@)=1; O@)=1; AQ@)= {0 if ( is irrational ’ VQ@)= 


If we define {Cn} CX by Cn=1-=, then we have for lim TCGn= lim OQCn=1and T1=1=Al. 
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lim £ (ATG, 1,A)< E(T1,1,A)=1; lim O(ATCn,1,A)> O(T1,1,A)=0; 
lim Y (ATG, 1,A)> Y(T1,1,A)=0. 


Also, for lim QCn= lim VCn=1 andQ1=1=VI1. 


n-oo n-o 


lim 2 (VQ Cn, 1,A)< E(Q1,1,A)=1; lim © (VOLn,1,A)= 0(Q1,1,A)=0; 
lim Y¥ (VQCGn,1,A)> Y¥(Q1,1,A)=0. 


Therefore, (T, A) and (Q, V) are weak compatible of type (y). Then all the conditions of Theorem 4.2. 
are satisfied and 1 is a unique common fixed point of T, QO, A and V on x. 


Conclusion: In this study, we have made common fixed point results for weak compatiple maps of type 


in neutrosophic metric Space. There is a degree to set up many fixed point brings about the spaces like 


fuzzy metric, generalized fuzzy metric, bipolar and partial fuzzy metric spaces by utilizing the idea of 
Neutrosophic Set. 
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Abstract: Recently, the intelligent traffic control system and its uncertainty analysis are considered 
one of the hot spots for utilizing the available techniques. It became more essential when the 
automatic car, electric vehicle, and other smart cars have introduced the transportation. To control 
the traffic accident and smooth road services an intelligent traffic control system required. It will be 
also useful in decreasing the time, reaction time, and efficiency of traffic. However, the problem 
arises while characterization of true, false or uncertain regions of traffic flow and its future 
approximation. To deal with this issue some available mathematical technique for traffic flow using 
rough set, fuzzy rough set, and its extension with the neutrosophic set is discussed in this paper. 
Some of the papers related to graphical visualization of traffic flow is also discussed for further 
improvement. The rough set theory can be useful for dealing the uncertain, incomplete, and 
indeterminate data set. Hence, the hybridization of the neutrosophic set and rough can be 
considered one of the efficient tools for intelligent traffic control and its approximation via 
automatic red, green and yellow lights. This paper tried to provide an overview of each available 
technique to solve the traffic problem. It is hoped that the proposed study will be helpful for several 
researchers working on traffic flow, traffic accident diagnosis, and its hybridization as future 
research. 


Keywords: Neutrosophic Set ; Rough set ; Fuzzy Set ; Graph theory ; Intelligent Transportation 
System ; Uncertainty; Urban traffic ; Traffic Flow 
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Recently, the urban traffic control system and its analysis have attracted the attention of various 
researchers. The reason is many electric, automatic, and other smart vehicles are proposed for 
transportation services. To control the urban traffic beyond red, green, and yellow light signals many 
traffic management systems have been developed over time. One of the reasons is in the case of the 
human driver the traffic control is based on Human Turiyam cognition rather than red, green, or 
yellow light as discussed by Singh (2021). The problem arises when the automatic car needs to be 
aware of when to stop, when to start and when to slow as the car does not has awareness. It becomes 
more crucial in the case of large towns and cities. The computerized traffic signal controls, which are 
known as Urban Traffic Control (UTC), also have some limitations. Hence, the fuzzy set theory, 
Rough Set Theory, fuzzy-rough set theory, and neutrosophic set theory, and others can be used to 
synchronize traffic control in crowded metropolitan networks. The reason is these types of data may 
contain a heteroclinic pattern as discussed by Singh (2022). Hence maximizing vehicle throughput is 
no longer the only goal of traffic control. The balance demand and flow with extra consideration 
namely lane assignment, parking limits, turning bans, one-way street systems, and tidal flow 
schemes. They can be constructed to provide deliberate traffic constraints, such as by prioritizing 
buses over other vehicles or implementing queue management procedures and deliberate area entry 
control. These advancements provide traffic engineers and network controllers with the tools they 
need to implement a highly adaptive type of urban traffic management - one that responds to 
transportation policies and management priorities, as well as the public's and local politicians’ 
acceptance of them (Wang 2013, Chen et 2014). It is one of the major issues as the public and local 
politicians acceptation and Turiyam cognition contains lots of uncertainty in the word. Computing 
with these types of words for precise management of traffic control is one of the major tasks for data 
science researchers. 

The mathematical computation of uncertainty and its analysis is one of the crucial tasks for 
data science researchers. To achieve this goal, Prof. Zadeh proposed fuzzy set theory in 1965 as an 
expansion of the classical notion of a set (Zadeh, 1965) as an alternative of probability. With the 
proposed methodology, Zadeh established a mathematical framework that allows for decision- 
making based on fuzzy representations of some data. Uncertainty, subjectivity, imprecision, and 
ambiguity can be found in a wide range of traffic and transportation factors. As a result, mathematical 
approaches that can deal successfully with uncertainty, ambiguity, and subjectivity must be utilized 
in the mathematical modeling phase of traffic and transportation processes whose individual 
parameters are unclear, ambiguous, or subjectively evaluated. Fuzzy set theory is a useful 
mathematical tool for dealing with indeterminacy, subjectivity, and ambiguity. A fuzzy set is a 
collection of elements that fits the membership degree of a set. For example, suppose there are two 
fuzzy sets that represent two categories of people: old and young. As a result, the higher a person's 
age, the higher his or her membership degree among the elderly, and the lower his or her membership 
degree among the youth. Calculating the gradual indiscernibility connection in large datasets with 
many items is difficult in terms of memory and runtime. RST is a revolutionary mathematics 
technique for dealing with uncertain and inexact knowledge in a variety of real-world applications 
such as data mining, medicine, and information analysis. Rough set theory is used to analyses and 
handle data (Wang et al. 2009). Z. Pawlak, a Polish mathematician, initially presented it in 1982 to 
find the underlying laws of data. It's very useful for dealing with irregularities in information 
systems. In order to manage data with continuous qualities and find inconsistencies in the data, fuzzy 
rough set theory can be used with rough set theory. The fuzzy-rough set model has shown to be 
beneficial in a variety of applications because it is a potent tool for analyzing inconsistent and 
ambiguous data. RST is concerned with data that is inconsistent, such as two patients with the same 
symptoms but different diagnoses. Data is intended to be ambiguous in the rough set analysis. As a 
result, it's necessary to discretize a continuous numerical property. The fuzzy-rough set theory 
(FRST) is a continuous numerical attribute extension of the rough set theory. It can handle both 
numerical and discrete data and can address the same problems that a rough set can. The value of 
FRST can be observed in a variety of applications. The FRST is built on the foundations of two theories 
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: rough set theory and fuzzy set theory. The two important and mutually orthogonal aspects of faulty 
data and knowledge are addressed by fuzzy sets and rough sets. While the former allows things to 
belong to a collection or relation to a certain extent, the latter provides approximations of concepts in 
the face of incomplete data. The primary goal of fuzzy-rough sets is to define lower and higher 
approximations of the set when the universe of a fuzzy set turns rough due to equivalence or to 
transfer the equivalence relation to a similar fuzzy relation. Fuzzy approximations of a fuzzy set ina 
crisp approximation space are called rough fuzzy sets and fuzzy approximations of a crisp set in a 
fuzzy approximation space are called fuzzy rough sets (Shao 2015) and their applications (Weng et 
2007 ; Chai 2015). The problem arises when data sets contain hesitant parts as an independent value. 
To represent this type of indeterminacy 3D-Neutrosophic set is introduced by the Smarandache 
(2010, 2021), with each dimension representing the statement's truth (T), indeterminacy (I), and falsity 
(F). These functions are unrelated, and the total of their parts does not equal one. It should add up to 
3 in the meantime. To deal with ambiguity, many approaches have been devised. Starting with Fuzzy 
logic (Xiong et al. 2021), which depicts the concept of "partial truth" as the true value ranges between 
0 and 1, depending on whether it is wholly false or completely true. 

Meanwhile, the researchers proposed interval-valued sets to allow interval membership values 
within the same set because fuzzy logic had several downsides. An intuitionistic fuzzy set was then 
created as a generalization of traditional fuzzy sets. Each element has a degree of membership and 
even non-membership in an intuitionistic fuzzy set (Thakur, 2014). Meanwhile, it had flaws, 
prompting some scholars to suggest a neutrosophic set of rules. Information is often ambiguous and 
imprecise in the fields of safety, reliability, risk analysis, and management. 

When some barriers against accidents fail to achieve their aim, the "severe occurrence” is 
frequently an extremely deadly event. They are invaluable resources for information on air 
transportation safety assurance systems. With such research at hand, it is possible to determine if 
current safety measures are adequate or whether they need to be improved. Estimation of safety 
barrier reliability must be carried out in order to evaluate this likelihood. 

Unfortunately, most of the time there isn't enough evidence to make statistical inferences about 
the frequency of events in an accident scenario. Regrettably, finding that information is extremely 
improbable. The condition is caused by two factors. The first is that some of these events occur 
seldom, and in the past, events with minor implications were not routinely reported. The second 
aspect is the human factor, which includes difficult-to-quantify indicators like differing reaction 
probabilities and mistake activity probability. Uncertainty and subjective judgments are present in 
such metrics. Expert estimations are the only way to get such information. These estimates aren't 
exact enough to be used in probabilistic analysis. Information is frequently ambiguous and imprecise 
in the areas of safety, reliability, risk analysis, and management. 

Recently, uncertainty and its characterization is considered one of the major issues. To deal with 
this issue neutrosophic set and its metric is used for the characterization of data beyond acceptation, 
rejection, and uncertain part, independently. A parallel rough set also gives away to characterize the 
uncertainty in positive, negative, and boundary regions. These two methods are applied in several 
areas for knowledge processing tasks. 

In this paper, we tried to focus on dealing with the traffic flow and its approximation. 
The traffic flow is a complex, changeful, nonlinear, unstructured, space time-varying and random 
system. With the foundation operationating of the intelligent traffic system, it is imperative to search 
for a traffic state estimation model, which is suitable for mixed-traffic in China. On the basis of 
analysis of the multidimensional state characteristics of mixed traffic, using the rough set theory, the 
four-dimensional state estimation model is founded. By data discretization and attribute reduction, 
the two-dimensional decision table is gained, and the rules of multidimensional state estimation in 
urban traffic systems are presented. A case is given and it indicates that this method can eliminate 
the redundancy information of the system effectively and improve the precision of rule mining. 
Rough set theory (RST) is anew mathematical tool to deal with vagueness and uncertainty. The main 
objective of using RST is to combine approximation of concepts from the collected data. This set can 
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easily integrate community opinion and experience without having a precise mathematical model 
and hence, it is pertinent for applications in traffic prediction and control. Uncertainty in the rough 
set approach is expressed by a bounded region of a set, not by partial membership like in fuzzy set 
theory and it is defined by means of topological operations, interior and closure called 
approximations. 

Other parts of the paper are organized as follows: Section 2 provides some literature on road 
traffic control using a Neutrosophic set and its hybrid method. Section 3 discussed the method for 
Rough set for traffic control. Whereas Section 4 provides some recent methods for utilization of 
different graphs for traffic control. Section 5 provides methods for a fuzzy set for traffic control 
followed by conclusions, acknowledgments, and references 


2. Road traffic control management based on neutrosophic approaches: 
This section contains some of the available methods using Neutrosophic set for Road Traffic control. 


Table 1 summarizes some of the neutrosophic techniques dealing the road traffic control. 


Table 1: The neutrosophic approaches for dealing with the Traffic flow 


Reference year Techniques used Solve problem 
[1] 2017 neutrosophic linear equations | Traffic flow 
[2] 2018 Neutrosophic C-means Road safety 
[3] 2019 Type 2 fuzzy and interval | operational laws, and aggregation. 
neutrosophic operators have been proposed under 
triangular interval type-2 fuzzy and 
interval neutrosophic environments. 
The validity of the proposed concepts 
has been verified using a numerical 
example. 
[8] 2019 Gauss Jordon Traffic control in a neutrosophic 
environment 
[9] 2019 Dombi interval neutrosophic | Traffic control in Dombi interval 
[4] 2019 Jordan method Traffic control in a neutrosophic 
environment 
[6] 2019 Neutrosophic set transport sustainability assessment 
[11] 2020 Single valued neutrosophic | Emergency Transportation Problem 
sets 


Broumi Said et al., An Intelligent Traffic Control System Using Neutrosophic Sets, Rough sets, Graph Theory, Fuzzy sets 
and its Extended Approach: A Literature Review 


Neutrosophic Sets and Systems, Vol. 50, 2022 


15 


[17] 2020 Interval-valued neutrosophic | Control traffic signals 
soft set 

[19] 2019 on neutrosophic Markov | Crowed management 
chain 

[5] 2019 Neutrosophic Cognitive | Crowded junction in Chennai 
maps 

[10] 2020 Developed Plithogenic | Developed Plithogenic fuzzy 
fuzzy hypersoft set based | hypersoft set based TOPSIS under a 
TOPSIS under neutrosophic | neutrosophic environment to solve a 
environment parking problem and validated the 

findings by taking two different sets of 
choices compared with fuzzy TOPSIS 

[14] 2020 neutrosophic exponentially | Monitoring the road traffic crashes 
weighted moving average 

[13] 2021 Type-2 neutrosophic sets | Public transportation pricing system 
based CRITIC and MABAC | selection 

[12] 2021 Fuzzy FUCOM and | Assessment of alternative fuel vehicles 
neutrosophic fuzzy | for sustainable road transportation 
MARCOS 

[15] 2021 Neutrosophic statistical | Reducing and identifying the reasons 
approach for road accidents and road injuries 

[16] 2021 AHP, MABAC, and | Risk Management in Autonomous 
PROMETHEE II with single- | Vehicles 
valued neutrosophic sets 

[18] 2021 multi-valued neutrosophic | Traffic flow and its application in a 
MULTIMOORA method multi-valued way 

[19] 2021 Neutrosophic exponentially | Monitoring road accidents and road 
weighted Moving Average | injuries 
Statistics 

[20] 2022 Neutrosophic weighted | Occupancy detection system 
Sensors Data Fusion 
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Prof. Abdel-Basset et al. (2021) propose an opinion that autonomous vehicles play a key part in an 
intelligent transportation system, however, there are a number of dangers associated with these 
vehicles. As a result, anew hybrid model for identifying these risks is introduced. Uncertainty and 
hazy data are present in this procedure. To deal with the uncertainty, the neutrosophic hypothesis is 
employed. True, indeterminacy and false are the three membership functions provided by the 
neutrosophic theory (T, I, F). The notion of Multi-Criteria Decision Making (MCDM) is employed 
with the neutrosophic theory in this research since autonomous cars have various and conflicting 
criteria. The Analytic Hierarchy Process determines the weights of criteria in the first stage (AHP). 
Second, methodologies such as Multi-Attributive Border Approximation Area Comparison 
(MABAC) and Preference Ranking Organization Method for Enrichment Evaluations II are used to 
rate the risks of autonomous vehicles (PROMETHEE II). Ten different options were used in the case 
study. To demonstrate the robustness of the proposed model, a sensitivity analysis and a comparative 


study with a fuzzy environment are presented. 


Bendadi (2018) proposed two clustering techniques for road traffic control. The first is Credal C- 
Means clustering (CCM), and the other is Neutrosophic C-Means clustering (NCM) (NCM). When it 
comes to overlapping items, both proposed methods have a similar tendency to form a new cluster 
that decides the imprecision object. Both techniques have different interpretations of the 
indeterminacy cluster. The number of meta-clusters formed by the CCM algorithm are proportional 
to the number of singleton clusters, whereas, with the NCM technique, all indeterminate objects are 


represented by a single indeterminacy cluster. 


The application of CCM and NCM approaches to real-world data in the field of road safety, as 
represented by trajectories gathered in a bend, provides four clusters that represent the behavior of 


four different types of drivers based on their Turiyam consciousness (Singh 2021): 


e The first cluster depicts the family of the slowest safe driving trajectories. 
e The second cluster consists of the family of fast trajectories with safe driving. 
e The third cluster is the family of sport driving's slowest trajectories. 


e The fourth cluster is the family of sport driving's fastest trajectories. 


Pamucar et al. (2021) suggested a hybrid model for evaluating alternative fuel cars for sustainable 
road transportation in the United States that included fuzzy FUCOM and neutrosophic fuzzy 
MARCOS. For public transportation pricing system selection, Simic et al. (2021) extended the CRITIC 
and MABAC techniques to type-2 neutrosophic sets. 
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Rayees et al. (2020) propose four possible categories of Plithogenic hypersoft sets in this study, based 
on the number of characteristics chosen for the application, the type of alternatives, or the degree of 
attribute value appurtenance. The fuzzy and neutrosophic scenarios that potentially have 
neutrosophic applications in symmetry are covered by these four PHSS classes. Then, as an extension 
of the methodology for order preference by the resemblance to an ideal solution, they introduced a 
novel multi-criteria decision making (MCDM) method, which is based on PHSS (TOPSIS). A number 
of real-world MCDM situations are compounded by uncertainty, which necessitates subdividing 
each selection criteria or attributes into attribute values and evaluating all alternatives independently 
against each attribute value. The suggested PHSS-based TOPSIS can be utilized to solve real MCDM 
problems that are precisely characterized by the PHSS concept, in which each attribute value has a 
neutrosophic degree of appurtenance matching to each alternative under examination, in light of 
some supplied criteria. In a real-world application, the suggested PHSS-based TOPSIS solves a 
parking place selection problem in a fuzzy neutrosophic environment, and it is validated by 


comparing it to fuzzy TOPSIS. 


Aslam (2020) developed a control chart for neutrosophic exponentially weighted moving average 
(NEWMA) employing recurrent sampling under neutrosophic statistics. The author used a NEWMA 
chart to track traffic collisions on the highway (RTC). According to a simulated analysis and a real- 
world example, the suggested NEWMA chart outperforms existing control charts for monitoring the 
RTC. According to the comparative analysis, It is indicated that the proposed NEWMA chart may be 
successfully used to control RTC. In this way, it built a new S52 N NEWMA control chart for road 
accident monitoring employing a repeating sample strategy in another study by the same author. The 


new chart will help notice shifts in accidents and injuries more quickly than existing charts. 


Lin et al. (2020) developed a novel emergency transport model that simulates emergency transport 
from the logistics center to each disaster location as well as between disaster sites. In ambiguous and 
uncertain contexts, the single-valued neutrosophic set (SVNS) idea was used to convert the 
emergency transshipment problem into a multi-attribute decision-making problem. To rank and 
optimise alternate transportation routes, the proposed method was used to an emergency operation 


scenario. 


Enalkachew Teshome Ayele et al. (2020) in developing countries, For controlling traffic flow at traffic 
intersections, a fixed time traffic signal control method is used. if there are high traffic conditions at 
the junction because it is unable to identify the level of traffic at the junction and enable vehicles 
waiting to cross the junction. To address these challenges, operators must formulate their judgment 
and design an automatic decision-making system to take their place. To make use of fuzziness in 
traffic flow and find efficient and effective timings for optimal phase changes, the operator's decision 


process could be examined using the method of interval-valued neutrosophic soft set theory. The 
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proposed interval valued neutrosophic soft sets (IVNSS) traffic control system can improve traffic 
congestion management. It analyses variable phases and time lengths for the green light time 
duration depending on the present traffic density at the intersection instead of a constant time 


duration 


Wang et al. (2020) proposed a travel time prediction model based on exclusive disjunctive soft set 
theory is developed to address the prediction problem of expressway trip time. The key impact 
factors are retrieved using the soft set parameter reduction theory, and the mapping relationship 
between the influence factors and the travel time is generated using the exclusive disjunctive soft set 
decision system. The soft set theory is used to create the journey time model, and the travel time is 
estimated using the mapping relationship. The experimental results reveal that, when compared to 
the BPR function model, the trip time model based on exclusive disjunctive soft set theory reduces 


prediction error and improves performance significantly. 


Xiao et al. (2021) proposed a method based on prospect theory, this method improves the multi- 
valued neutrosophic MULTIMOORA method. The proposed method is used to choose a subway 
building scheme that is appropriate. Sujatha et al (2019) demonstrated how to use Fuzzy Cognitive 
Map and Induced Fuzzy Cognitive Map to assess the traffic flow pattern at a busy crossroads in 
Chennai, India's largest city. Nagarajan et al(2020) developed a decision-making mechanism based 


on a neutrosophic Markov chain to anticipate the traffic volume. 


Fayed et al. (2022) proposed a comprehensive occupancy detection system based on a new fusion 
technique for fusing heterogeneous sensor data that greatly enhances occupancy detection efficiency. 
The proposed algorithm can be used in a traffic control system for roads. This study motivated to use 
its graphical visualization for precise analysis of Traffic Road management. In the next section, some 


of the available methods related to the traffic control system using graph theory is discussed. 


If the Markov Chain (MC) has ‘n’ states, The position of the state vector is tracked using the state 
vector (Fort and colleagues, 2008). Olaleye and colleagues (2009) For the dynamics of the system, the 
Markov technique was applied to automobile traffic. Ning (2013) investigated traffic flow disruption 
along a highway length. The traffic bottleneck caused by big trucks was discussed by Rui et al.(2017). 
Syed Imran Hussain Shah et al (2020) conducted a case study on modern urban transportation 
sustainability assessment. Uncertain or insufficient data must be dealt with when dealing with traffic 
flow issues. Partially indeterminacy and/or partial determinacy are common in real-time decision- 
making challenges. Due to a lack of knowledge or other factors, this is the case. Although fuzzy sets, 
as proposed by Zadeh (1965), may handle uncertain information and have been widely employed 
(Koukol et al. (2015). fuzzy numbers cannot represent data with both determinate and indeterminate 
information. For addressing unclear information, biassed possibilities can often be utilised instead of 


biassed probabilities to define MC in a neutrosophic environment (Smarandache, 2013). Markov 
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chains are commonly used in vehicle control systems, traffic regulation, currency exchange rates, and 
queuing systems. Indeterminacy is distinguished from randomness by the fact that the objects in the 


space are both true and untrue at the same time. 


[=| = 
| “i ~~] 6 
i —. | 


Figure 1 : The understanding of Traffic flow using time based and directions 


Phase? 


Figure 2: The phases of light and its connection with traffic flow 
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3. Road Traffic Control Management Based on Rough Set based Approaches 

This section provides some prominent methods for dealing the traffic control using the rough set as 
shown in Table 2. Table 3 providese some methods for dealing the traffic control using fuzzy rough 
sets whereas Table 4 contains hybrid methods for rough sets. In addition, this section clearly 


demonstrates the function of rough set approaches in traffic control management from many angles. 


Table 2: Some available methods for dealing the Traffic flow using a Rough set 


Author | Year Country Techniques used Solved Problem 
[55] 2005 Singapore | Rough set and neural | Highway traffic flow prediction 
network 
[56] 2007 China Rough set approach | Accident chains exploration 
[57] 2007 china Rough set approach Determine the most important 
inducement of black-spot and repair 
its effect to reduce traffic accident 
frequency. 
[58] 2007 China Rough set | Multidimensional state estimation 
approximation rules in the urban traffic system 
[59] 2008 China Rough set To Identify Causal Factors of 
Accident Severity 
[60] 2009 China Rough set Prediction Model of Traffic Flow 
[61] 2009 China Rough set Analyze the cause of road black- 
spots 
[62] 2009 China Rough set Traffic accident diagnosis, Traffic 
Accident Discrimination 
[63] 2009 China Random Forest To identify the factors Significantly 
Rough Set Theory Influencing single 
Vehicle crash 
[64] 2009 Australia Data Mining Assess Crash Risk on Curves 
[65] 2010 China rough sets and | Traffic rule and its flow 
association rules data 
mining 
[66] 2010 China rough set and neural | Traffic flow forecasting 
network 
[67] 2010 China Back Forecasting the railway passenger 
traffic demand. 
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propagation neural 
network with a rough 
set 
[68] 2010 China Rough Set with | Travel Time Prediction on Urban 
Support Vector | Networks 
Machine 
[69] 2010 China Rough set Road Traffic Accidents Causes 
Analysis Based on Data Mining. 
[70] 2010 China Rough set Accident cause analysis 


Table 3 : Some available methods for dealing with the Traffic flow using the Fuzzy Rough set 


Author | Year Country Techniques used | Solved Problem 
[71] 2011 China Rough Set and RBF | Traffic Safety Evaluation of 
Neural Network Expressway 
[72] 2011 India Tabu Search and | Optimizing parking space 
rough set 
[73] 2011 China Neural Networks | A Traffic Accident Predictive Model 
Algorithm and 
Rough Set Theory 
[74] 2012 China Rough sets Analyzing traffic accidents 
[75] 2012 India Rough set Traffic Discretization 
[76] 2012 Poland Reducts Set Traffic intensity prediction, for 
junctions of the network graph’s 
arches 
description 
[77] 2013 China Evidence _ theory | Traffic flow 
combined with the 
fuzzy rough set. 
[78] 2013 China Rough sets+fuzzy | Trafic prediction 
set 
[79] 2013 China Rough sets+fuzzy | A Knowledge-Based Fast 
set Recognition Method of Urban Traffic 
Flow States 
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[80] 2013 China Evidence Theory | Urban Traffic Flow. 
Combining with 
Fuzzy Rough Sets 
[81] 2013 India Rough set and its | Short term traffic prediction 
extension 
[82] 2014 China Rough set and | Traffic congestion 
granulation 
[83] 2014 China Rough sets Study on Traffic Control of Single 
Intersection 
[84] 2014 Australia Rough set Assessing Road-Curve Crash 
Severity 
[85] 2015 China rough setst fuzzy | Emergency plan matching highway 
sets traffic 
[86] 2015 Italy Dominance-Based | Setting Speed Limits for Vehicles in 
Rough Set | Speed Controlled Zones 
Approach 


Table 4: Recent methods for dealing the Traffic flow using Rough set and it’s Hybrid 


Author | Year Country Techniques used Solved Problem 
[87] 2015 China Degrees of Attribute | Selecting scientific and reasonable 
Importance of Rough | indexes for the prediction model 
Set of road traffic accident 
morphologies 
[88] 2015 China fuzzy rough set Predicting Urban Traffic 
Congestion 
[89] 2015 China Rough set tree Accident morphology diagnoses 
[90] 2015 Thailand Rough set highway traffic data 
[91] 2016 Turkey Rough set Accident factor analysis 
[92] 2016 China Rough set decision tree | Accident morphology analysis 
[93] 2016 China grey relational | To judge the traffic congestion 
analysistrough set state 
[94] 2017 China fuzzy rough set | Predict city traffic flow 
theory+SVM classifier | breakdown 
[95] 2017 Iran rough sets Solving Road Pavement 
Management Problems 
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[96] 2018 China Rough set Data-driven car-following model 
[97] 2018 India Rough sets Predict the causes of traffic 

accidents 

[98] 2018 Egypt Rough set Intelligent Traffic System 

[99] 2018 China Rough Sets (RS) and | Predict accident type. 

Bayesian Networks 
(BN) 
[100] 2019 India Combination of | Traffic Flow Prediction using 
Support Vector 
Machine and Rough 
Set, 

[101] 2019 China Rough set Traffic Network Modeling and 
Extended Max-Pressure Traffic 
Control Strategy 

[102] 2019 China Rough sets based on | A classification and recognition 

classification model for the severity of road 
traffic accidents. 

[103] 2019 Poland rough sets Reduce congestion in the city by 
predicting the intensity of the 
traffic 

[104] 2020 China fuzzy neural network | Data imputation for traffic flow 

and rough set theory 

[105] 2020 India Neuro-Fuzzy Traffic flow 

[106] 2020 Egypt Rough interval Transportation problem 

[107] 2020 Thailand Rough Set and Decision | Predict the accident damage 

Tree Classification | magnitude 
algorithm 

[108] 2021 China Rough set Analyzing Road Users’ Precrash 
Behaviors and Implications for 
Road Safet 


Table 3 shows the hybridization of a rough set with other set theories for handling traffic flow. 


Motivated by Table 4 Prof. Ang, K. K. (2005) proposes a new rough set—based pseudo-outer-product 


RSPOP) the algorithm that combines the RSPOP technique with the sound concept of knowledge 
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reduction from rough set theory. The suggested algorithm not only accomplishes feature selection by 
reducing characteristics but also extends the reduction to rules that are devoid of redundant 


attributes. 


Wong and Chung (2008) used a comparison of methodology approaches to identify causal factors of 
accident severity. Accident data were first analyzed with a rough set of theories to determine whether 
they included complete information about the circumstances of their occurrence according to an 
accident database. Derived circumstances were then compared. For those remaining accidents 
without sufficient information, logistic regression models were employed to investigate possible 
associations. Adopting the 2005 Taiwan single auto vehicle accident data set, the results indicated 
that accident fatality resulted from a combination of unfavorable factors, rather than from a single 
factor. Moreover, accidents related to rules with high or low support showed distinct features. Li, 
(2011) developed an enhanced rough set theory algorithm to investigate the cause of roadblock spots 
in order to confirm the most relevant inducements in road traffic accidents. Pang et al. (2010), 
proposed traffic flow forecasting based on a rough set and neural network. The forecasting data 
provided by the neural network-forecasting model is adjusted by rough set theory to improve the 
traffic flow forecasting accuracy in the proposed traffic flow-forecasting theme. The simulation 
results suggest that using the proposed traffic flow technique can greatly enhance forecasting 


accuracy. 


Deng (2010) proposed a hybrid intelligent forecasting model combining back propagation neural 
networks with a rough set to forecast railway passenger traffic demand with pre-treated forecasting 
data. The experiment used data from China's railway passenger traffic from 1991 to 2008 as learning 
and testing samples, and the efficiency of this method was established in comparison to the linear 
recursive method. Chen et al. (2010) put forward a new prediction model that combined a rough set 
with a support vector machine. The concept of Rough set is used to pre-process the traffic data that 
is noisy, missing, and inconsistent then deduce some rules for framing the support vector machine 


(SVM) model. When comparing the committee model to the single SVM predictions utilizing real 


Broumi Said et al., An Intelligent Traffic Control System Using Neutrosophic Sets, Rough sets, Graph Theory, Fuzzy sets 
and its Extended Approach: A Literature Review 


Neutrosophic Sets and Systems, Vol. 50, 2022 25 


traffic data collected in Chengdu, the authors concluded that the integration of the two models leads 


to predicting travel time effectively 


Banerjee & Al-Qaheri (2011) developed a revolutionary software interface to guide and help drivers 
in making better parking spot decisions and dealing with unpredictable traffic situations on the road. 
The interface is based on an intelligent hybrid strategy for parking space optimization that combines 
a Tabu metaphor with a rough set. The interface might be tested as an off-line decision support 
system before being integrated into an online traffic network, with instruction delivered via mobile 
phone-based voice instructions (Fan, 2013), both traffic prediction and control have been done using 
a rough set theory. In general, the transport system is a non-linear, time-varying, and delaying large- 
scale system, whereas the traffic system is a complex, time-varying, high ambiguous, and non-linear 
large system with human assistance and hence faces the greatest challenge to the transportation 
system. The fundamental principle of predicting traffic flow is predicting the number of vehicles at 
the k+1th moment in accordance with the previous moments. Once this prediction is done, then the 
controller starts controlling accordingly and it can be observed that the prediction of short-term traffic 


flow is very important in real-time intelligent traffic control. 


The objective of signal control is to minimize the average delay time or anumber of stops for 
vehicles passing through the junction. In a cycle, various traffic flows will take the right of passing in 
an intersection called phase. There are four phases in a normal four-direction intersection. In China, 
the right turning movement has a special passing rule. Therefore, the four phases movements namely 
straight going in south-north left turning in south-north, straight-going in east-west, and left-turning 
in east-west. Cars can pass through only two directions in one phase at the same time. According to 
the given cycle, the rate of green light is independently adjusted to track the immediate traffic flow. 
In this work, there are three control variables namely signal period (T), the rate of green light (A), and 
phase difference tp. When the flow of vehicles is infrequent, the signal period may be short but not 
smaller than 30 seconds. In such a manner, this can prevent the green light time of assured direction 
smaller than 15 seconds, and vehicles do not have sufficient time through the direction, which affects 


the safety of traffic. When the flow of vehicles is heavy, the signal period should belong, but cannot 
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exceed 200 seconds. Else ways, the red light time of a certain phase is too long and the drivers cannot 
suffer from behaviorism. Here, it has been dealt with a multiphase fuzzy control algorithm where the 
vehicle queues have been characterized by the number of vehicles between two detectors. The 
distance of detectors is normally from 80 to 100 meters and lies in front of the stopping line in the 
intersection. In each phase, the basic green light time is 10 seconds and the time of directing is 15 


seconds. 


By considering the number of vehicles in the controlled phase future in 10 seconds and the 
vehicle queues in other red phases, the system provides the delaying time and makes the rough set 
rule judgment. The range of delaying time is 4 to 26 seconds. Using simulation to the general control 
method and the rough set predicting control algorithm, the delaying time of green light in four phases 
and eight periods. If the greatest green light time of directing is 70 seconds then turning left and right 
is 40 seconds. In each period, the loss of green light time is 15 seconds. The signal period and green 
light time of all the phases can be adjusted accordingly in addition to the variation of traffic flows 


and mitigates traffic difficulty and the waste of green light resources. 


Predicting the short-term traffic flow is expedient using a rough set. The average time delay 
may be minimized using a rough set than with fixed timing in signal control of the unusual 
intersection. Here, six state variables have been taken into account for the signal control in a single 
intersection at the same time and it is found that the present system is highly reliable, compatible, 
and surpasses the traditional time control during great traffic change. Minal and Bajaj (2013) uses 
some data mining tools were used to develop a prediction system. The approach helped to advance 
rough set theory, evolutionary algorithms, and wavelet neural networks. There were three stages to 
the modeling process: discretion, attribute reduction, and training. To begin, the upgraded genetic 
algorithm was applied to discrete-continuous qualities with the fewest broken points to keep the 


discernable ability of the judicial system. 


Decretive data was then reduced using rough set theory in order to improve prediction speed 


and simplify network construction. Finally, nonlinear wavelet neural networks were used to process 
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the reduced data. Through comparative testing, improved precision and speed were gained using 


the data mining approach, which provided a novel concept for short-term traffic flow prediction. 


A paper by Chen et al. (2014) proposed a generalized model based on granular computing to 
recognize and analyze the traffic congestion of urban road networks. Cheng, (2014) the authors 
described the experience and principle of traffic control as knowledge. The complete state of the 
intersection is determined by the classified arrival car number. In the space of intersection state, the 
knowledge face to the controlling of isolated intersection is applied. After that, a traffic signal control 
model based on a rough set was created. In Rakotonirainy et al. (2014) the authors utilized Text 
mining methods such as rough set theory and the Ward clustering algorithm to improve knowledge 
related to risk and contributing factors to road-curve crash severity. In this study, the authors proved 
that the proposed techniques could be applied within other safety domains and may reveal heretofore 
unrealized contributors to incidents and accidents. Shao(2015) the authors applied the concept of the 
soft fuzzy rough set theory to predict urban traffic congestion. For this purpose, they present a 
practical example predicting urban traffic congestion based on the soft fuzzy rough set. In Gang 
(2015) proposed a traffic accident morphology diagnostic model based on a rough set decision tree. 
The advantage of this model it can be used by road traffic managers to identify the potential accident 
morphology realized the prediction for potential traffic accidents and formulated targeted accident 
solutions. Zhang (2016) the authors analyzed urban road traffic information using grey relational 
clustering and combined the results with rough set theory to establish a decision table system. To 
evaluate the degree of urban traffic congestion (jam), the authors used three properties of traffic 
flows (traffic flow velocity, traffic flow density, and traffic volume). They judged which road was 
allowed smooth traffic flows, which was suffering from a light traffic jam, which was suffered from 
a traffic jam, and which was suffered from a heavy traffic jam state. Finally, the authors found their 
method can be more conducive to dynamic traffic warnings. Yang(2017) introduced the fuzzy rough 
set theory to solve the task of attribute reduction, and then utilized an SVM classifier to forecast city 
traffic flow breakdown. Particularly, in this paper three definitions to describe city traffic flow more 
accurately are given that is, 1) Pre-breakdown flow rate, 2) Rate, density, and speed of the traffic flow 


breakdown, and 3) Duration of the traffic flow breakdown. In another study, Nithya et al. (2018) 
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described the Rough set approaches for detecting and analyzing the causes of an accident. In this 


work, they conclude that Driver Fault is the major cause of traffic accidents. 


Xiong et al. (2018) applied the rough set-based Bayesian networks as a complementary tool for 
roadway traffic accident analysis based on Naturalistic driving data (NDD). The proposed 
framework was demonstrated using the the100-car naturalistic driving data from Virginia Tech 
Transportation Institute to predict accident type. The authors employed Rough Set Theory to 
reconstruct and simplify the components that influence the severity of a traffic collision in this 


research. 


The importance of qualities in people, cars, roads, environments, and accidents was calculated using 
rough set theory. Marek and Anna (2019) utilized using rough set theory, data mining of traffic 
vehicles and decision rules for the number of traffic vehicles that have been constructed at specific 
locations around the city (RST). As part of the Green and Sustainable Freight Transport Systems 
(GRASS) in Cities project, RST was used to extract knowledge from empirical data collected during 


a study of traffic intensity in favored areas in Szczecin. 


In this paper, vehicle traffic volume was investigated using RST with 120 objects, 16 well-defined 
rules, 9 useful advantageous vague rules, three condition characteristics (vehicle type, experiment 
location, and vehicle speed), and one decision attribute (number of vehicles ). And it was discovered 
that 65 percent of the examined examples admit to generating specific rules, according to the 
estimated signal of the quality of approximation of the condition attributes. Furthermore, because 
RST's knowledge extraction ratio is 4.8, the average of five objects has been characterized by one 
helpful rule and the connotation of conditional attribution has been checked. Zaher et al. (2020) 
presented a new rough interval max algebra approach (RIMAA) for solving the traffic problem with 
rough interval data. It motivated to deal with traffic flow using interval-valued rough set and its 
hybridization. In the next section, some of the available approaches are interval-set, vague set, and 


another set. 


4. Road Traffic Control Management based on graph approaches: 
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In this section, some graph theory-based approaches for resolving road transport networks or 


studying traffic flow across road networks are provided in Table 5 under classical, fuzzy, 


intuitionistic fuzzy, and neutrosophic environments. One of the reasons for this is that, as illustrated 


in Figure 3, traffic flow can be represented by the vertex and edges of any defined graph. 


Table 5. Summary of the available multi-criteria decision-making (graphs) approaches for the traffic 


management system. 


Reference Year Techniques used Solve problem 
[39] 2012 m-polar fuzzy graph | Traffic-accidental zones in a road network. 
[23] 2013 Fuzzy graph Minimize the waiting time of the vehicle 
using vertex coloring function 
[24] 2013 Fuzzy graph Classify the accidental zone 
of a traffic flows. 
[25] 2014 Interval-valued fuzzy | Minimize the crossing between roads 
planar graphs 
[28] 2018 Neutrosophic bipolar | To monitor traffic 
planar graph 
[29] 2019 product bipolar | PBFPG of a road network 
fuzzy graphs 
[31] 2019 Hesitancy fuzzy | Smooth the network traffic and contribute 
magic labeling the uniformity of the traffic distribution 
using fuzzy magic labeling graphs 
[32] 2020 Fuzzy graphs+ | Using a MATLAB program based on fuzzy 
MatLab program graph-FCN-FIS, minimize traffic light cycle 
time at crossings. 
[34] 2020 cubic graphs Get the least time to reach the destination 
[35] 2020 Multigraph with | Minimize the crossing between roads 
Picture Fuzzy 
Information 
[36] 2020 Fuzzy graph | Detection of the road crimes 
Structures 
[37] 2020 Intuitionistic fuzzy | Road Safety Measures 
soft digraph 
[38] 2020 Edge coloring of | Determined the present condition of the 
fuzzy graphs traffic in the traffic light system using color 
density with a percentage 


Broumi Said et al., An Intelligent Traffic Control System Using Neutrosophic Sets, Rough sets, Graph Theory, Fuzzy sets 
and its Extended Approach: A Literature Review 


Neutrosophic Sets and Systems, Vol. 50, 2022 30 


[40] 2021 Cyclic connectivity | Minimize road accidents 
index of fuzzy 


incidence graphs 


[41] 2021 fuzzy graph Reduce the traffic congestion in accidental 


prone zone 


[42] 2021 Application of genus | To control traffic jam on road network 
graphs under picture 


fuzzy environment 


[43] 2021 Fuzzy incidence | Reduce the frequency of accidents and 
coloring techniques vehicle waiting times in traffic flow 
scenarios, 


Figure 3. The graphical visualization of Traffic can be possible using vertex and edges [116] 


Akram et al. (2012) described how to discover traffic-accidental zones in a road network using various 
sorts of m-polar fuzzy edges. Dey and Pal (2013) traffic congestion has become a major issue in cities 
as the number of vehicles on the road grows rapidly. The goal of the traffic light setting problem is 
to figure out how to set the traffic lights such that the total time vehicles spend on the road is as short 
as possible. To depict the traffic network in this paper, we employ a fuzzy graph model. The traffic 
light problem is solved using the vertex coloring function (crisp mode) of a fuzzy graph. Cut of graph 
G=(V, E), the cuts of fuzzy graph G, is the basis for the function. Using this method, the traffic light 
issue is investigated. The authors solved the problem discussed in Dey and Pal (2013) by utilizing a 
fuzzy network to encode the vertex membership value for traffic signal length based on vehicle 
number. In this scenario, because the route had the most vehicles, the time spent waiting was the 
longest. When a track has a large number of vehicles, it must be protected in order to avoid accidents, 
in which all of the vehicles on the track must wait. Moreover, there is a maximum amount of time to 


wait. 
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Pramanik et al.(2014) developed a model for designing the road map as an interval valued fuzzy 
planar graph with membership values of vertices and edges taken as an interval number, and then 
estimated the degree of planarity of interval valued fuzzy graphs to minimize road crossings (IVF 
graph). The measurement of congestions in the paper was done as an interval valued fuzzy (IVF) 
number. 

Akram (2018) developed a traffic-monitoring road network model using the concept of bipolar 
neutrosophic planar graph. The notion of bipolar neutrosophic planar graphs was utilized to build 
road networks. The proposed method can be used to calculate and track the annual proportion of 
accidents. By monitoring and implementing extra security steps, the total number of accidents can 
also be minimized. 

Sumera et al. (2019) explained the notion of planarity product bipolar fuzzy graphs was used to solve 
the problem of crossing roads in a road network modelled by product bipolar fuzzy graphs. In the 
paper of Fathalian et al. (2019) the authors demonstrate whether any simple graph is hesitancy fuzzy 
magic labeling in this work by studying the concept of hesitancy fuzzy magic labelling of a graph. 
We show that any finite path graph, cyclic graph, star graph, and any complete graph derived from 
these, as well as any connected graph, have hesitancy fuzzy magic labelling. Finally, we discuss 
various plumbing and traffic flow applications for hesitancy fuzzy magic labelling graphs. 

Rosyida et al. (2020) propose a phase scheduling that considers traffic intensities using fuzzy graph 
and fuzzy chromatic number (FCN) of the fuzzy graph. In this paper, two algorithms are constructed. 
The first is an algorithm to model a traffic light system on an intersection using fuzzy graph and 
determine phase scheduling using FCN of the fuzzy graph. The second is an algorithm to determine 
duration of green lights of the phases in the first algorithm using Mamdani-FIS. In addition they 
created Matlab codes of the above two algorithms. 

The authors evaluated the algorithms through case studies on two intersections with 4 approaches in 
Semarang City, Indonesia, namely "Kaligarang" intersection and “Lamper Gadjah” intersection. 
The results show that the combination of FCN of fuzzy graph and the Mamdani-FIS gives some 
options of phase scheduling with different cycle times. In addition, the approach with high traffic 
volume gets a longer green time. The phase scheduling proposed in this research increases 
performances of intersections under study in that the cycle times of the proposed scheduling are 
shorter than that of the existing systems. It means that it is superior in reducing the average time a 
driver spends his/her time on the intersection. 

Muhiuddin (2020) applied the notion of cubic graphs in traffic flows to arrive at the shortest time 
possible. They used fuzzy variables and interval-valued fuzzy variables to represent two primary 
parameters in their study: traffic volume and distance between two intersections. Each intersection 
is represented by a single vertex, and each highway between two intersections is represented by a 
graph edge. The authors of Koam (2020) adapted the concept of fuzzy network structures to decision- 


making in the detection of marine and road crimes, and provided an algorithm to solve these two 
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problems. The authors investigated whether road connecting any two cities is the most important for 
a certain crime, using the notion of fuzzy graph structure. Singh (2021) tried to provide the threshold 
for which cubic graph can be approximated for given traffic and its density. It can be used to control 
the traffic speed based on human turiyam cognition (Singh 2021) rather than red, green or yellow 
light. It is totally based on human Turiyam cognition that red light need to stop, green light need to 
go and yellow light means slow. It will be helpful in finding heterocolinic pattern on the traffic in 
case of Neutrotraffic (Singh 2022). 

Sarala and Tharani (2020) tried to minimize the human loss during accidents and reduced the waiting 
time of vehicles in lane at traffic flow from existing traffic system, Yamuna et al.(2021) proposed a 
new methodology based on Fuzzy incidence coloring numbers to identify a solution to traffic flow 
problem. The real-time traffic flow problem was modeled by fuzzy graph including eight vertices. 
Nazeer et al. (2021) provided real-life applications of cyclic connectivity index of fuzzy incidence 
graphs in a highway system of different cities to minimize road accidents. In the planning of road 
maps the crossing between congested (strong) road and non-congested (weak) road may be accepted 
with certain amount of protection as this crossing is low risky as comparison to the crossing between 
two congested (strong) roads. 

Das et al. (2021) considered the rate of congestion as picture fuzzy set (PFS) and modeled up the 
design of road map as PFPG. They defined a very important notion of PFG theory called degree of 
planarity. The concept of degree of planarity (DP) determine the nature of planarity (NP) of a PFPG 
If the DP of a PFG is (1, 1, 1), then there is no crossing between two edges on DP. The congestions of 
roads is a fuzzy quantity as rate of congestions depends on decision makers attitude, practices, 
behavior, etc. The measurement of congestions as a point is not easy for decision maker. 

Mahapatra et al. (2020) discussed the degree of capacity of vehicles of a city is defined in terms of its 
positive membership and negative membership. Positive membership degree can be depicted as how 
much capacity, vehicles of a city posses and negative membership can be depicted as how much 
capacity is lost by the vehicles of a city. The membership values of edges of this graph show the 
capacity of vehicles on the road joining any two cities. The positive and negative membership degree 
of edges can be interpreted as the percentage of increasing and decreasing capacity of vehicles on the 
road between any two cities 

The authors claimed that the concept of Fuzzy incidence coloring might be applied to other modes of 
transportation, such as air, rail, and marine, to reduce human loss. It can be observed that the positive, 
negative and uncertain regions of traffic flow can be approximated via rough neutrosophic theory 


and its graph visualization, which will be the future scope of the paper. 


5. Traffic management systems based on other novel fuzzy sets approaches 
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This section will discuss a few applications of fuzzy set extensions on road traffic networks, such as 


intuitionistic fuzzy sets, interval-valued intuitionistic fuzzy sets, vague sets, and hesitant fuzzy sets. 


Table 6 contains some of the methods for resolving problems involving road traffic networks. 


Table 6: Some new methodology to solve Traffic technique using an extension of Fuzzy set 


Reference | year | Techniques used Solve problem 
[44] 2008 | Vague set Route Choice Approach to Transit 
Travel 
[45] 2010 | Vague set theory road safety evaluation 
[33] 2014 | Linguistic variable in interval type-2 | Ranking of causes lead to road 
fuzzy entropy weight accidents 
[47] 2017 | The hesitant distance set on hesitant | urban road traffic state identification 
fuzzy sets 
[48] 2017 | Dual hesitant fuzzy rough pattern | Urban traffic modes recognition 
recognition approach 
[46] 2018 | Interval-valued intuitionistic fuzzy | Prediction of traffic emission 
sets 
[50] 2018 | Entropy Analysis on Intuitionistic | Mode assessment of open 
Fuzzy Sets communities on surrounding traffic 
And Interval-Valued Intuitionistic 
Fuzzy Sets 
[51] 2019 | Double hierarchy hesitant fuzzy | Assessment of traffic congestion 
linguistic -ORESTE method 
[53] 2020 | Euclidean distance intuitionistic | Measuring drivers incapability 
fuzzy value with TOPSIS ranking 
method 
[54] 2020 | Interval-valued intuitionistic fuzzy | Public bus route selection 
environment 
[50] 2021 | IVIF-VIKOR method To assess urban road traffic safety. 
[116] 2021 | Complex Spherical Set CSF information could be used to 
monitor the day and night traffic 
clashes on four-way road junctions. 
[52] 2021 | IF-MABAC Evaluating the intelligent 
transportation system 


Broumi Said et al., An Intelligent Traffic Control System Using Neutrosophic Sets, Rough sets, Graph Theory, Fuzzy sets 
and its Extended Approach: A Literature Review 


Neutrosophic Sets and Systems, Vol. 50, 2022 34 


[49] 2021 | Interval-valued spherical fuzzy | Evaluate public transportation 


analytic hierarchy process method | development 


Here's a quick rundown of some of the possible findings: Tan (2008) connected the vague rough set 
for road section traffic state identification utilizing ambiguous sets was presented to identify the 
traffic condition of road sections and give decision support for traffic management. They have set up 
a decision matrix for traffic conditions. The steps for determining the traffic state of a road stretch 
were supplied by the authors. They presented a vague set and group decision-making-based method 
for acquiring knowledge about regional road network traffic situations followed by Wei and 
MA(2020). 

The traffic state identification methods could meet the current demand for real-time traffic control 
and guidance, while the traffic state knowledge acquisition methods might give a mechanism for 
analyzing the time-space traffic flow evolution pattern of road networks. The hazy aggregation value, 
the weighted sums, and the scoring value are discovered and used to determine the substantially 
worst traffic status link called the regional road network's bottleneck link. 


Fangwei et al. (2017) proposed a fuzzy traffic state identification method in which the three attributes 
f 1 (saturation degrees of the traffic flow), f 2 (vehicle queue length), and f 3 (average delay time of 
vehicles) are described by the Hesitant Fuzzy Sets concept for the four congestion levels E 1 
(unobstructed traffic), E 2 (slight congestion traffic), E 3 (congestion traffic), and E, (extreme 
congestion traffic).A another author from China, Tian et al.(2018) offered a novel multiple attribute 
decision makings strategy for handling the problem of mode assessment of open communities on 
surrounding traffic in an intuitionistic fuzzy environment under an intuitionistic fuzzy environment. 
Taking into account road capacity, safety, and other factors. Also, The Chinese authors looked at four 
aspects of mode assessment of open communities which is based on human Turiyam as discussed by 
Singh (2021). These attributes are denoted asF={ f1,f:, fz, fal,;where f, represents the average delay 
time at the community; f, represents the-safety-level of the community(number of vehicles 
collisions at the community intersection); f, represents the average speed of vehicles;, and df, 
represents the average driving path length of vehicles. Wang (2019) developed the DHHFL-ORESTE 
method (double hierarchy hesitant fuzzy linguistic ORESTE method) to evaluate traffic congestion 
and identify the most congested city in new first-tier cities in the article. Akram et al. (2021) created 
anew concept known as a complicated spherical fuzzy set in their research (CFS). The CSF data can 
be used to track traffic congestion on four-way intersections during the day and at night. Merging, 
diverging, and crossing are three common forms of traffic collisions to expect. Figure 2 depicts a clear 
picture of the clashing spots on a four-way intersection, which include six merging clashes, nine 
crossing clashes, and four diverging clashes. 

The day and night check on traffic collisions may be done with complete information about 


prospective collisions, which can be demonstrated using CFS data by Akram et al. (2021). The 


daytime merging, crossing, and diverging clashes are represented by the amplitude term of 
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membership, neutral, and non-membership grades, respectively, whereas the nighttime merging, 
crossing, and diverging clashes are represented by the phase term of membership, neutral, and non- 
membership grades, respectively and can be assigned 0.1, 0.7, and 0.3 as the membership, neutral 
and non-membership respectively, for a stray four-way junction with one merging, five crossing, and 
two diverging collisions during the day. If there are 12 traffic disputes during the night, three for 
merging, four for crossing, and five for diverging, the membership, neutral, and non-membership 
grades might be assigned phase terms of 0.2, 1.2, and 1.4, respectively. These data may be used to 
create a CSFN that describes information regarding traffic jams at a four-way intersection. 
Furthermore, the CSF data allows for the investigation of traffic collisions at all types of road 
crossings, as well as the characterization of traffic flow over a certain time period. 

If they utilize a spherical fuzzy set here, it will only gather data during daytime traffic jams 
because it can't store two-dimensional data. The use of a complex Pythagorean fuzzy set, on the other 
hand, epitomizes two-dimensional information and only comprises data for merging and diverging 
traffic confrontations. It does not, however, constitute a crossing clash at any time of day or night. 
These facts raise CSFS requirements within the existing model by improving the information on day 
and night traffic collisions, as well as merging, crossing, and diverging collisions. 

Yanping (2021) proposes a unique intuitive distance-based IF-MABAC approach to evaluate the 
performance of financial management, based on the standard multi-attribute border approximation 
area comparison (MABAC) method and intuitionistic fuzzy sets (IFSs). First, a literature review is 
carried out on the subject. In addition, certain key IFS theories are briefly discussed. Furthermore, 
because subjective randomness is common while calculating criteria weights, the maximizing 
deviation approach is used to determine objectively the weights of criteria. After that, the traditional 
MABAC approach is extended to the IFSs using innovative distance measurements between 
intuitionistic fuzzy numbers (IFNs). As a result, all businesses may be ranked, and the one with the 
best environmental practices and awareness can be found. 

Duleba et al. (2021) presented Interval-valued Spherical Fuzzy Analytic Hierarchy Process as a 
methodological approach presented with the goal of handling both types of problems at the same 
time, taking into account hesitant scoring and synthesizing different stakeholder group opinions 
through a mathematical procedure. The additional extensions with a more flexible characterization 
of membership function are preferable to interval-valued spherical fuzzy sets. Decision makers' 
judgments regarding the membership functions of a fuzzy set are incorporated into the model using 
interval-valued spherical fuzzy sets instead of a single point. Also, solved public transportation 
problems using an interval-valued spherical fuzzy AHP approach. Due to the inclusion of three 
traditionally antagonistic stakeholder groups, public transportation development is an appropriate 
case study to explain the new model and analyze the outcomes. This motivated me to utilize 
neutrosophic set for dealing the Road traffic. In the next section, some of the available methods for 


road control using a neutrosophic set is discussed. 
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6. Conclusions 


This paper provide a survey on available mathematical model for traffic flow using neutrosophic 
set, rough set, fuzzy set, and its extensions in Table 1 to 4 and Table 5. The graph based traffic flow 
methods also discussed in Table 5. It can be observed that neutrosophic rough set the hybrid set 
structures where computational techniques based on just one of these structures will not always 
produce the best results. The hybrid of two or more methods can frequently produce better results, 
which can be considered as one of the efficient method for measuring uncertainty in traffic flow as 
positive, negative and uncertain region to control the accidents. 

In near future the author will focus on neutrosophic rough set based traffic flow and its 
graphical visualization. As can be seen, even with certain norms and laws in place, passengers and 
drivers disregard the traffic system, resulting in a variety of large and little incidents, how do we 
govern, manage, and maintain road discipline? Is the car-sharing system a viable option for eco- 


friendly and urban mobility? 
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Abstract. In this paper, we investigate the notion of y-single valued neutrosophic subrings and ideals. Also, 
several properties related to the algebraic structure of rings and ideals are discussed. Moreover, many charac- 


terizations are proposed on 7y-single valued neutrosophic subrings and ideals. 


Keywords: 7-single valued neutrosophic subrings; 7y-single valued neutrosophic normal subrings; 7-single val- 


ued neutrosophic ideals. 


1. Introduction 


Generally, the inconvenience of previously established strategies and designs is overcome by 
recently established fuzzy algebraic structures. Routine mathematics cannot always be used 
because of unclear and missing knowledge in certain regular structures. Various methodolo- 
gies were seen as alternative groups to deal with these issues and avoid vulnerabilities, like 
probability, rough set, anda fuzzy set hypothesis. Unfortunately, each of these alternate math- 
ematics has a side and inconveniences such as the majority of words like real, beautiful, famous 
that are not clearly observed or indeed vague. Henceforth, the rules for such terms vary from 
person to person. 

Zadeh (1), proposed the idea of the fuzzy set which is focussed on the possibility of the 
support highlight doling out an enrollment grade in [0,1] to deal with such sort of vague 


and questionable data. Taking into account the possibility of enrolment and non-investment, 
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Atanassov proposed an intuitionistic fuzzy set which is an augmentation of a fuzzy set. 
As an extension of intuitionistic fuzzy set, Smarandache’s introduced neutrosophic logic 
and sets. A neutrosophic set is based on three degrees: the level of participation, indetermi- 
nacy, and non-enrollment degree. The notion of a soft set is introduced in [6] by Molodtsov. 
Several operations were added by Ali et al. in soft set in [7]. In [8|- [10], Yager has executed 
the idea of the Pythagorean fuzzy set. Peng et al. presented several findings in on 
the measurements of the Pythagorean fuzzy and soft sets. Moreover, several new models have 
been investigated in [13]- [16]. 

In 1971, the concept of a fuzzy subgroup was proposed by Rosenfeld and the investiga- 
tion of fuzzy subgroups began. Later on, many algebraic structures; like groups, rings, fields, 
graphs, and modules, etc. have been developed in [18}- [38]. In this piece of work, we investi- 
gate the notion of y-single valued neutrosophic rings, ideals, and sum and product of y-single 
valued neutrosophic ideals. The proposed work is the generalization of many existing algebraic 
structures on fuzzy set, intuitionistic fuzzy set, (a, 3)-intuitionistic fuzzy set etc. 

The paper is structured as follows: we provide some basic concepts relating to y-single valued 
neutrosophic rings and ideals in Section |3} We give an overview of the sum and product of 
y-single valued neutrosophic ideals, also suggested several suggested several characterizations 
in Section [4] 


2. Preliminaries 


In this section neutrosophic subrings, neutrosophic normal subrings, and neutrosophic ideals 


are defined. 


Definition 2.1. A single valued neutrosophic set U on the universe of discourse FR is 
defined as: 


U= {(u, iy(u), tu(u), fu(u)) | WE R}, 


where i,t, f : R > [0,1] and 0 < iy(u) + tyu(u) + fu(u) < 3. Here, ty(u), ty(u) and fy(u) are 


called membership function, hesitancy function and non-membership function respectively. 


Definition 2.2. Let U & V be two SVNS on R. Then 
(1) UCV, & U(u) < V(u). ie. iy(u) < iy(u), tu(u) < ty(u) and fu(u) > fv(u). 
AlsoU=VSsSUCVandV CU. 
(2) W =U UV such that W(u) = U(u) V V(u) where 
U(u) V V(u) = (iu (u) V iy (wu), tu(u) V ty(u), fu(u) A fy(u)), for each u € R. ice. 
tw(u) = max{iy(u), iv (u)}, tw(u) = max{ty(u),tv(u)} and 
fw(u) = min{ fu(u), fv (u)}. 
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(3) W =UNV such that W(u) = U(u) A V(u) where 
U(u) A V(u) = (tu(u) A iv(u), tu(u) A ty(u), fu(u) V fy(u)), for each u € R. 
ie. tw(u) = min{iy(u),iv(u)}, tw(u) = min{ty(u), ty(u)} and 
fw(u) = max{fu(u), fv (u)}- 

(4) U*(u) = (fy(u),1—tu(u),iy(u)), for each u € R. Here (US)* = U. 


Definition 2.3. A single valued neutrosophic set (SV NS) U = (iuv,tu, fy) of a ring R 
is said to be an single valued neutrosophic subring (SV NS'R) if 


(1) iy(u—v) > Af{iu(u), iu (v)}. 


3) fu(u-v) < V{fu(u), fu(v)}- 
iy (uv) > Afiu(u), iu(v)}.- 
5) tyu(uv) > A{tu(u), ty(v)}. 


Definition 2.4. A subset U = (iy,ty, fu) of a ring R is said to be an single valued 
neutrosophic normal subring (SVN NSR) of R if 

(1) iu (uv) = iy (vu). 

(2) tu(uv) = ty(vu). 

(3) fu(uv) = fu(vu), Vu,v eR. 


Definition 2.5. A single valued neutrosophic set U = (iy,ty, fu) a ring R is said to be 
an single valued neutrosophic left ideal (SV NLI) if 


(1) iy(u—v) > Af{iu(u), iu (v)}. 
3) tu(u— v) > Af{ty(u), tu(v)}. 


u—v)<V{fu(u), fu(v)}- 
fu(uv) < fu(v), Vu,ve R. 


Definition 2.6. A single valued neutrosophic set U = (iy,ty, fu) a ring R is said to be 
an single valued neutrosophic right ideal (SVN RI) if 
(1) tu(u—v) = Afiu(u), ty(v)}. 
2) iy (uv) = iy (u). 
3) tu(u—v) 2 A{tu(u), tu(v)}- 
4) tyu(uv) > ty(u). 
5) fu(u—») < V{fo(u), fu(v)}. 
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(6) fu(uv) < fu(u), Vu,ve R. 


Definition 2.7. A single valued neutrosophic set U = (iy,ty, fu) a ring R is said to be 
an single valued neutrosophic ideal (SV NJ) if 


(1) tu(u—v) > Atiu(u), tu(v)}- 


3. y-Single Valued Neutrosophic Subrings and Ideals 


This section discusses some basic concepts and results related to y-single valued neutrosophic 


subrings and ideals. 


Definition 3.1. If U be a single valued neutrosophic subset of ring R then y-single valued 


neutrosophic subset U is described as, 


Urs { (u,i(u),t7(u), $1(u)) | i7(u) = Af{in(u), y}, 1 (u) = Af{tu(u), ry}, Fu) = Vifu(u), yh, we R}, 


where y € [0, 1]. 


Definition 3.2. Let U & V be two y-SVNS on R. Then 

(1) UX CV, & U(u) < Vu). Le. tgy(u) < iyy(u), tuy(u) < tyy(u) and 
fur(u) > fvr(u). Also U7 = V7 & U7? C V7 and V7 C U7. 

(2) WY = U7 UV?" such that W7(u) = U7(u) V V7(u) where 
U7(u) V V7(u) = (tuy(u) V ivy(u), tuy(u) V tvy(u), fur(u) A fvr(u)), for each u € R. 
i.e. twr(u) = max{ipry(u),ivy(u)}, twr(u) = max{tyy(u), tvy(u)} and 
fwr(u) = min{for(u), fv7(u)}. 

(3) WY = U7N V7 such that W7(u) = UY(u) A V7(u) where 
U7 (u) AV (u) = (tu (u) A ivy(u), tuy(u) A tyy(u), fur(u) V fv7(u)), for each u € R. 
ie. two(u) = min{iyy(u),ivy(u)}, twr(u) = min{tyy(u), tvy(u)} and 
fw(u) = max{ fur(u), fvr(u)}- 

(4) U7°(u) = (fur(u), 1 — tuy(u), iuy(u)), for each u € R. Here (U7°)° = U7. 


Definition 3.3. A y-single valued neutrosophic set (y-SV.NS) U7 = (i?,, t7,, ff}) of a ring R 
is said to be an y-single valued neutrosophic subring (7-SV NSR) if 

(1) (uv) > Afi (w), #(v)}- 

(2) t,(u—v) > Akt (u), #.(0)}. 
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Example 3.4. Let us consider the ring (Z2, +2, *2) where Z) = {0,1}. 

Let we define U = {(u,iyu(u), tu(u), fu(u)) | wu € Zo} such that 

iy (0) = 0.8, iy(1) = 0.4, ty (0) = 0.4, ty(1) = 0.3 and fy(0) = 0.3, fy(1) = 0.6. 
Consider 7 = 0.5, then U7 = {(u, ¢},(u), t?-(u), f7;(u)) | wu © Zo} where 

a7 (0) = 0.5,97, 1) = 04,70) =04, 77,11) =03 and 7 (0) = 0.5, 7) = 0.6, 
=> SVNS U = {(u,iu(u), tu(u), fu(u)) | wu € Zo} is an 0.5-SVNSR of Zo. 


Proposition 3.5. Jf U and V_ be two y-single-valued neutrosophic subset of ring R then 
(UNV)%=UI NV. 


Proof. Assume that U and V are two y-single-valued neutrosophic subset of ring R. 

(UAV) "(u) = { min{minfir-(w), iv(u)}, 7}, min{min{ty(w), ty(w)}, 7}, max{max{ for(w), fv (w)},7} } 

= { min{min{ir-(w),7},min{iv (u),7}}, min{min{te(u), 7}, min{ty (u), 7}}, max{maxtfor(u), 7}, max{ fv (u),7}} } 
= { min({i},(u)}, {2-(w)}), min({e},(u)}, {€-(w)}), max( LW) } (WP) } =U (uv (u), Wwe R. 


Theorem 3.6. Let U and V be twoy-SVNSRs of a ring R. Then UNV is also any-SVNSR 
of R. 


Proof. Let U = {(u,iu(u),tu(u), fu(u)) | we R} and V = {(u,iy(u),tv(u), fy(u)) | we R} 
be any two 7-SV NV Rs of aring R. 


=> UT = {(u, if (u), 7 (u), fi (u)) | ue R} and V7 = {(u, #(u), 1) (u), fe (u)) | we R}. 
Then by using Proposition [3.5] 
(UNV)? =UINV? = {(u, (i A ty) (u), (4 A tL )(u), FO V AY) (u)) | u © RY. 

Now for any u,v € R, we have 

(i) (if, Ai) (u — v) = Afi}, (u— v), 2 (u— v)} 

> MALI (u) 3, (v)}, Mi (w), 7. (0) 

= {ALi (u) 2 (u)}, Mi, (0), 19, (0) 

= AG, AAT) (u), (7, ATO}. 

(ii) (27, A ay,)(uv) = Af{iz, (uv), i], (uv) } 

u), a; 


= MMi (U), tr ()} Miy (u), ty (v) FF 


M.S. Hameed, Z. Ahmad, S. Ali, Characterization of y-Single Valued Neutrosophic Rings and Ideals 


sty 


Neutrosophic Sets and Systems, Vol. 50, 2022 


iS 


= A{A{it;(u), ty ()}, Mea (v), ty (w) FF 

= A{(ii A ty) (u), (i At) (v)}- 

(iii) (tf, A t7,)(u — v) = A{tG (u — v), t(u — v)} 
> A{A{tj(u), ty (v) 

= A{Af{tt(u), ty (u)}, MiG 
=MG Ai), ABW). 
(iv) (tf A ty)(uv) = Af{éz,(ur) 


ti, (v)}, A{ty, 
Y 
ty 
( 


> A{A{ti(u), ty (v)}, {TB (u), 
= MAMti(u), Te (u)}, Mty(e), 
=A{(b AH )(U) (Ate): 
(v) GY fy )(u-v) = Vi fou 
< V{V{ fou), fo (e)}, Vy (u 
=V{V{fo(u), yw}. Visor), 
= =Vi(fe V Ar )(u), (fe V AP) (@)}- 
(vi) (fg V fy) (ur) = Vi Fe (ur), A 

< V{V{FG(U), FO (@)}, VAY (u), Are) 33 
= V{Vifg(u), Aw} VF), Fo) }3 
= Vif V fr) (u), Ft VY Ay) (e)}- 
Therefore (UNV) is an y-SVNSR of R. 


Remark 3.7. However, the union of two 7-SVNSRs is not an y-SVNSR. For example, 

consider the set R = {0,a,b,a+b}, wherea+a=0=b+banda+b=b+a and uv = 0 for 

every u,v © R. Then (R,+,.) is a ring. 

Let U = {(u,iy(u), tu(u), fu(u)) | we R} and V = {(u,iv(u),ty(u), fy(u)) | we R}, where 

iy (0) = 0.8, iy(a) = 0.5, ty (b) = 0.4 =iy(a+b). 

tu (0) = 0.7, ty(a) = 0.3, tu(b) = 0.2 = ty(a+b). 

fu(0) =0.4, fu(a) = 0.7, fu(b) =0.8 = fu(a +d). 

iy (0) = 0.6, ty(a) = 0.1, iy(b) = 0.5,iy(a +b) = 0.1. 

ty (0) = 0.7, ty(a) = 0.1, ty(b) = 0.3, ty(a+ 6) = 0.1. 

fv (0) =0.1, fv(a) = 0.2, fy(b) = 0.2, fy(a+ 6) = 0.2. 

Consider 7 = 0.6 then U7 = {(u, é?,(u), t7,(u), fo (u)) | u © R} and 

V7 = {(u, i}, (u), (u), FP (u)) | we where 

ae = 0.6, i}-(a) = 0.5, #3 (b) =04 =i} (a +d). 
#(0) = 0.6, #5 (a) = 0.3, #7(b) = ae ae 

f(0) = 0.6, fi (a) =0.7, f(b) =0.8 = fi(a+b). 

iy,(0) = 0.6, #{-(a) = 0.1, #,(b) = 0.5, 7, (a + 6) = 0.1. 
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i:-(0) = 0.6, #7-(a) =0.1, (6) =03,0, (a+ o) =0.1, 

fi-(0) = 0.6, fy-(a) = 0.6, f(b) = 0.6, f(a +b) = 0.6. 

Then U and V are 7-SV NSRs of R. Now 

(UUV)7 == {(u, (iv V tv)”)(u), (tu V tv)"(u), (fo A fv)"(u), (u)) | u € RB}, 

Here (iy V iy)7(0) = 0.8, (iy V iy)?(a) =0.5, (iy Viv)1(b) = 0.5, (iy Viv)(a +b) = 0.4; 
(tu V ty)7(0) = 0.7, (tu V ty)7(a) = 0.3, (tu V ty)7(b) = 0.3, (ty V ty)7(a + b) = 0.2; 
(FA fv)"(0) = 0.1, (fA fv) (a) = 0.2, (fA fv)"(b) = 0.2, (fA fv) (a +b) = 0.2. 
Now 

(iy V iv)V(a + b) = 0.4 < A{((it, V tv)7(@), (iu V iv)7)(6))} = 0.5 

Therefore (U UV)? is not an y-SVNSR of R. 


Definition 3.8. A UY = Car a ip) of a ring R is said to be an 47-single valued neutrosophic 
normal subring 7-SVNNSR of R if 

(1) 7,(uv) = if,(vu). 

(2) t{, (wv) = t?,(vu). 

(3) fo (ur) = fi (vu), Vu,u € R. 


Definition 3.9. A 7-single valued neutrosophic set U7 = (i/,,t7;, f(;) a ring R is said to be 


an 7y-single valued neutrosophic left ideal (7y-SV NLJ) if 


(1) F(u—v) > MiF(u), BO0)}- 


u—v) 


( VE Fi (Us fe(v)}- 
fi(uv) < fi(v), V u,v ER. 


Definition 3.10. A y-single valued neutrosophic set U7 = (ij,, tj, f(;) a ring R is said to be 


an 7y-single valued neutrosophic right ideal (y-SV N RI) if 


(1) i (uv) = A{if(u), ty (v)}- 
(u—v) > A{tG(u), ty (v)}- 


( Vi fg(u), fp(v)}- 
fi (ur) < fi (u), Vuve R. 


u—v) 


Definition 3.11. A y-single valued neutrosophic set U7 = (ij,, tj, f¢;) a ring R is said to be 
an y-single valued neutrosophic ideal (y-SVNI) if 


(1) J(u—v) > AL(u), F(0)}.- 
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Example 3.12. Let us consider a ring (24, +4, X4) where Z4 = {0,1,2,3} and 

Consider U = {(iy, tu, fu) | wu € Z4} be a single valued neutrosophic subset of Z4, where 

iy (0) =0.4, iy(1) = 0.3 = iy (3), iy(2) =0.5. 

ty (0) = 0.3, ty(1) = 0.2 = ty(3), ty(2) = 0.6. and 

fu(0) = 0.2, fu(1) = 0.7 = fu(3), fu(2) = 0.6. 

Suppose 7 = 0.5 then U7 = {(ij,, t7,, ft}) | wu © Za} be an 7-single valued neutrosophic subset 
of Z4, where 

i7,(0) = 0.4, #7,(1) = 0.3 = @7,(3), a 
70) =03, 21) =92 ) 

fi (0) =0.5, fU(1) = 0.7 = F303), FU) = 0.6. 
=> U isan 7-SVNI of Z4. 


Theorem 3.13. If U7 = {(if,, tt, ft) | we R} is ay-SVNI of a ring R, then 
i,(0) > i7(u), t7(0) > ti(u), (0) < FG (u) 
and i},(—u) = if-(u), t(-—u) =th(u), ff (-u) = Fou), Vue BR. 


Proof. Let ij,(0) = if-(u — u) > Afit (u), 7 (w)} = i (wu). 
t},(0) = tf (u — u) > Aft? (u), #5 (u)} = th (wu). 

Similarly 7(0) = #9.(u—u) < VEFE(u), F(u)} = Fp). 
Next i},(—x) = if, (0 — u) > A{iz,(0 
Also i},(u) = if, {0 — (-u)} = Afi 
Therefore é},(—u) = tf, (u). 

So t],(—u) = 13,(0 — w) > Aft, (0), Hh(a)} = Cw). 
Also #7,(u) = #0 — (—u)} > AtH,(0),t7-(—w)} = .(—w). 
Therefore t?,(—u) = t},(w). 

Finally f2(—u) = #7,(0 —u) < VU), £4(u)} = FE(W). 
Also fi}(u) = #A{0— (—w)} > VUR(—w), F4(0)} = F3(-w). 
Therefore f?}(—u) = f?-(u). 


Remark 3.14. Every 7-SV NI of a ring R is an 7-SVNSR of R. However the converse is 


not true. 
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For example, let (R,+,.) be the ring of real numbers. 

Define, U = {(u, iy (u), tu(u), iv(u))| wu € R} such that 

iy (u) = 0.5 if u is rational, ty(u) = 0.8 if u is rational, fy(u) = 0.1 if u is rational. 

iy (u) = 0.4 if u is irrational, ty(u) = 0.3 if u is irrational, fy(u) == 0.7 if u is irrational. 
Consider 7 = 0.6, now define U7 = {(u, i7,(u), t7,(u), i7,(u))| w € R} then 

it;(u) = 0.5 if u is rational, t/,(u) = 0.6 if u is rational, f7}(u) = 0.6 if u is rational. 

i7,(u) = 0.4 if u is irrational, t?,(u) = 0.3 if u is irrational, f7}(u) = 0.7 if u is irrational. 
Then U is an y-SVNSR of R. 

But U is not an 7-SV NI of R, since i?,(2V/2) = 0.4 < V{i},(2), i (/2)}. 


Theorem 3.15. Let U and V be two y-SVNIs of a ring R. ThenU OV is also ay-SVNI 
of R. 


Proof. Let U = {(u, iu (u), tu(u), fu(u)) | we R} and V = {(u, iv(u),tv(u), fv (u)) | We ef 
be any two 7-SV NIs of a ring R. Then, 
UY = {(u, tf (u), 7 (u), fe (u)) | we R} and V7 = {(u, ¢},(u), t](u), fi (u)) | wu € R}, then by 
using Proposition [3.5] 
(UNV)? =UINV7 = {(u, (i, At) (u), (4 At) (u), (FV AP) (uw) | u © BR}. 
Now for any u,v € R, we have 
(i) (@ Ady )(u— v) = A{it(u— v), 4) (u— v)} 
> {Ait (u), if (v)}, May (uw), tw) }} 
= M{Afit(u), a (u)}, Mt), 7 (e) 
= A{(ii A ty) (u), (it A HY )(v)}- 
Mu 


re ry “Y 
(ii) (@ A oe 


2 > VIMi(u 
SVG Aa) ie 
(iii) (( At )(u-—v 
=> MAM ti (u),t 
= MA{ti(u),t 
= M(te Aty)( 

( 


v) 

= MV{ty(u), te} MAE i 
> V{A{ty(u), ty (u)}, Mty( 
=V{(ti Aty)(u), (ty A ty yea} 
(v) (fo V Ay) (u-v) = V{ fp (u— »), fy (u— v)} 

< ViV{ FEU), FO) VIP (W), AP) 

= Vivi fg (u), fy} ViFt@), Fo) 33 
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=ViFo Vv Ayu), Fo VAL) }- 
(vi) (fg V AP )(ur) = Vi fo(ur), 


l= ), fy (wo) } 
< VIM FO(u), foo) }. MAP), Fy 
<MV{folu), fr} ViFo(@), fost 


= MoV Aw), FeV A) @)t- 
Therefore UM V is an y-SVNI of R. 


Remark 3.16. Union of two 7-SV NIs of R need not to be 7-SV NI of R. 


Remark 3.17. If U is an 7-SVNSR and V is an 7-SV NI of a ring R then UNM V is an 
7-SVNSR of R but not an y-SV NI of R. For example, consider the ring (R,+,.) of real 
numbers and define, 

U = {(u,iv(u), tu(u), fu(u)) | uw € R} such that 

iy (u) = 0.7 if u is rational, ty(u) = 0.6 if u is rational, fy(u) = 0.1 if u is rational. 

iy (u) = 0.2 if u is irrational, iy(u) = 0.1 if u is irrational, fy(u) = 0.8 if u is irrational. 

Also define V = {(u,ty(u), ty(u), fv(u))|u € R} such that 

iy(u) = 0.5, ty(u) = 0.4 and fy(u) = 0.6 V ue R. Consider y = 0.5 then 

i7,(u) = 0.5 if u is rational, t/,(u) = 0.5 if u is rational, f?}(u) = 0.5 if u is rational. 

it; (u) = 0.2 if wu is irrational, i/;(u) = 0.1 if u is irrational, f7}(u) = 0.8 if u is irrational. 

Then U = {(u,iu(u), tu(u), fu(u)) | ue R} is an y-SVNSR of R. 

Similarly, i],(u) = 0.5, t],(u) = 0.4 and 7},(u) = 0.6 Vue R. 

Then V = {(u,iv(u), ty(u), fy(u))|u € R} is an y-SVNI of R. 

Then by using Proposition [3.5] 

(UNV)? = UINV? = {(u, (43, Att) (u), (At) (u), (F5 V FP) (u)) | u © R} is not an 7-SVNI 
of R, because (47, A i7,)(2V2) < V{(éz, A i7,)(2), (if A a7) (V'2)}. 


4. Sum and Product of 7-Single Valued Neutrosophic Ideal (7-SVNI) 


In this section, we elaborate some fundamental principles and results related to the sum and 


product of the y-single valued neutrosophic ideal. 


Definition 4.1. Let U and V be two 7-SV NIs of a ring R then their sum (U+V)? is defined 
as (U+V)7 = {(u, (7, + t7,)(u), (4 + #1) (u), (5 + A) (u)) | u © R}, where 

(iy + iy )(u) = sup {A tiy(@), oO} 

(Hh + A )(u) = sup {A {4H (a)sth(0)}), and 

(FE + AN(u) = int fv (19 (0), GOH 

Definition 4.2. Let U and V be two 7-SVNIs of a ring R then their product (UV)7 is 


defined as (UV)? = {(u, (é?,é7,)(u), (447) (u), (F070) (w) | u € R}, where 
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(ity, )(u) = by a {A{ity (ai), tf; (bi) FE}, 
(BA NCa) = sup {A AME) (ODD, a 


1<0o 
(fo fy )(u) = 2. aN {V{ FU (ai), FG (bi) SI E- 

ee 
Theorem 4.3. If U and V are two y-SV NIs of a ring R, then U+V is also an y-SV NI of 
R. 


Proof. Let U = {(u, iu (u), tu(u), fu (u)) | we R} and V = {(u, iv(u),tv(u), fv (u) | Ue R)} 
be two 7-SV NIs of a ring R, so U7 = {(u, i], (u), t,(u), ff)(u)) | we R} and 

V7 = {(u, 7}, (u), t1(u), ff (u) | w © R)}, then their sum (U + V)7 is given by 

(U+V)7 ={(u, (i + iy) (4), Hh + Vu), (Fo + AY) (u)) | we R}. 

Let u,v € R and let Af (iz, 77.) (u), (a7, 47,)(w) = 1. Then for any € > 0, 

be < (iy + H)(u) = pe A {it(a), 7 (0) }}, 

Ie < (ih +0) = sup {A (0, THOH. 


v=c+ 
So there exist eitisien rons u=a+b, v=c+d, where a,b,c,d € R such that 


l—e€ < A{i?,(a), i} (b)} and l—e < A{i},(c), if (d}. 

=> l—e< i}(a),i,(b) and l—e < if-(c), if, (d). 

=> l—e< Af{ij, (a), ii (0)} < if (at+c) and !l—e < Af{i},(b), i], (d)} < i, (b+). 

Thus we get u+vu = (a+b) +(c+d) = (a+c)+(b+4d) such that 

l—e< A{i}(at+c), i) (b+ d}. 

=> l-e< sup {Aijz,(atc), (b+ d)} = (if +7%)(u+v). 
ut+vu=(at+c)+(b+d) 

Since € is arbitrary, it follows that, 

(iy + iy )(utv) 21 = A(t + ty) (u), (+ ty) (v)}. 

Next, let m = V{(éz, + ¢7,)(u), (é7, + 7) (v)} = (i + t],)(u) (say) and € > 0. 

Then m—e < (é}, +4,)(u) = ee a), i;,(b)}. 


So there exists a representation u = a+ b such that 

m—e< A{iz,(a), if (b)}. 

=> m—€<i}(a),t,(0). 

m—e< V{if-(a),ii(e+ d)} =i} (a(c+d)) , where v =c+d, 
and m—e < V{i},(b), i{-(c + d)} = i, (b(c + d)). 

=> m—€e< A{ij,(a(c + d)), i], (b(c + d))}. 

So we get, wv = (a+ b)(c +d) = a(c+d) + b(c+ da), such that 
m—e< Afif,(a(e+ d)), 7(b(c + d))}. 


> m-eE< sup {A{iz, (a(c + d)), i, (b(ce + d))}} = (#2, + #7.) (uv). 
uv=a(c+d)+b(c+d) 
Since ¢€ is arbitrary, 
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(it, + H)(wv) > m = VLC, + Tw), (0 + PW. 

Similarly we can show that 

(tt, + Hy )(wv) = 8 = V{ (th + ty) (u), th + ty) (v)}- 

Next let V{(fg + fy)(u), (FG + fy)(v)} =n and € > 0. 

Then n be > (ff + A)(u) = int {VEFB(@), GOH, 

and nte> (ff + A)(0) = int {VFR £(0)} 

So, there exist representations u=a-+bandv=c+d, for some a,b,c,d € R such that 
nt+e>V{fi(a), fi (d)} andn+e>V{fi(c), fi (d)}. 

>nte> fila), f(b) andnt+e> feo), fr @. 

>nt+e>V{fi(a), S(O} = fi(atc), andn+e>V{fq(b), f(@} > fF(o+ 4). 
Thus we get, u+v = (a+b) +(c+d) = (a+c)+(b+4d), such that 
n+e>V{fi(atc), fP(b+d)}. 

pone i org Ut ob +O) = Go + fut). 
Since € is arbitrary, 

(f+ FD)(u+ v) <= VAC + AD(u), I + FDDCO)}. 

Finally, if w = {(f9 + £2)(u), (f2 + AEV(W)} = (9 + F2(w) (Say), and € > 0, 
then w+e> (ff + A)(u) = int (VF H(a), £0} 

So there exists a representation u = a+ 6 such that w +e > V{f?(a), f7-(0)}. 
>wte> fi(a) andwte> fi(0). 

>wte>A{fi(a), fi(e+ a} = fe (a(c+d)), and 

wte>A{fi(b), fi(e+a)} = fi(o(c+d)), where v =c+d. 

So, we get wv = (a+ b)(c +d) = a(c+d) + b(c+ d) such that 
wte>V{fr(a(c+d)), f(b(c+ d))}. 

sw+e> {v(FMlale+ a), fU(b(e+ d)))} = (f+ 2) (wr). 


=> n+eEe< 
U 


inf 
uv=a(c+d)+b(c+d) 
Since ¢€ is arbitrary, 


(fy + fy (ur) Sw =o + (a), FG + A) }- 
Hence U+ V isan y7-SVNI of R. 


Theorem 4.4. IfU and V are two y-SVNIs of a ring R, then UV is also an y-SV NI of R. 


Proof. Let U = {(u,iu(u), tu(u), fu(u)) | ue R} and V = {{u, tv(u), tv(u), fy(u) | we R)} 
be two 7-SV NIs of a ring R, so 

U7 = {(uif,(w),t],(u), Fy(w)) | we R} and V7 = {(u,i},(w), t}(w), FE(u) | we RY}. 

Then (UV)? = {(u, (if i}-)(u), (EA7)(u), (FE AEI(w)) |v € RP: 

Let u,v € Rand let A{ (ij i7,)(u), (),47,)(v)} =<. 

Then for any € > 0, 
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6—€ < (iV i})(u) = ie ao {A{it(ai), 7; (bi) }}}, and 


t<00 
s—e€< (ity)(v) = ap {A {Afit (mi), i7-(na) FF}. 

ao 
So we get representations u = eB in, and v = 2 mini such that 
se < {A {fit (ai), 77 (bi) }}}, and s —€ < {A {A{iz-(mi), 7 (ma) FHF, 
=> s—e< Afi} (a,), i,(:)}, and s—e < Af{it (mi), i,(mi)} V 4, 
=> ¢—€< i}(a), i7,(:), and ¢ —€ < i),(m), i, (nmi) V i, 
=> ¢—e< Af{ii (a), tf (b:)} < (a; +m), and s —€ < A{if-(mi), if (mi)} < (i + ru) V 4. 
Thus, we get utu= )> (aibi + mini), where a;,b;,mi,ni € R, such that 

t<00 
CHES {\{iz, (ai + mi), ay, (bi +ni)}}, Vi, 
> ¢-E< MAG (4: + mi), ty, (di + ni)}h, 
cHe< sup {ALAC (as + ma), F.(i ERD} = YAP) (ut0)- 

1<00 
Since € is arbitrary, so we have, 
(iGiy (ut v) > 5 =A{(EGty)(u), (tty) (v)}- 
t= 


Next let g = V{(i{,7],)(u), (a7, 77,)(v) (i7,¢7,)(u) (say) and let € > 0, then 


g—€ < (tf 4,)(u) = sup : {A{A {i (ai), {27-bi) FH 
oe a 
So there exists a representation u= > a,b; such that 
1<00 

g-—éE< MAtiU (ai); {i?-bi) }} => A{it;(ai), {iqbi bs Vi. 

=> g—e< if(a), iL (i), Vi. 

Ifv= >> myn; then 

t<00 

g-eEe< Vii en) it; (mi)} = i, (a¢m;) V4, 

and g-eE< V {i7, (bi), tf, (ni) } = iy, (bini), Vi. 

Thus, we get wv = > (a;b;)(mini) = SD (aim) (bin: ) 
1<00 1<0o 


such that g — € < A{i?,(aym), i}, (bini)}, Vt. 
= Ges A{ Ait (ama), ty (bina) }}- 


=> g-—eEx< sup {Af{iz, (asm), tf, (bina) }} = (67,47) (uv). 
ee ee) 


Since ¢€ is arbitrary 

(itty (wv) = g = V{(ihty )(u), (7547) (v)}. 

Similarly, we can show that 

(tty )(utv) 27 = A{(tyty)(u), tiv) (v)}. 

(tity )(wv) 2 6 = VE(tU AY) (u), (tity) (o)}- 

Next, let 1 = V{(f2F))(u), (F0F0)(v)} and € > 0, then 
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= Ilte>(f Aw) = inf {V{VL Fp (a), Abi) HH, 
u=)>_ ajb; i 


1<00 
Seer (BAM) = int AV{sElm), Fe(n) 
1<00 ‘ 
So, we get representations u= > a;b; and v= )> mnj;, where a;,b;,mi,n; € R, such that 
1<00 1<00 


I+e> Vivi fo (a), fy (b:)} and 1+ € > Vivifolm), fy (ma) }- 

=> l+e>V{fi(a), fr (bs)} andl +e> VE fz(mi), ira}: Va. 

= l+e> fi(ai), fbi) andl +e > fg(mi), fy (mi), V4 

=> l+e>V{fi(a), fi(mi)} > ff (a +m) and l+e> V{fP(bi), fi (nd } = Fe (Gi + i), Vi. 
Thus, we get u+vu = os (a;bj + mn;), where a;,bj,m;,n; € R, such that 


i+e> Vi fe (ai + ny Ft +ni)}, Vi. 
=> I+e>V{V{fi(ai + mi), fp (bi + mi) }}, 
It+e> a | Wivfo(a + mi), fy (bi + ra) } = (Fe fp) (ut v). 


1<00 
Since € is arbitrary, so we have, 


(fo fy )(utv) <o=V{(feFp)(u), (FEA )(v)}- 
Finally, let o = ee Vy GA @ = Gi ) (say) and let € > 0, then 


ot+e> (fof) = AVIV fala), {fy-bi) } }}- 
we 
So there exists a representation u= > a,b; such that 
1<00 


ote > VIV{fo(ai), (fyb t} > Vise (ai), (Abit, V4. 
> r+e> fi (as), fr (bi), V i. 
Ifv= >> min; then 


t<00 


ot+te>V{ fila), fo(mi)} > fp (aim) V4, 
and o+e>V{fi- (bi), fi (n oe ni), V i. 
Thus, we get wv = 240 (aibi) (mins) = S> (aymi)(dini) 


such that o+ € > V{ fi; (aimi), fy (bi ni), Vi. 
=> o+teEe> Vivt fe (aimi), fy (bins) }}- 


Soobe> int {vE faim), Abin) }} = ELT) (we). 
1<00 


Since ¢€ is arbitrary 


(fy )(ur) So =M(FGAL) (UW), (FAP) (@)}- 
Hence UV isan 7-SV NI of R. 


Remark 4.5. According to the definition given by Atanassov |1| the sum and product of two 
y-SV NIs of a ring FR is not necessarily an y-SV NI of R as shown by the following example: 
Consider the ring R = {0,a,b,a + b} wherea+a=0=6+b,a+b = b+a and w = 0 
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Vu, v€ R. We define, 


i770) =09 =i) (a), (0) =04=7 (a+); 
t},(0) = 0.9 = ¢7,(a), t7,(b) = 0.4 = ti (at b); 
f7(0) =0.1 = f(a), fe (b) =0.4 = fr (ato 


) ‘ 
And i?,(0) = 0.7, #7,(a) = 0.3 = i},-(a + 0), 47, (6) = 0.5; 
é{,(0) = 0.7, #7, (a) = 0.3 = i (a + b), 7,(b) = 0.5; 
fP(0) = 0.2, fP (a) = 0.6 = fi (a+ 0), f(b) = 0.5. 
Then U = {(u,iu(u),tu(u), fu(u)) | we R} and V = {(u,iv(u),tv(u), fv(u)) | ue R} are 
y-SV NIs of R. According to Atanassov [1], 
(U+V)Y = {leet (u) +E, (w) — (wpa, (u), 1 (u) +47 (u) — (ut (uw), F(a) FH (w)) | w © Bh. 
And (UV) = {(u, if, (wi. (u),tF-(u)tZr (uw), few) + F(a) — F(a) fp (u)) | win}. 
Now ij?,(a — b) + i},(a — b) — i}, (a — bi? (a — b) = 0.4 + 0.3 — 0.12 = 0.58, 
it, (a) + #f,(a) — i}, (a)i7, (a) = 0.9 + 0.3 — 0.27 = 0.93, 
and #7,(b) + é7,(b) — ¢7,(b)¢7,(b) = 0.44 0.5 — 0.2 = 0.7. 
Therefore, 
it, (a—b) +47, (a—b) —t7, (a—b) iz, (a—b) < Afi}, (a) +47, (a)—2}, (a) i}, (a), 17, (0) +47, (b) —7}, (0) e], )}. 
Hence U + V is not an y-SV NI of R. Again for the product, we see that 


Sila —b)+ fila —b)- fis(a = b) f(a — b) =0.76, 
fo(a) + fra) — fea fy (a) = 0.64, 
and fi, (d) + f(b) ~ fi (0) fF (0) = 0.7. 
Therefore 


fi (a—b) + fy (a—b)— fo (ab) fy (a—b) > VEFU(@+AV(@)— fa @) FV (a), FOO) +A) (0) Fo (0) FY (0)}- 


Hence UV is not an 7-SV NI of R. 


5. Conclusions 


A 4-single valued neutrosophic set is a type of SVNS that can be used to tackle real-world 
challenges for research and engineering. In this work, we introduce the notion of y-single valued 
neutrosophic subrings, y-single valued neutrosophic ideals also the sum and product of y-single 
valued neutrosophic ideals. On y-single valued neutrosophic subrings and ideals, a variety of 
characterizations have been proposed. Therefore, it is important for researchers to examine 
y-single valued neutrosophic subrings and ideals and their characteristics in applications and 
to understand the basics of uncertainty. We agreed to include the concept of a y-SVNSR & 
y-SVNI in research also examine its key feature. As a consequence of this research, various 


principles are to be applied to achieve some adequate research value results of y-SVNSR & 
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y-SVNI. In further work, researchers can extend this idea in topological spaces, modules, and 


fields. 
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Abstract. 

Transportation issues arise often in everyday life. To ensure that the regions’ needs for 
transported material are met at the lowest feasible cost, materials must be carried from production 
centers to consuming centers as quickly as possible. Operations research approaches, notably 
mathematical programming, are utilized to solve these recurring and daily challenges. The problem's 
data is transformed into a mathematical model, and then the best solution is discovered using the 
proper procedures. When dealing with transportation issues, we arrive at a linear mathematical 
model, which can be solved using the direct simplex method and its modifications. However, because 
of the clarity and specificity of the transportation model, scholars and researchers were able to find 
other methods that were easier than the simplex method. 

Whatever method is used, the goal is to determine the number of units transferred for any 
material from the production centers to the consumption centers in order to minimize transportation 
costs, keeping in mind that each export center has its own capacity and cannot supply quantities of 
the material greater than that capacity. Furthermore, each import center has a certain requirement for 
which it makes a request and for which it is unable to consume further quantities. In this manuscript, 
the researchers will use the North-West Corner approach, the Least-Cost method, and Vogel's 
approximation method to discover an initial solution to the balanced neutrosophic transport 
problems. 

The term "neutrosophic transportation problems (i.e. NTP)" refers to the transportation 


problems in which the required and available quantities have neutrosophic values of the form Na;= 
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a; + €, where ¢ is the indeterminacy in the produced quantities, and it is either ¢; = [Ai,Ai2] or 
€{= (Ait, Ai}. While the required quantities are also neutrosophic values of the form Nb; = b;+ 6;, here 
6; is the indeterminacy on the required quantity, and it is either 5; = [uj1, uj2] or 5; = {uj1, Wj2}. It is 
worthy to mention that when the problem is unbalanced (i.e. the summation of the required 
quantities is not equal to the produced quantities), then firstly will convert the problem to a balanced 
one. 

In this article, the authors assumed the representation of the neutrosophic numbers as intervals 
such as & = [Aj1,Ai2|, 6; = [Wj1,4j2]. It is important to notice that the authors did not adopt 
(trapezoidal numbers, pentagonal numbers, or any other neutrosophic numbers which need to 
specify using the membership functions, this kind of neutrosophic numbers or parameters 
represented by intervals have been firstly introduced by Smarandache F. in his main published books 
[32,33]. 

The sections of this manuscript has been organized as follow: the introduction is the inception 
of this article, section one has been dedicated to the north-west corner method containing three 
subsections for three case studies depending upon the existence of the indeterminacy in the problem, 
the least- cost method represents section two, while section three has been devoted to Vogel's 
approximation method, section four is conclusion and results. 

Keywords: Transportation Problem; Neutrosophic Transportation Problem (NTP); Initial Solution; 
Consumption Centers (CC); Production Centers (PC); Available Quantities (AQ); Required 
Quantities (RQ); North-West Corner Method; Least-Cost Method; Vogel's Method. 

Introduction 

Transportation problems are among the most prevalent linear programming problems encountered 
in everyday life. These problems study the transfer of materials from production centers to 
consumption centers in the shortest period of time or at the lowest cost, or the distribution of 
transportation modes (such as buses, planes and ships etc.) on the imposed transportation lines in 
which the requests can meet by the least cost, and since the mathematical models we obtain are linear 
models, so the simplex method and its modifications can be used to obtain the optimal solution, but 


the special nature of the transportation problems enabled scientists to find special ways to solve these 
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models that dependent on finding initial solution and then using other ways to improvement this 


initial solution using heuristics algorithms to find optimal solution [1-5], there are previous studies 
for transport models at the lowest cost using neutrosophic environments, which is the new vision of 
modelling and is designed to effectively address the uncertainties inherent in the real world, as it 
came to replace the binary logic that define merely the truthiness status and falseness status, by 


introducing a third, neutral state which can be interpreted as undetermined or uncertain . 


This neutrosophic logic has been established in 1995 by the philosopher and mathematician 
Florentin Smarandache [7,9,10,11,13] introduced as a generalization to both: fuzzy logic presented by 
L. Zadeh in 1965 [6], and intuitionistic fuzzy logic introduced by K. Atanassov in 1983 [8]. In addition, 
A. A. Salama presented the theory of classical neutrosophic sets as a generalization of the classical 
sets. Theory [12,20], he developed, introduced and formulated new concepts in the fields of topology, 
statistics, computer science... etc. through neutrosophic theory [15,17-19, 22,28,29]. 

The neutrosophic theory has grown significantly in recent years through its application in 
measurement theory, group theory, graph theory and many scientific and practical fields [8,14-16, 21, 
23-27,30-35], this research sheds the light on the modified that same methods used to find the initial 
solution for the classic transport problems in finding a preliminary solution to the neutrosophic 
transport problems in its three forms, the first form is that form when the cost is neutrosophic values, 
while the second form occurs when the demanded quantities and the supplied quantities are 
neutrosophic values, finally, the third form occurs when the cost of transport and the demanded 
quantities and the supplied quantities are all neutrosophic values. 

Discussion: 

It is popular that there are several ways to find a basic (initial) solution to the transfer problem, 
given the condition that the number of the basic variables in this initial solution must equal the 
number of the linear conditions (i.e. m+n-1). An initial solution can be found in several ways. In this 
research, we will use three methods, the North-West corner method, the least-cost method, and 
Vogel's approximate method, to find an initial solution to the neutrosophic transport model, and we 


will study the three forms in each of the methods. [1-5]. 
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1. The North-West Corner Method 


The North-West Corner Rule is a technique for calculating an initial basic feasible solution to a 
transportation problem. The method is called North-West Corner because the basic variables are 


chosen from the extreme left corner. the following three steps gives the initial basic feasible solution: 
1. Find the north west corner cell of the transportation tableau. Allocate as much as possible to 
the selected cell, and adjust the associated amounts of supply and demand by subtracting the 
allocated amount. 
2. Cross out the row or column with 0 supply or demand. If both a row and a column have a 0, 
cross out randomly row or column. 


3. If one cell is left uncrossed, cross out the cell and stop. Otherwise, go to step 1. 


We should not forget that the final allocated cells (nonzero cells) must equal to the value (m+n-1), where 
m determine how many production center that the problem have, while n refers to how many 
consumption center exist. 


1.1 First Case Study for Neutrosophic Transportation Problem in which the 
Indeterminacy is in Nc; 


In this case the cost of transportation will be neutrosophic values, that’s mean the monetary value of 
transfer one unit from the production center i to the consumption center j is Ncj = cy + €, where 
€ is the indeterminate value and equal to € = [A1,A2], so the payment matrix will be Nej = 

| cy €]. Although all transportation costs have been given the same indeterminate value, it is feasible 
to assign a different indeterminate to each cost and use the same case study. 

The Text of the Problem 

A certain amount of oil is to be transported from three stations A1, Az, A3 to four cities By, B2, B3, B4.The 
following table shows the quantities available at each station, the demand quantities in each city,and 
the transportation costs in each direction: 


cc | B41 B2 B3 B4 AQ 
PC 
Al 7+€ Ate 15+¢€ 9+¢€e 
120 
*11 x12 x13 x14 
A2 11+e O+e 7+€ 3+¢€ 
80 
x21 X22 x23 x24 
A3 4At+e 5S+eE 2+€ 8+¢eE 
100 
x31 x32 x33 x34 
RQ 85 65 | 90 60 
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In this example, the indeterminate value of ¢ = [0,2], based on the problem’s data we have, 


diz1 % = Lj=1 5; = 300, this signifies that the issue is balanced. Substituting ¢ = [0,2] into the 


preceding tableau yielded the following one: 


CC 
PC By By B3 Bs AQ 

Ay [7,9] | [4.6] | [15,17] | [9,11] 120 
X11 X12 X13 X14 

Ay [11,13]] [0,2] [7,9] [3,5] 80 
X21 X22 X23 X24 

A3 [4,6] [5,7] | [2,4] [8,10] 100 
X31 X32 X33 X34 

no 300 
85 65 90 60 300 


The entire calculations to find the initial solution using the North-West method have been 
summarized as follow: 

Start with the cell located in the north-west corner of the table, i.e. that cell corresponds 
to the first production center crossing with the first consumption center, this cell will 
carry the value 
Min {85,93} = 85, hence the first consumption center Bi has the need been fulfilling of its 
requirement from the first production center A1, the remaining amount in A1is 120 — 85 = 35. 
Move to the right cell positioned in the crossing of first row with second column and put in it 
the value Min {65,35} = 35, so the available quantity in A1, and the required quantity in Bi 
both are being zero, but the second consumption center B2 requires to 65 — 35 = 30. Go down 
to the cell of position in the cross of second row with second column (x22) and put the value 
Min {30,80} = 30, consequently, the second consumption center Bz has its need been fulfilling, 
and the remaining value in the second production center Az is 80 — 30 = 50, keep going in the 
same above technique till all production centers are emptied, and all consumption centers 
have been fulfilling, finally the following table was gotten: 
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CC 
PC By By Bs By AQ 
Ay [7,9] [4,6] | [15,17]| [9,11] 120 
85 35 
Az [11,13]| [0,2] [7,9] [3,5] 80 
30 50 
A3 [4,6] [5,7] [2,4] | [8,10] 100 
40 60 
RQ 300 
85 65 90 60 300 


The last table illustrates: x,, = 85, x12 = 35, x22 = 30, x23 = 50, %33 = 40,%34 = 60,%13 = X44 = %Xq1 =XQ4 = 
X31 = X32 = 0, we have n=4,m=3,m+n—1=6, meaning that the initial conduction satisfied the 


necessary condition. Calculate the total cost for this initial solution by substitution the x's values in the cost 


function: 


NC = €44%X 41 + €y2%42 + €13%13 + CygX14 + C21%21 + C22X%22 + C23X23 + CoqX 24 + C31X31 + C3Z2%32 + C33%X33 


NC = [7,9] * 85 + [4,6] * 35 + [15,17] * 0 + [9,11] * 0 + [11,13] * 0 + [0,2] * 30 + [7,9] * 50 + [3,5] «0 


T 34X34 


+ [4,6] * 0 + [5,7] * 0 + [2,4] * 40 + [8,10] * 60 = [1645,2245] 


Which is the cost versus initial solution. 


1.2 Second Case Study in which the indeterminacy is in both production center and 


consumption center 


Problem Text 


A quantity of fuel is intended to be shipped from three stations to four cities. The available quantities 
at each station, the demand quantities in each city, and the transportation costs in each direction are 


demonstrated in the following table: 
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CC B1 B B3 B AQ 
PC 2 4 
Al 4 15 9 
7 120+ 
é1 
A2 11 0 7 3 
80 + €2 
A3 4 5 2. 8 
100 + 
€3 
' RQ 
It is 854+ 61 65+ 62 90+ 63 60 + 64 worthy 
to mention 


that £1, €2,€3 represent the indeterminacies that exist in available quantitiesin the fuel stations, and it can 
be took as intervals [Aj1,Aj2] or as sets {Aj1, Aj2} ...etc. 
For this case study, the following values have been picked: ¢; = [0,11], ¢2= [0,9], e3 = [0,15] 


While the values 61, 62, 63, 64 are the indeterminacies in the required quantities in the four cities,also 
these neutrosophic values can be regarded as intervals [pi1, Miz] or as sets {Ui1, Hi2} ...etc. 

For this example, the following neutrosophic values have been took: 61 = [0,8], 62 = [0,12], 63 =[0,9], 
64 = [0,6]. So the above table becomes: 


CC By B B3 B4 A 
PC 2 
At 4 15 9 
7 [120,131] 
A2 11 0 7 3 
[80,89] 
A3 4 5 2 8 
[100,115] 
: [300,335] 
Q [85,93] [65,77] [90,99] [60,66] 
[300,335] 


It is clear that the problem is balanced as 17, Na; = Yj-1 Nb; = [300,335]. 


Start with the cell located in the north-west corner of the table, i.e. that cell corresponds to the first 
production center crossing with the first consumption center, this cell will carry the value 

Min {[85,93], [120,131]} = [85,93], hence the first consumption center B1 has the need been fulfilling of its 
requirement from the first production center A1, the remaining amount in A1 is [120,131] - [85,93] = [35,38]. 
Move to the right cell positioned in the crossing of first row with second column and put in it the value Min 
{[65,77], [35,38]} = [35,38], so the available quantity in Al, and the required quantity in B1 both are being 
zero, but the second consumption center B2 requires to [65,77] — [35,38] = [30,39]. Go down to the cell of 
position in the cross of second row with second column (x22) and put the value Min {[30,39], [80,89]} = 
[30,39], consequently, the second consumption center B2 has its need been fulfilling, and the remaining 
value in the second production center A2 is [80,89] — [30,39] = [50,50], keep going in the same above technique 
till all production centers are emptied, and all consumption centers have been fulfilling, finally the following 
table was gotten: 


This table contains the following neutrosophic values: 
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Nx41 = [85,93], Nx12 = [35,38], Nx22 = [30,39], Nx23 = [50,50], Nx33 = [40,49], Nx34 = [60,66], Nx13 = Nx14 


CC By B2 B3 BA AO 
PC 
Al 7 4 15 ; 
ae [35,38] 0 0 [120,131] 
A2 11 0 7 Fi 
[30,39] [50,50] 0 [80,89] 
A3 4 5 ) 3 
0 [40,49] [60,66] [100,115] 
RQ [300,335] 
[300,335] 


Nx21 = NxX24 = Nx31 = Nx32 = 0. In this problem similar to the previous problem in section (1.1), n=4,m= 
3=>m+n-—1=6, meaning that the initial condition satisfied the necessary condition. Calculate the total 
cost for this initial solution by substitution the x’s values in the cost function: 

NC = €y4X qq t+ Cy2X 12 + C13X%13 + Cy4X14 F Co1X 21 + C22X22 + C23X 23 + Co4Xq4 + C31X31 + Cz2Xyq + C3gX3gt Cz4X34 
NC =7 * [85,93] + 4 * [35,38] +15 *0+9*0+11*0+0 * [30,39] + 7 * [50,50] +3*0+4*0+5*04+2 
« [40,49] + 8 * [60,66] = [1645,1779] 

Which is the cost versus to the initial solution. 


1.3 Third Case Study in Which the Transportation Cost, the Available Quantities in the 
Production Centers, and the Demand Quantities in the Consumption Centers are all 
Neutrosophic Values 


By taking the same context of the studied cases in the previous subsections (1.1, 1.2) subject to the 
following table has been considered as new example: 


CC By B2 B3 By A 
PC 
Al 7+€ Ate 15+¢ 9+¢e 
120+ €1 
Nx11 Nx12 Nx13 Nx14 
A2 l1l+e O+eE 7+€ 3+6€ 
80 + €2 
Nx21 Nx22 Nx23 Nx24 
A3 4t+e Ste 2+€ 8+e 
100 + €3 
Nx31 Nx32 Nx33 Nx34 
RQ 85 + 64 65 +62 90 + 63 60 +64 
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[0,6], the above table can be rewritten as: 


CC B1 B2 B3 B4 AQ 
PC 

A1 [7,9] [4,6] [15,17] [9,11] [120,131] 

A2 [11,13] [0,2] [7,9] [3,5] [80,89] 

A3 [4,6] [5,7] [2,4] [8,10] [100,115] 

[300,335] 
RQ [85,93] [65,77] [90,99] [60,66] 
[300,335] 


Obviously, the problem is balanced because )/j2, @; = Lj=1 b; = [300,335] . The same north-west strategy 
has been implemented to get the following table: 


CC 
PC By Bz B3 Bs AQ 
Ay [7,9] [4,6] [15,17] [9,11] 
[120,131] 
[85,93] [35,38] 0 0 
A 11,13 0,2 ’ , 
2 [11,13] [0,2] [7,9] [3,5] [80,89] 
0 [30,39] [50,50] 0 
A 4,6 5,7 , , 
3 [4,6] [5,7] [2,4] [8,10] (100,115) 
0 0 [40,49] [60,66] 
300,335 
RQ [85,93] [65,77] [90,99] [60,66] 
[300,335] 


Same as the previous examples we have, Nx, = [85,93],Nx 2 = [35,38],Nx22 = [30,39],Nx23 = 


[50,50], Nx33 = [40,49], Nx3, = [60,66],Nx,3 = Nx,, = Nx21 = Nxo, = Nx3, = Nx32 = 0. In _ this 


problem similar to the previous problems (1.1 &1.2), n=4,m=3 = m+n-1=6, meaning that the initial 
condition satisfied the necessary condition. Calculate the total cost for this initial solution by substitution 


the x’s values in the cost function: 


NC = Cy4X%q1 + Cy2X12 + Cy3%13 + CygX1q + Co1X21 + Cy2QX22 + Cy3X2Q3 + CoqX2q + C31%31 + C32%32 


1 €33%X33 + C34X3q 
NC = [7,9] * [85,93] + [4,6] * [35,38] + [9,11] * 0+ [7,9] « 0 + [11,13] * 0 + [0,2] * [30,39] + [7,9]* [50,50] + [4,6] 
* 0+ [5,7] * 0+ [2,4] * [40,49] + [8,10] * [60,66] = [1645,2449] 


Which is the cost versus to the initial solution. 


M. Jdid, H. E. Khalid “An Investigation in the Initial Solution in Neutrosophic TransportationProblems (NTP)’’ 


Neutrosophic Sets and Systems, Vol. 50, 2022 73 


2. The Least- Cost Method 


The least cost is another method used to obtain the initial feasible solution for the transportation 
problem. Here, the allocation begins with the cell which has the minimum cost. The lower cost cells 
are chosen over the higher-cost cell with the objective to have the least cost of transportation. The 
Least Cost Method is considered to produce more optimal results than the north-west corner because 
it considers the shipping cost while making the allocation, whereas the North-West corner method 
only considers the availability and supply requirement and allocation begin with the extreme left 
corner, irrespective of the shipping cost [1-5]. We will discuss the existence types of the 
indeterminacies either in transportation costs, or the indeterminacy exists in both the available 
quantity in the production centers and in the demand quantities in the consumption centers, or in all 


of them by the following case studies: 


2.1 Case Study Has the Indeterminacy in its Transportation Cost 


The same context of example (1.1) has been resolved using least- cost method, where the least cost 
cell is [0,2] which is located in the position resulting from the intersection of the second row with the 
second column, and put the value min {65,80} = 65 in it. Thus, we have met the need of the second 
consumption center Bz from the second production center Az, and the remaining quantity in Az is 80 
— 65 = 15. Move to the next least cost value among the remaining costs is [2,4], which is located in 
the cell resulting from the intersection of the third row with the third column, and we put the value min 
{90,100} = 90 in it. Thus, we have met the need of the third consumption center B3 from the third 
productive center Az, and the remaining value in the third productive center is 100 — 90 = 10. 
Continuing by the same strategy until all consumption centers have been saturated and all 


production centers have been emptied. Consequently, the following table yield: 


CC Bi Bo B3 Ba 
PC a 
A [7,9] [4,6] [15,17] [9,11] 
120 
75 45 
A2 [11,13] [0,2] [7,9] [3,5] 
80 
65 15 
A3 [4,6] [5,7] [2,4] [8,10] 
100 
10 90 
RQ 85 65 90 60 oS 
300 
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Here, Xyq = 75, X44 = 45,%22 = 65,X24 = 15, X31 = 10,X%33 = 90, Xp = X43 = Xqy = Xq3 = X32 = 
X34 =. 0. 

NL =[7,9] * 75 + [4,6] * 0 + [15,17] * 0 + [9,11] * 45 + [11,13] * 0+ [0,2] * 65+ [7,9] * 0+ [3,5] * 15 

+ [4,6] * 10 + [5,7] * 0 + [2,4] * 90 + [8,10] * 0 =[1195,1795]. As usual, it represents the cost versus to the 
initial solution. 


2.2 Case Study in Which the Available Quantities of the Production Centers and the 
Demanded Quantities of the Consumption Centers are Neutrosophic Values 


For the comparison purposes, the same data and problem text that used in the case study (1.2) has been 
considered here, so the first three tables are the same. By applying the least cost method, it seemsthe cell of 
the zero value is the required cell which exactly located in the intersection of the second row with the second 
column, so we put in this cell the value min {[65,77], [80,89]} = [65,77], by moving to the next least cost cell 
that located in the intersection of the third row with the third columnof 2 value, burden this cell with the 
value min {[90,99], [100,115]} = [90,99], go on with the same strategy till all consumption centers 
saturation at the same time all productions centers have been emptied, hence, the following table yielding: 


cc By B2 B3 B4 
AQ 
PC 
AY 7 4 15 9 pace 
[75,77] [45,54] Etat 
A2 11 0 7 3 
[15,12] [80,89] 
[65,77] , 
A3 4 5 2 8 
[10,16] [90,99] hee 
300,335 
RQ [85,93] [65,77] [90,99] [60,66] 
[300,335] 


Hence, Nxy1= [75,77], Nx14= [45,54], Nxo2= [65,77], Nx24= [15,12], Nx31= [10,16], Nx33= [90,99], Nx12 


= Ny3 = Nx21 = Nx23 = Nx32 = Nx34= 0, we should not forget the problem satisfiesthe balancing 
condition since m+n-—1=6. 


NL = 7 *[75,77] +4*0 +15 *0 +9 [45,54] + 11*0+0 [65,77] + 7*0 +3 * [15,12] + 4* [10,16] +5 * 
0 +2 +* [90,99] +8 «0 = [1259,1323] 


Obviously, it represents the cost versus to the initial solution. 


2.3 Case Study in Which the Transportation Cost, the Available Quantities of the 
Production Centers, and the Demanded Quantities of the Consumption Centers are all 
Neutrosophic Values 

In this section, the text problem and the types of the indeterminacies are same as in the case 


study ofthe section (1.3), but the values of 6;'s, ¢;'s are assumed to be: 
€ = [0,2], €, = [0,35], €2 = [0,10], ¢3 = [0,15], 6, = [0,7], 62 = [0,18], 63 = [0,25], 64 = [0,10]. 
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cC Bi B2 B3 Ba AQ 
PC 

Ai [7,9] [4,6] [15,17] (9,11] 

Nx11 Nx12 Nx13 Nx14 [120,155] 
Az [11,13] [0,2] [7,9] [3,5] 

Nxa1 Nx22 Nx23 Nx24 [80,90] 
As [4,6] [5,7] [2,4] [8,10] 

Nx31 Nx32 Nx33 Nx34 [100,115] 

[300,360] 
RQ [85,92] [65,83] [90,115] [60,70] 
[300,360] 


Again, by using the least cost strategy, the least cost is the cell [0,2] located in the cell intersect 
the second row with second column, so we will put the value min{65,80} = 65 in it, hence the needy of 
the second consumption center B2 has been met from the second production center Az , the remaining 
quantity in A, is 80 - 65 = 15, by moving to the next least cost cell which is [2,4] represents the cell 
allocated in the intersection of the third row with the third column, burden this cell with the value 
min{90,100} = 90 . Thus, we have met the need of the third consumption center B; from the third 
productive center A3, and the remaining value in the third productive center is 100 — 90 = 10. Go on with 
the same strategy till all consumption centers saturation at the same time all productions centers have 


been emptied, hence, the following table yielding: 


CC Bi Bo B3 Bs AQ 
PC 
At [7,9] [4,6] [15,17] [9,11] 
[120,131] 
[75,77] [45,54] 
A2 [11,13] [0,2] [7,9] [3,5] 
[80,89] 
[65,77] [15,12] 
As [4,6] [5,7] [2,4] [8,10] 
[100,115] 
[10,16] [90,99] 
[300,335] 
RQ [85,93] [65,77] [90,99] [60,66] 
Hence, Nx, = [75,77], Nxiq = [45,54], NX22 = [65,77], Nxo4 = [15,12], Nx3, = [10,16], Nx33 = 


[90,99], Nxy2 = Nx13 = NX21 = Nx23 = Nx32 = Nx34 = 0, we should not forget the problem satisfies 
the balancing condition since m + n- 1=6. The following cost represents the initial feasible solution. 

NL = [7,9] * [75,77] + [4,6] * 0 + [15,17] * 0 + [9,11] * [45,54] + [11,13] * 0 + [0,2] * [65,77] + [7,9] *0 + [3,5] * 
[15,12] + [4,6] * [10,16] + [5,7] * 0 + [2,4] * [90,99] + [8,10] * 0 = [1195,1993]. 
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3- Vogel’s Approximation Method : 


Definition: The Vogel’s Approximation Method or VAM is an iterative procedure calculated to findout 
the initial feasible solution of the transportation problem. Like Least cost Method, here also the shipping 
cost is taken into consideration, but in a relative sense. The following is the flow chart showing the steps 
involved in solving the transportation problem using the Vogel’s Approximation method. 


Sas 
Sno RanaaSR, 
6 


Assign the largest quantity within the demand and supply constraint 
in the row or column where the cost is minimum 


cmaannneeeetneeentieees 
Sa 
NO 
: Yes 


The same cases studies that have discussed in the all previous sections (1.1,1.2,1.3,2.1,2.2,2.3) can be 
presented here with the same problems texts, with same data values, to be resolved in the Vogel’s 
iterative method, this will give us a good opportunity to analyze the results which enables us to make 
a good comparison between (North-West Corner method, Least-Cost Method, and Vogel’s Method). 
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77 
3.1 Case Study Has the Indeterminacy in its Transportation Cost 
cc Ay Az | Ag 
By B, B3 By AQ 
PC 
A 7,9 4,6 15,17 
1 [7,9] [4,6] [ ] [9,11] ane : : , 
75 45 
A 11,13 0,2 7,9 
2 [ ] [0,2] [7,9] [3,5] ne 2 z ol 
20 60 
A 4,6 5,7 2,4 8,10 
3 [4,6] [5,7] [2,4] [8,10] a ; : 1 
10 90 
RQ 85 65 90 60 0 
300 
Ay 
3 4 5 5 
A, 
3 4 5 5 
A3 
3 4 Z = 


The symbols Aj, A, A; mean the subtractions between the columns respectively, while the symbols 


A,, A,, Az; mean the subtractions between the rows respectively. 
From the above table, we have X11 = 75, x12 = 45, X22 = 20, x24 = 60, x31 = 10, X33 = 90, X13 = X14 =X21 = 


X23 = X32 = X34 = O, 


NL = [7,9] * 75 + [4,6] « 45 + [15,17] « 0 + [9,11] * 0 + [11,13] « 0 + [0,2] * 20 + [7,9] « 0 + [3,5] * 60 


+ [4,6] * 10 + [5,7] «0 + [2,4] * 90 + [8,10] * 0 = [1105,1705] 
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3.2 Case Study in Which the Available Quantities of the Production Centers and the 


Demanded Quantities of the Consumption Centers are Neutrosophic Values 


A, | do | A 
ve B B B B es 
PC 1 2 3 4 
Ay Z 4 15 9 
[120,131] 3 3 3 
[75,77] [45,54] 
Ay 11 0 7 3 
[80,89] 3 7 - 
[20,23] [60,66] 
A3 4 5 2 8 
[100,115] 2 2 2 
[10,16] [90,99] 
300,335 
RQ [85,93] [65,77] [90,99] [60,66] 
[300,335] 
AY 
3 4 5 5 
Ay 
3 4 5 . 
A 3 1 13 7 


Recall the same notations Nxij 's with their new values, 


Nx = [75,77], Nx12 = [45,54], Nx22 = [20,23], Nx24 = [60,66], Nx31 = [10,16], Nx33 = [90,99], 


Nx43 = Ny4= Nx21 = NXx23 = Nx32 = Nx34 =0 
The initial feasible solution is: 


NL = 7 * [75,77] + 4 * [45,54] +15 *0+9*0+11*0 +0 * [20,23] + 7*0+3* [60,66] +4 


* [10,16] +5 *0+2+* [90,99] + 8 *0 = [1105,1215] 


3.3 Case Study in Which the Transportation cost, the Available Quantities of the 
Production Centers, and the Demanded Quantities of the Consumption Centers are all 
Neutrosophic Values 


Recall the same text problem in section (1.3) with respect to resolving it using Vogel’s iterative 
procedure to conclude the following table: 
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CC AQ Ai | Az | Ag 
By Bp B3 By 
PC 
A 7,9 4,6 15,17 
a i [9,11] [120,131] 3 | 3 3 
[75,77] [45,54] 
A 11,13 0,2 7,9 
2 [ ] [0,2] [752] [3,5] sien : ; ; 
[20,23] (60,66) 
e ie 5,7 2,4 8,10 
i ee a vg [100,115] 2| 2 9 
[10,16] [90,99] 
RQ [85,93] [65,77] [90,99] [60,66] [300,335] 
[300,335] 
AY 
3 4 5 5 
Ay 3 4 5 2 
Ay 
3 1 13 : 


So the initial feasible solution is: 
NL = [7,9] * [75,77] + [4,6] * [45,54] + [15,17] * 0 + [9,11] * 0 + [11,13] « 0 + [0,2] * [20,23] + [7,9] 
*0 + [3,5] * [60,66] + [4,6] « [10,16] + [5,7] * 0 + [2,4] * [90,99] + [8,10] « 0 = [1105,1885] 


4. Conclusion and Results 


This paper sheds the light on a new vision for solving Transportation problems by taking into 
consideration the existence of indeterminacy in many joints of the problems that have been solve nine 
times, each time in different method and different aspect of indeterminacy existence. With somedeep 
insights the reader can notice that the Vogel’s iterative procedure yields minimum cost than both the 
costs that produced by applying North-west method, and Least-Cost method. However, themethods 
that used is still gives the results regarded as the initial feasible solution not the optimal solution, which 
mean that these methods are still need to improve to get the optimal solution. 

Below table summarizes all previous solutions in comparison strategy: 


The Method North-West Method | Least- Cost Method | Vogel’s Method 


Types of the problem 

First type indeterminacy [1645,2245] [1195,1795] [1105,1705] 
Second type indeterminacy [1645,1779] [1259,1323] [1105,1215] 
Third type indeterminacy [1645,2449] [1195,1993] [1105,1885] 
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Looking forward to the further upcoming studies dedicated to implement improvements on theinitial 
solutions to get an optimal solution in the neutrosophic transportation problems. 


As it is well known in the transportation problems, that the (North- West Corner, Least Cost Method, and 
Vogel’s Method), all these methods are for finding the initial solutions (either these initial solutions are 
suffering from weak accurate by applying the North - West Comer, or having more accurate by applying 
Vogel’s method), it still needs to investigate the optimal solutions in the transportations problems, which 
will be by intending to publish forthcoming papers. 
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Abstract: Hesitancy is an imperative part of belief system. In order to counter the hesitancy in 
neutrosophic cubic set (NCS), the notion of neutrosophic cubic hesitant fuzzy set (NCHFS) is 
presented. NCHFS couple NCS with hesitant fuzzy set (HFS). Operational laws in NCHFS are 
developed with examples. To meet the challenges of decision making problems, neutrosophic cubic 
hesitant fuzzy geometric (NCHFG) aggregation operators, neutrosophic cubic hesitant fuzzy 
Einstein geometric (NCHFEG) aggregation operators, neutrosophic cubic hesitant fuzzy hybrid 
geometric (NCHFHEG) aggregation operators are developed in the current study. At the end a 
multi expert decision making (MEDM) process is proposed and furnished upon numerical data of a 
company as applications. 


Keywords: Neutrosophic Cubic Fuzzy Hesitant Set (NCHFS), Neutrosophic Cubic Hesitant Fuzzy 
Weighted geometric (NCHFWG) operator, Neutrosophic Cubic Hesitant Fuzzy Einstein Geometric 
(NCHFEG) operator, Neutrosophic Cubic Hesitant Fuzzy Einstein Hybrid Geometric (NCHFEHG) 
Operator. multi expert decision making (MEDM) 


1. Introduction 

We are in different mental states of acceptance, hesitancy and refusal while taking decisions in life. 
Many methods in MADM ignore the uncertainty and hence yields the results which are unreliable. 
The role of expert in decision making (DM) is vital. The participation of more than one expert in a 
DM process reduce the uncertainty. Zadeh proposed the notion of fuzzy set (FS) [1] as a function 
from a given set of objects to [0,1] called membership. Later Zadeh extended the idea to interval 
valued fuzzy set (IVFS) [2]. AnIVFS a function from a given set of objects to the subintervals of [0,1]. 
The FS theory has many applications in artificial intelligence, robotics, computer networks, 
engineering and DM [3,4]. Different researchers [5-8] established similarity measures and other 
important concepts and successfully apply their models to medical diagnosis and selection criteria. 
R.A. Krohling and V.C. Campanharo, M. Xia and Z. Xu, M.K. Mehlawat and P.A. Guptal established 
different useful techniques to sort out MADM problems [9-11]. K. Atanassov introduced 
non-membership degree and presented the idea of intuitionistic fuzzy set (IFS) [12] which consist of 


both membership and non-membership degree within [0,1]. An extension of IFS was proposed and 
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named as interval value intuitionistic fuzzy set (IVIFS) [13]. IVIFS contains membership and 
non-membership in the form of subintervals of [0,1]. This characteristic of intuitionistic fuzzy set 
made it more applicable then previous versions and attracted researchers [14-16] to apply it to the 
fields of science, engineering and daily life problems. Jun et al., combined IVFS and FS and proposed cubic 
set (CS). The CS is the generalization of IFS and IVIFS. CS become vital tool to deal the vague data. Several 
researchers explored algebraic aspects and apparently define ideal theory in CS [17-20]. F. Smarandache 
initiated the concept of indeterminacy and describe the notion of neutrosophic set (NS) [21]. NS consist of three 
components truth, indeterminacy and falsehood and all are independent. This characteristic of neutrosophic set 
enabled researchers to work with inconsistent and vague data more effictively. Wang et al proposed single 
valued neutrosophic set (SNVS) [22] by restricting components of NS to [0,1]. The NS was further extended to 
interval neutrosophic set (INS) [23]. After the appearance of NS, researchers put their contributions in 
theoretical as well as technological developments of the set [24-27]. Several researchers use neutrosophic and 
interval valued neutrosophic environments to construct MADM methods [28-32]. Zhan et al.,define 
aggregation operators and furnished some applications in MADM [33]. Torra define hesitant fuzzy set (HFS) 
[34] in contrast of FS. HFS on X is a function that maps every object of X into a subset of [0, 1]. Jun et al., 
presented the notion of NCS [35] which consist of both INS and NS. These characteristics of NCS make it a 
powerful tool to deal the vague and inconsistent data more efficiently. Soon after its exploration it attracted the 
researcher to work in many fields like medicine, algebra, engineering and DM. Later the idea of cubic hesitant 
fuzzy set was introduced by Tahir et al.,[36]. Ye [37] establish similarity measure in neutrosophic hesitant 
fuzzy sets (NHFS) and established MADM method using these measures. Liu et. Al [38] proposed hybrid 
geometric aggregation operators in interval neutrosophic hesitant fuzzy sets (INHFS)and discuss its 
applications in MADM. Zhu et al. [39] proposed the method of £-normalization to enlarge a HFE, which is a 
useful technique in case of different cardinalities. 

The remaining of the paper is formulated as follows. In section 2, we reviewed some basic definitions used 
later on. Section 3 deals with NCHFS, algebraic and Einstein operational laws in NCHFS. In section 4 we 
introduced aggregation operators in NCHFS. Section 5 concern with establishing a MEDM method based on 
NCHFG operators and use this method in MEDM problem. 

2. Preliminaries 

Definition 2.1: [1] A fuzzy set (FS)on a nonempty set Wis a mapping T:W - [0,1]. 

Definition 2.2: [12] The cubic set (CS) on a nonempty set Z is defined by uw = (x;1(x), 5(x)/x € X), where 
I(x) is anIVFS on Z and 6(x) is an FS on Z. 

Definition 2.3: [22] A neutrosophic set associated with a crisp set S, is a set of the form w= 
(e; Er(e), &(e), &-(e)/e € S) where &7,&),&-:S > [0,1] respectively called a truth membership function, a 
non-membership function and a false membership function. 

Definition 2.4: [34] A hesitant fuzzy set on a crisp set Wis a mapping which assigns a set of values in [0,1], to 
each element of W. 

Definition 2.5: [35] A neutrosophic cubic set in a nonempty set E is defined as a pair (B,u) where B= 
(x; Br(e), B;(e), Be(e)/e € E) is an INS and p = (x; ur (e), u;(e), Ur(e)/e € X) isa NS. 

Definition 2.6: [39] A  neutrosophic hesitant fuzzy set a nonempty set E is described as w= 


(x; Up (e), Uy (e), Ue (e)/e € E)where py(e), u;(e), Up (e) are three HFSs such that ur(e) + u;(e) + ur(e) < 
3. 
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Definition2.7: [40] The object ¢ = (x; &-(x),&(x),ée(x)/x € X), s called an INHFS on X, 
whereé (x), €;(x), &-(x) are IHFSs. 
Zhu et al. proposed the following £-normalization method to enlarge a hesitant fuzzy element, which is a 
useful technique in case of different cardinalities. 
Definition 2.8:[41] Let m* and m™~ be the maximum and minimum elements of an hesitant fuzzy set H and 
(0 < ¢ <1) an optimized parameter. We call m = (m* +(1-—f)m™ an added element. 

3. NCHES and operational Laws in NCHFS 
Definition3.1: Let X be a nonempty set. A neutrosophic cubic hesitant fuzzy set in X is a pair a = (A,A) 
where A = (x;Ar(x), A; (x), Ar(x)/x € X) is an interval-valued neutrosophic hesitant set in X and A= 
(x; Ap (x), A;(c), Ap(x)/x € X) is a neutrosophic hesitant set in X. Furthermore A; = {[Ai., AY); p= 


Jp ir) 
1, Lh Ay = {[4},, AP: j= 1,...,m}, Ar = {[Aj,., Ay]; j= Tic, tt are some interval values in [0,1] and 
Ar = {ApJ =15 ceria = {Aji =1, app ag= = {a ied = 1, saul are some values in [0,1]. 
Example 3.2: LetX = {u,v,w} The pair a = (A,A) with 


Ap(u)={[0.L0.5}10.2,0.T} 4, (0) ={0.,0.5,0.1},A,(u)={[02,04),0.,0.6}, (0) ={0.104,0.7) 4, (1) =[0.L0.4 [0,030.6 0.8}, 2,(u)= (04,0. 


Ap(v) = {[0.1,0.5},{0.2,0.7]} (0) = (0.3,0:5},4,(v) ={[0.2,03) [0 1,0.6}},4,(0) = {0.7,0.8},4,-(r) ={[021,04},[0,0.3]}.4,,(v) = (0.4.0.6 


A,(w)={{0.10.5}0.2,0.7}, 260) =(03,0.5},A (0) ={[0.2,03} [0.0.6] 2 


(0) = (07,08), 4(2) ={(0.4,0.4,(0,03]},2 


(0) = (04,056) 


is a NCHEFS. 
Definition 3.3: The sum of two NCHFSs a = (A, A), 8 = (B,u) is defined as 


uff) +B), 4) By Ay +B) 4, BY || Ai + Bi 418) ,Ay +B) AB] fL4 8,4 Bt 


Jy Jr? ddd, Je ip? ip Sr 
{A +H, Aye, by tH, Aye ptt 


Moreover the /-normalization is used in case of different cardinalities. 
Example3.4:If 


a® p= 


b) 


a= ({{0. 1,0.5},[0.2,0.7} ,{[0.2, 0.3],[0.1,0.6} ,{[0.1,0.4],[0.0,0.3}} , {0.1,0.2}, {0.3,0.5,07}, (0.4, 0.8}), 


and B= ({[ [0.4,0.5],[0.3,0.4]} ,{[0.1,0.3],[0.2, 0.5} ,{[0.1,0.4],[0.7,0.8}}., {0.3,0.4,0.5}, {0.7, 0.8}, {0.4, 0. 6}), 
then using above definition and 6-normalization with parameter € = 0.5 we have 
a® p= ({[0.46,0.75},[0.44,0.82}}{[0.28,0.51,[0.28,0.8}, {[0.01,0.16],{0,0.24]},{0.03,0.06,0.1}, (0.21, 0.375, 0.56}, (0.64,0.92}). 


Definition 3.5: The Product of two NCHFSs a = (A,A), B = (B, p) is defined by 


Ig de? dp Jr? 


{A i fot a fot tH, -A,,4,| 


x fLAy BE, AB Bi, {[4: Bt At BY] [At +B! At Bt AY +BY — AB) 
a® p= 
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Moreover the f-normalization is used in case of different cardinalities. 
Example3.6:If 


ar =({{0.1,0.5],0.2,0.7} ,{[0.2,0.3],[0.1,0.6} ,{(0.1,0.4],[0.0,0.3}},{0.1,0.2}, {0.3,0.5,0.7},0.4,0.8}) , and 


f= ({{0.4,0.5],[0.3,0.4]} {[0.1,0.3],[0.2,0.5]} {[0.1,0.4,[0.7,0.8}}, {0.3,0.4,0.5}, (0.7,0.8}, {0.4,0.6})., then using 
above definition and 6-normalization with parameter € = 0.5 we have 


pepe {{0.04,0.25],[0.06,0.28]} ,{[0.02,0.09],[0.02,0.3}},{[0.19,0.64],[0.7,0.86]}, 
: {0.37,0.49, 0.6}, {0.79, 0.875, 0.94}, {0.16,0.48} 


Definition 3.7: The scalar multiplication of a scalar g with a NCHFS a@ = (A,/) is defined by 
{} -(1-4; )',1-(1-4" J! Hf -(1-4' )',1-(1-.4" \} [(4, (4 \} 
{I-(1-4, \i-(1-4, AG, ) 
Example3.8:If 
ar = ({[0.1,0.5],[0.2, 0.7} ,{0.2,0.3],[0.1,0.6} ,{[0.1,0.4],[0.0,0.3}}, (0.1,0.24, {0.3,0.5},{0.4,0.8}) 
then using above definition with q=3 we have 


5 {[0.271,0.875},[0.488, 0.973] : {[0.488,0.657],[0.271, 0.936} ,{[0.00 1,0.64],[0,0.27}}. 
a= ; 
{0.001, 0.008}, (0.27, 0.125}, (0.784, 0.992} 


Definition 3.9: For NCHFS a@ = (A,A) anda scalar q 
off(4,) (4) JHC) 4a) hf 0-45,)1-0-45) 
(any 4a.) 0-40) 


where a4 = a ® a®...@a(q — times) moreover a? is a NCHF value for every q > 0. 
Definition 3.10: The Einstein sum of two NCHFSs a@ = (A,A), 6 = (B,p) is defined by 


1+dy By 2 1+dy By 2 ldy By 2 1+4y By 2 I+(I- At \(-2/, 2 I+(I- ay 1-8] 
® = 
Aig + Hip ti +H, Ai atti 
— || Bees —| 


Moreover the /-normalization is used in case of different cardinalities. 
Definition 3.11: The Einstein product of two NCHFSs a@ = (A, A), B = (B, pL) is defined by 


[ Ve i U pU iE L U pU 
4i, Bip 4, Bi, Aj, Bj Aj, Bj, 
1(I-4f J[i-8t ) ? (1-4 [82 ) ‘ 1(I-4f J(-8t ) ; (1-4 (1-27 J ? 
I Up i Up ip dy iy iy iy 
[ 4b L U U 
4p Bi, Aig * Bip ip Kip Ay, Mit | Aig SHI 
Lo pb. 2 UT RU ’ ’ \)EDn 
| a Bip WA Bie 14(1-4), l(-15,,) 14{1-4), Jl-u, ) +4; Hi, 
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Moreover the /-normalization is used in case of different cardinalities. 
Definition 3.12: The Einstein scalar multiplication of a scalar g with a NCHFS a = (A, A) is defined by 


} 7 \@ q 
u (+4) ) (4 
T T J JT J] 
> I q > q q 
(1+4f ) +(I-4y 
T T JT JT 
: 


q q q 
(+44 } -(-4 } 
I es 
q? q ,;\¢ ? 
(+47 ) 41-4 ) 
YT I 


Theorem 3.13: For a scalar g and a NCHFS a = (A, A) we have 


| CA Cal IH Aa la I 
(2-47, J a(ai J (aah (4, IP LL (eat Jaa) 24) Can 


) 
we [ee Pf aay 2) | 2) | 
Gar a WP Lead Lea aT 


AL 
dp 
q? 
L 
4, ( 


+ 2-A 
I- 1440 
dp 

I- 14.47 
SF 


q 


where a®" = a @g a @z ...@g a(q — times) moreover a®" is a NCHF value for every q > 0. 


Proof: Using induction on q. for g=/ we have 


\eeacoarceaecallaleeanencal 


ges [eetbat beret || 3,) \ a, ! 
(aa ea IP aT eT Lae 


E 


ae” is neutrosophic cubic hesitant fuzzy value. Using assumption, we have 
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(4; J" (4 )" of ae of a 
le pee) ea) ae): | {a rc ’ = Ma | 
CC I Aa) fa) 
lata ana Letareate| 
mucal ] 

7 | 


4( 4.) m+ 


ae 
alle AY yma AE) “e- AY yaa ) 


a ea At ie a He At aca. 1) 


ee 
2 Ai)! Avy 2(Av.)! 
14] 1- Sam 14] 1- Any - 1l- ( in) - 
(2- 7a, re: (2- A ) +45) ! (2-4) +4" (2-4y,) +(4ip )! 


44; ) m+ mh m+ 
(2-4) ymacat le At (4h) re AE yr a(at "(2-4 y(t!) 
Lym Lyi 4 U yl 
ro”, 2a 2) 
(2-4i) +4" (2-49) +4 (2-47) (2- ay Avy 


(1445, "—(I-4h : (1447, J (=F, (1449. )"—(1-4y,. " (1+4y, (I-47, 

(144i, "(Ay)" (1+4%, J +(-47,.) (144. "(1-45)" (144), +(1- 7) ! 

7 1+ a+4h, ym —-Ae_y™ \ ( +44 )I-(-4F 14 test—c-ai” )( deate eat) (+a. "Avy \ f ey y!--a¥ ‘ 
(1445, "+(-4y "J 44, Hy, (1445, ae y (eal, aoa’, y! 


4A, yn 4A, ye 
(2-4, M44, 2-4), +p] (2-4, "+4, "2-4, +4,,1} 
> 
AWA," awa, } DAs AN" 2A, 
1+] I- {1 I- a 14 1- 1 I- a 
(2-4, +a," (2-4, } +4,,) (2-4, ) +4," (2-4, ) +@,,) 


m m 1 1 
(4a, ™-U-dy "ta, YI-4,_) 
m ™ 1 fl 
(+4; ) H(-4;) (+4; ) +(-4;) 


14 (4a; "0-4" (+4; -(-4j,) 
(14dy MH(I-Ay "JA (44; NH(I-A;, ) 
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Lym U \msl 
4(4j_) 4(A ip) 
(c- ay "(i)" Af, ea (2-4 yay" | (2-4) N+ay)] 
1 9 ;\l : 7 
L i L L Eis yh ghey U U U U UNk ep egal 
ices +(4j, )"=2( 47)" (2-45, ) +(4f,)'-2(4) a (2-4, )"+ +40 ym —2( ay" (2-4y.) (4, )!-2(44,) 
i L \m PLease U U \m u\K guy 
(2-4/,)" +HAjr) (2-47, +(4jz) (2-44,)" Hip ) (2-45) +(4j,) 
rm 4 ye 4 4 yn! 
(2-44 yra(dt) rN 2-4} Jaca i) (2- A yma Te At ya(at 1)') 
be eyk L L L yl Ext? U U ym U ym U U U I 
7 (2-4),) +(4j, "244" (2-41) (4h) -2(4j,) | (2-40,)" +(A "244 ) (2-49 qa yaa) 
LY" 7 gl ym L\i 7 gh vl UY" 7 ym u\l, vl 
(2-4) +(4j,) (2-4) +(4iz) (2-4) +(4i,) (2-4; +(4jz) 
(asat im (Hat) ma (at) | a) ai bf (1+ A Jay Neat macal ym) 
A AN A J J 
ze 7 gE ae aiol 
[cal (4 yale. 4 meal, yH(L 40) 
(cat, ya i ial ce Jae. rs mi {sat jaca (a ates ia 
im \ 
ra 7: | 
(ond ye. 4 PY) Hai) 4 
(4: 4.) m1 4) jn (dy Jha ey Hf i+ 4y yaa yh Lea yaa ym 
\ UF ir JF ita 
i U aq yh 
» CA (4 yi Hed sand saad! 
(asd. ya May) ma wh I hed. st yh 4h4y, [cra ymca) 


(« ol m Hd (al ie 
JF ip 


ym 


(2-2, = : ‘Wan tp) Hay 
" (2-4, J+ +(Ajp "2 Ain) -2(2,.)! 
(2-Aj,)"+(Ajp) 


4(4,,)"" 
(0-4, y"+( a Ay H(A )') 
[C-a) ar Fa 2-Ay) Hj, I-24, )! 


(-4,)" (2-4,) «0 


((1+4;, yn-(I-4, p)" (+a yH(-Ayp + 
(hay, "H(A, +I 


| "h( eee 
( (( +p)! +(I-A;,)') 

(+4), "HHA, (+a, )+ Aig)! )+( (H+ ayg "—O-Aip "(14 ,, JCA, )') 
((144;, a(-d, i (( +)! +(I-Aj,)') 
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Definition 3.14: The Score, accuracy and certainty of a NCHFSa = (A,A) where A = (A7,A,, Ap), Ar 
{Ai Ae] j=1.00,47 = Ab Aelij =. mp4 = {[Ap, Alsi = 1... n}and A= (Ap, Ap Ag), Ap 


{a Git =1,4 ani, A, = {aj, oS ie Sh Ag I {Aj of =]; apt are defined as: 


3 (4, +4")+ Aul2-(4i Ae )) 


Nl rR 
a 
—s | Re 
iM- 
— 
= 
+ 
on 
3 
—>—" 
+ 
ele 
IMs: 


Se. 
2 i ie 
ure ae stat “(1-4 i) 
j=l ta 
1 m n 
L(A, + Ae F(A) +40 420 ( 4, +47 
H(a@) j=l j=l j=l 


r Ss t 
1 1 1 
= r YA; - s yA, * t Ai 
j=l j=l j=l 


1 r 
Cla) = HPD (4, +45 oad | 
j=l j=l 


if ar = ({[0.1,0.5],[0.2,0.7]} ,{[0.2,0.3],[0.1,0.6]} ,{[0.1,0.4],[0,0.3]} ,{0.1,0.2}, {0.3,0.5}, {0.4,0.8}), and 


A Rehman and M. Gulistan, A Study of Neutrosophic Cubic Hesitant Fuzzy Hybrid Geometric Aggregation Operators and 
its Application to Multi Expert Decision Making System 


Neutrosophic Sets and Systems, Vol. 50, 2022 91 


B= ({[0.4,0.5],[0.3,0.4}} {[0.1,0.3],[0.2,0.5}}, {{0.1,0.4],[0.7,0.8}}, (0.3, 0.5}, (0.7,0.8}, {0.4,0.6}) , then 
S(@) = 0.404167, S(B) = 0.470833, H(a) = 0.3222, H(B) = 0.4444, C(a@) = 0.15,C(B) = 0.4. 


mScores Accuracy m™Certainity 


0.5 


0.4 


0.3 


0.2 


0. 


RP 


0 


Figure 1: Scores, Accuracy and Certainty of above NHFSs 


Definition 3.15: Let a = (A, A), B = (B,) are two NCHFSs. We say that a > B if S(a) > S(B). If S(a) = 
S(B), then a> if A(a)>A(P). If A(z) =A(B), then a>P if C(a)>C(P). If S(a) = 
S(B), A(a) = A(B), C(a) > C(B), then a = B. 


In the next section we define aggregation operators on neutrosophic cubic hesitant fuzzy set and prove 
some elegant results. 
4. Aggregation Operators 


Definition 4.1: The Neutrosophic cubic hesitant fuzzy weighted geometric operator is defined as 


n 
NCHWG(q,,,...,,) =(@a;’ , where @ jy ate neutrosophic cubic hesitant fuzzy values taken in 
jal 


descending order with corresponding weight vector w = (Wj, ..,Wy)!. 


Definition 4.2: Neutrosophic cubic hesitant fuzzy order weighted geometric operator is defined as: 
n 
NCHFOWG(Q,,...5@,) = K(Q% i, )’ where @ jj ate neutrosophic cubic hesitant fuzzy values taken 
j=l 
in descending order with corresponding weight vector w = (Wj, «.,W,)°. 
Definition 4.3: The Neutrosophic cubic hesitant fuzzy Einstein weighted geometric operator is defined as: 


n 
NCEHWG(Q,,...,@,) = @&la;)" where @; are neutrosophic cubic hesitant fuzzy values taken in 
jal 


descending order with corresponding weight vector w = (Wj, ..,Wn)! 
Definition 4.4: Neutrosophic cubic hesitant fuzzy Einstein ordered weighted geometric operator is defined as: 
ii E 


NCHEOWG(@,....,)=@(@, 


i 

J a . . . 

j ) where @;, are neutrosophic cubic hesitant fuzzy values taken in 
) 

jal 


descending order with corresponding weight vector w = (Wj, ..,Wn)! 
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Theorem 4.5: Let {a k) =(A ke AK k) \\ the set of neutrosophic cubic hesitant with corresponding weight 


vector w = (W,,...)* fuzzy values, then 


NCHFWG (04...) = {[!-fil'-4 )" 1-T1(1- 4; | {fila ye 
k=l Mk) k=l Mk) ka\ “%! 


Proof: Using induction for m=2 


2 
NCHFWG(a,,@,) = or," 
k=1 


For m = q we have 


a Wp q We 
NCHFWG(a,,...@,) = {[!-f0-4,, A-TI(I-4;,. ] |} 


we prove for m=qt1 


H(4%.,)" | {lu} (4) ff 
(6... flea)" ] 
yn 


We q : We Wost 

= A-TI(1- 4%, |}: S {! -(1-4 i -(1-4 ne q+!) I}: 
q a Wy q a We a Wort 

{Hl rm } A 10( vn) \ \ iil \ 


q We Wo+t Wo+t 
{-H(1-4,,, j {(non) bAIH(-Anon) } 
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i) Idempotency: If @&, =a,k =1,...m then NCHFWG(q,,...,a@,,) =. 


ii) Monotonicity: If S(a,) = S(a@,) then NCHFWG(@, ) < NCHFWG(a,). 


Theorem 4.7: Let {a ‘j= (A ky? AK k) ) the set of neutrosophic cubic hesitant with corresponding weight 


vector w = (Wy,...)' fuzzy values, then 


A Rehman and M. Gulistan, A Study of Neutrosophic Cubic Hesitant Fuzzy Hybrid Geometric Aggregation Operators and 
its Application to Multi Expert Decision Making System 


95 


Neutrosophic Sets and Systems, Vol. 50, 2022 
ke Wk 
m m 
211 At 20 Ay 
k=l k=1 
iy T, 
(k) (k) 
Wk wy Wk wy 
m m m 
I 2-At | +m| az I aay +m) aU 
k=l k=l k=l k=l 
L Tk) Te) Tk) Te) | 
Wk Lids 
m m 
211] ae am} av 
k=l] ?, k=l Py 
(k) (k) 
Wr Wy Wr wy 
m m m 
| 2-44 | +0 At m|2-a¥v +0 AY 
k=l k=l k=l k=l 
: "(k) Tk) ") fay) 
Wk Wk Wr Wr 
m m m m 
| 1442 —m}i-az mm) 14av —mfi-av 
k=l cn k=l on k=l tee k=l on 
NCHFEWG (a4 0, = ) ©) , ) ) ; 
Wk Wk Wk Wk 
m m m m 
I bf +0 M4 in WAY +0 Ay 
k=l k=l k=l k=l 
F F, F F, 
L (k) (k) (k) (k) | 
m k m "ik 
21a 2m}a 
ls “| OP 
k=ll PT gy k=ll Pig) 
w ; w 7 
k W, k WwW, 
m m k m m k 
1] 2-4, +11] 4, 11] 2-2, +1} 4, 
2 T =i] PT 3 7 =| PI 
k=l (k) k=ll Tg) k=l (k) k=l lig) 
Wr Wr 
m m 
Tl 14a - 11-4, 
= F 2 F 
k=l (k) k=l (k) 
Wk Wk 
m m 
IT] 142 + TI I-A, 
= F Es F 
k=l (k) k=l (k) 
Proof: we use induction. 
L Wy U Wy L wy U Wh 
(4), 2( 45, [4 247 
L Wye L HT U Wy U Wye b) L Whe L 1 U Wye U Wy 
(2-4 +(4i,) (2-41) +(4;,) (2-44, ] +(4;,) (2-47,] (4) 
‘1 4 aT Ww 
"4 (+4 {1-4 (+a? {1-4 24, ) 2(4, ) 
ae = ip ip ip Jip ip dy 
(1+47 J" 4(-4t (14 {nav \ : (2-4, J" 44, ie : (2-4 "4a y" ; 
Jp J ip Ip ip iy iy 
> a 
(144,,) 5 -4,,] 


A Rehman and M. Gulistan, A Study of Neutrosophic Cubic Hesitant Fuzzy Hybrid Geometric Aggregation Operators and 


its Application to Multi Expert Decision Making System 


Neutrosophic Sets and Systems, Vol. 50, 2022 96 


E J J 
and a = . 5 : 5 5 a 5 ™ wD mf? 
L L U U 
(144) ) +(1-4} ) (144) ) {1-4} ) (2-4 ) (a ) (2-2 ) “(4 ) 
IF JE JF JF IT IT Jy JT 


2 ib 
NCHFEWG(a,,a,) = Qa 


k=1 


wk wh $ Wk wh 
L u L U 
211} A 
af a hil Hall ii rs) af el 
We te 2 WE we ’ 3 eS ee We iis 
L L U U L L U U 
= + — TI] 2—A +I - 
af TK) af | ii eres af 7) af an fi a af Pky ai | 
WE “ko, we WE 
T 7 —T| 1-4* T1449 —m| 1-4¥ 
= al Ph) af PFay) kay Jee Ph 
~ Wk we 2 ; Wk Whe ’ 
+Ab Al T1| 1+.4” -AU 
nf PR nf PRK) k=l PRE k=l PRK) 
2 We 2 We ee re 
Tl] 2 Il 142 TI} 1-24 
nf is n{ Pk) nf PFk) nf PFk) 
5 Wk ml) o Wk 4 me (2) 2 Wk 9 Wk 
TI} 2-2 +I] A II} 2-2 +IT} A TI} 1+A +TI| 1-2 
nf PM) nf a nf PI(k) k=l bese) nf PF k) nf PRK) 
For m=q we have 
i Wh af, Yt 
2m] 44 2m) AY 
bal My fel Ma) 
Wh ie Wk ip ’ 
t1| 2-4 mi 44 oy en 2 
bs PTR) ka PT) kel i) kal Try 
Wp Wp 
amif ab anf av 
kell PK) kell Ply 
WE ibe? Wh ih 
T1| 2-44 fb 2-Av an 
kel Prk kal PT, kel Ply kal Pg 
NCHFEWG|a,,...,@,)= "3 " ™ - 
13.2°*9. q —— 
; " Wh Ey WE 
Tl] +4" -Il| 1-4% Ay -Il| 1-4) 
kel Fk) k=l Fk kel Rk) k=l Fk) 
Wh WE? Wk Wh ’ 
q ; q ; 
TI] 1+" +II| 1-4) L+Ap +II| 1-4) 
k=l k=l Fk) k=l Fk) k=l Fk) 
hs 2A ii tl 1 ‘ tl 1 ‘ 
+A, -T] 1-4 
ii( ns ii Pik) iif PR ii( PRK) 
j kg we [2 i hg me {? j "kg Wh 
— +I TI] +2 +0} A 
(a ae) af as h(a ri) k=l lig) hit ines i on 


Using assumption, we have 


A Rehman and M. Gulistan, A Study of Neutrosophic Cubic Hesitant Fuzzy Hybrid Geometric Aggregation Operators and 
its Application to Multi Expert Decision Making System 


Neutrosophic Sets and Systems, Vol. 50, 2022 97 


q vi wg 
= E E 
NCHFEWG (04.0.2 )=®, (af) ®, (az) 
k=1 
[ L "q+ ] 
2(4 
(4, ) 
is 
w 
L qtl L qt 
2-4 A 
( rn ) +( b ) 
Ww 
1 
i 88 he? 2d) 
L U 
2 y Ab, 2 i 4, 7 
ka TT) kL Tay y atl oy “gH 
WE ’ 7” : ’ (2-4, ) +4, ) 
q L af, Vg f dif E L T T J 
| 2-47 +I Ay | 2-4 +} Av r ‘ 
kel Tk) kell "Tay kel Tk) kell "Tay ee ) qt 
PI 
w Wi” 
q Wk af. ye qt qtl 
2m at an} Q-4,) Hah) 
k=l PUK) kal "ky cE PI 
w 
Wh ’ Wk 7 qt 
4 q "k 4 "k Al 
fifa ) “fl ) [oe “ila ) (4p) 
kel 1k) kall PT gy kel (k) kell Pay I 
Ww w 
qtl qtl 
- i oi m (dd) 44¥ 
q é q L q u q uv Pp PY 
TH 1444 -T} 1-44 TI] 1+ TI} 1-AY al I dy 
fl PRy) Py) eR) Py w 
Wot qtl 
Wk Wh 9 Wh Wh ’ L + L 
q ‘ q L q y q y (l+A4~ ) -(I-A4* ) 
= Tl} 1+4, +I| 1-4) TI] 1+4 +I} 1-4, PR PR 
~ fa Py) ka Pay kel P Ray} tL Ray ® 
E (Ae ) qt +(1 Ae ) qt 
7 Wh 
21t( Ap, Maal 
kell “Xk : (+l ) a-U ) qt 
oer ne ag : Mk FE Fr 
2 TI y 
i me) “ra rw) "qtl “gel 
(44U ) “I-4 ) 
q ; Wh L F 
2ii{ 7 
| Pl w 
kal Pk) ; A +) qt 
q 4 "kg ws Pr 
Hi(2- fa _ ais Wg+l Wq+l 
(2-4, ) +A, ) 
Pr Pr 
‘ * y WE 
Gen “Ai Pk) 2, ) qr 
I 
WE WE ——— es 
q q 7 , 
isa, } wil _ Mgt “gal 
kal PF) kal Pk) (2-4) +2) 
PI PI 
Wot Wat 
(4a. ) -(I-A_—) 
Pr PR 


A Rehman and M. Gulistan, A Study of Neutrosophic Cubic Hesitant Fuzzy Hybrid Geometric Aggregation Operators and 
its Application to Multi Expert Decision Making System 


Neutrosophic Sets and Systems, Vol. 50, 2022 98 


qt Wk qt 7 Wk 
Ab 2n| Av 
k [ hk | So) 
+1 wh + Wk , qt a ae +1 Wk ‘ 
2-Ar [4 fil 2-4 [4 
kl Tk) ke "Thy kel Tk) ke Tek) 
q+l Wie qui Wk 
211) 47 2M) 4, 
kal Ma) ka “Ty 


Whe we 9 We Wee ’ 
{be ) if -AL [ea fil 
= kal PR ay) Pay kal PR kal PRR) 

aH Whe 
21T( Any 

qi wk qt Wk ? 

nf me] ei is | 
qel Wie 
2i( apy, 

gel Wk gl up |? 

ii(2 Any | ue fe 


Wk Wh 


qt qt 
TI] 1+2 -TIj 1-2 
iif ie hi ae) 
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balancing coefficient and w = (Wj,...,W»)° is the weighting vector. 
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5. An Application of NCHFG Aggregation Operator to MEDM Problems 
This section concern with constructing algorithms using the NCHFWG for MEDM problems. 

5.1. Algorithm 
Step 1: Allocation of expert corresponding to their weight, identification of alternative and attributes. 
Let {F,, F5,...,F.} be the set of r alternatives, {K,, K2,...,K,} bes attributes with corresponding weight vector 
[W1,W2,+.,Ws]? such that w; € [0,1], Nw; = 1 {M,, Mp, ... My} be decision experts with corresponding 
weight vector [w,, Way) o) Wp] such that w; € [0,1], .w; =1. we construct decision matrices D® = 
(dij)rxs, With entries as neutrosophic cubic hesitant fuzzy values. 
Step 2. Transformation of decision matrices to aggregated decision matrix. 
A single matrix consisting of s attributes is constructed by aggregating all decision matrices using NCHFWG 
operators with corresponding weight vector of decision makers. 
Step 3. Transformation of aggregated matrix to decision vector. 
An r X 1 vector is obtained by aggregating the decision matrix using NCHFWG operators. 
Step 4: Ranking alternatives. 
The most desirable alternative with highest score by ranking them in descending order of scores. 
Example 5.2: Using above algorithm, we have to choose the most desirable alternative among the alternatives 
(Electronics companies) F,(p = 1,2,3) on the basis of three attributes A, (price), Az (Electricity 
consumption), A; (design). 


Step 1: Decision matrix for first expert 
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{[0.1,0.5],[0.2,0.7]}, 
{[0.2,0.3].[0.1,0.6]}, 
{[0.1,0.5],[0.2,0.3]}, 
{0.4,0.6!,{0.3,0.5},f0.3,0.4} 
{[0.2,0.5],[0.3,0.7]}, 
5 {[0.3,0.4].[0.1,0.5]}. 
{[0.1,0.3],[0,0.2]}, 
{0.7,0.9},{0.3,0.4},{0.1,0.2} 
{[0.4,0.5],[0.3,0.4]}, 
{[0.1,0.3],[0.2,0.5]}, 
{[0.1,0.4].[0.7,0.8]}, 
{0.4,0.5},{0.3,0.4},{0.2,0.4} 


Explanation of decision matrix entries: 
(1) 


{[0.3,0.4].[0.2,0.9]}, 
{[0.2,0.6],[0.3,0.6]}, 
{[0.3,0.4],[0,0.1]}, 
{0.5,0.7!,{0.3,0.4},{0.4,0.5} 
{[0.1,0.3],[0.2,0.5]}, 
{[0.2,0.3].[0.1,0.6]}. 
{[0.1,0.4].[0,0.3]}, 
{0.4,0.5},{0.3,0.7},{0.3,0.5} 
{[0.3,0.5].[0.1,0.4]}, 
{[0.2,0.3].[0.2,0.6]}, 
{[0.1,0.5],[0.6,0.8], 
{0.5,0.6},{0.1,0.4},{0.2,0.3} 
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{[0.3,0.7],[0.2,0.4]}, 
{[0.2,0.5],[0.1,0.6]}, 
{[0.2,0.4],[0,0.1]}, 
{0.5,0.6},{0.2,0.4},{0.2,0.3} 
{[0.1,0.4],[0.2,0.6]}, 
{[0.1,0.3],[0,0.2]}, 
{[0.2,0.4],[0,0.3]}, 
{0.4,0.5},{0.3,0.6},{0.1,0.3} 
{[0.2,0.5],[0.1,0.4]}, 
{[0.2,0.5],[0.2,0.6]}, 
{[0.1,0.4],[0.6,0.7]}, 
{0.4,0.6},{0.3,0.4},{0.4,0.5} 


In case of d;,’, {[0.1,0.5],[0.2,0.7]} is interval hesitant degree of preference to attribute F, corresponding to 


attribute K,, {[0.2,0.3],[0.1,0.6]} is interval hesitant degree of indeterminacy (preference/ non-preference) for 
attributeF, corresponding to attribute K,, {[0.1,0.5],[0.2,0.3]} is interval hesitant degree of non-preference for 
attribute F, corresponding to attribute K,, {0.4,0.6}} is hesitant degree of preference for attribute F, 
corresponding to attribute K,, {0.3,0.5} is hesitant degree of indeterminacy (preference/ non-preference) for 
attribute F, corresponding to attribute K,, {0.3,0.4} is hesitant degree of non-preference for attribute F, 
corresponding to attribute K,, given by the first expert. 


Decision Matrix for second expert 


{[0.1,0.3],[0.2,0.5]}. 
{[0.2,0.4],[0.1,0.5]}, 
{[0.1,0.4].[0,0.3]}, 
{0.4,0.8},{0.3,0.4},{0.3, 0.4} 
{[0.1,0.5],[0.3,0.7]}, 

(2) {[0.1,0.3],[0.1,0.2]}, 
{[0.2,0.4],[0,0.3]}, 
{0.6,0.7},{0.3,0.6},{0.4,0.5} 
{[0.2,0.5],[0.1,0.4]}, 
{[0.2,0.4],[0.2,0.5]}, 
{[0.1,0.3],[0.8,0.9]}, 
{0.7,0.8},{0.6,0.8},{0.3,0.4} 


Step 2 


{[0.2,0.4],[0.2,0.7]}, 
{[0.1,0.3],[0,0.2]}, 
{[0.3,0.5].[0,0.3]}, 

{0.7,0.8},{0.3,0.6},{0.2,0.3} 

{[0.3,0.6],[0.2,0.7]}, 

{[0.1,0.2],[0.2,0.5]}, 
{[0,0.3].[0.1,0.4]}. 

{0.7,0.8},{0.3,0.4},{0.2,0.3} 

{[0.2,0.3].[0.4,0.5]}, 

{[0.1,0.4],[0.2,0.5]}, 

{[0.7,0.8],[0.1,0.2]}, 

{0.7,0.9},{0.7,0.8},{0.2,0.5} 


{[0.2,0.5],[0.2,0.7]}, 
{[0,0.4],[0.1,0.3]}, 
ene 
{0.6,0.7},{0.2,0.5},{0.4,0.5} 
{[0.4,0.5].[0.4,0.7]}, 
{[0.2,0.3].[0.1,0.6]}. 
{[0.3,0.4].[0,0.3]}, 
{0.5,0.6},{0.3,0.5},{0.3,0.4+ 
{[0.5,0.7],[0.3,0.4]}, 
{[0.1,0.3],[0.2,0.5]}, 
{[0.1,0.4],[0.2,0.6]}, 
{0.6,0.8},{0.1,0.4},{0.2,0.3} 


using weight vector (0.5,0.5) for decision makers, the aggregated matrix is 
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{[0.1,0.387298],[0.2,0.591608]}, 

{[0.2,0.34641],[0.1,0.547723]}. 

{[0.1,0.452277],[0.105573,0.3]}, 
{0.4,0.69282}, 
{0.3,0.447214}, 

{0.3,0.4} 
{[0.141421,0.5},[0.3,0.7]}, 
{[0.173205,0.34641],[0.1,0.316228]}, 
p=| ( {[0.151472,0.351926],[0,0.251669]}, 


{0.648074, 0.793725}, 
{0.3,0.489898}, 
{0.265153,0.367544} 


{[0.282843,0.5],[0.173205,0.4]}, 
{[0.141421,0.34641],[0.2,0.5]}, 
{[0.1,0.351926][0.755051,0.858579]}. 


{0.52915,0.632456}, 
{0.424264, 0.565685}, 
{0.251669,0.4} 


{[0.244949,0.4],[0.2, 0.793725}. 
{[0.141421,0.424264],[0,0.34641]}. 
{[0.3,0.452277],[0, 0.206275}, 


{0.591608, 0.748331}, 
{0.3,0.489898}, 
{0.30718, 0.408392} 


{[0.173205,0.424264],[0.2,0.591608]}, 
{[0.141421,0.244949][0.141421,0.547723]}, 
{[0.051317,0.351926},[ 0.051317, 0.351926]}, 


{0.52915,0.632456}, 
{0.3,0.52915}, 
{0.251669, 0.408392} 


{[0.244949,0.387298],[0.2,0.447214]}, 
{[0.141421,0.34641],[0.2,0.547723]}, 
{[0.480385,0.683772],[0.4,0.6]}, 


0.591608, 0.734847}, 
0.264575, 0.565685 
{0.2,0.408392} 


> 
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{[0.244949,0.591608],[0.2,0.52915]}, 
{[0,0.447214][0.1,0.424264]}, 
{[0.251669,0.452277],[0,0.265153]}. 
{0.547723, 0.648074}, 
0.2,0.4}, 

{0.30718, 0.408392} 
{[0.2,0.447214],[0.282843,0.648074]}, 
{[0.141421,0.3],[0,0.34641]}. 
{[0.251669,0.4],[0,0.3]}, 


{0.447214, 0.547723}, 
{0.3,0.547723}, 
{0.206275, 0.351926} 


{[0.316228,0.591608],[0.173205,0.4]}, 
{[0.141421,0.387298],[0.2,0.547723]}, 
{[0.1,0.4],[0.434315,0.65359]}., 


{0.489898, 0.69282}, 
{0.173205,0.4}, 
{0.30718, 0.408392} 


Step 3 
using weight vector (0.3,0.4,0.3) for attributes and NCHWG we have the following decision vector 


{[0.18722, 0.4455],[0.2,0.643505]}, 
{[0,0.405589],[0,0.422372]}, 
{[0.229912, 0.452277],[0.032918, 0.25311], 
{0.514043, 0.700344} ,{0.26564, 0.463822 , 0.305034, 0.405887} 


{[0.170172, 0.452793],[0.250618, 0.639485]} , 
{[0.15029, 0.28883 1],[0,0.404857]}, 
{[0.14557, 0.366739 ],[0.020852,0.30752]}, 
{0.534655,0.648457} ,{0.3, 0.522434}, {0.242474, 0.379688! 


{[0.276117,0.47481],[0.183463,0.418256]}, 
{[0.141421,0.358201],[0.2,0.532946]}, 
{[0.277533, 0.524738], [ 0.549437, 0.71955], 
{0.540653, 0.690198} ,{0.268459, 0.509824} , {0.248982, 0.405887} 


Step 4 
Using Score function, we rank the alternatives asS(F,) = 0.491743, S(F,) = 0.511797, S(F3) = 0.467604. 


Hence most desirable alternative is Fy. 
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Figure 2: Ranking based on score function 


Concluding Remarks 

Decision making is one of the crucial problems in real life. For decision making different tools has been 
established. Torra’s hesitant fuzzy set has been used in many practical problems due to flexibility of choosing 
membership grades. On the other side Jun’s neutrosophic cubic set is capable of dealing truth, falsity and 
indeterminacy membership grades, but the element of hesitancy is missing in truth and falsity membership 
grades of neutrosophic cubic set. We have discussed the role of hesitancy in truth and falsity membership grades 
of neutrosophic cubic set. We define neutrosophic cubic hesitant fuzzy set and some basic operations like 
addition, multiplication, Einstein addition and multiplication in neutrosophic cubic hesitant fuzzy sets. Then we 
prove some elegant results. In section 4 geometric aggregation operators are defined. Using these aggregation 


operators an example is constructed. 
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Abstract: The notion of neutrosophic algebra, ideal of neutrosophic algebra, kernel and 
neutrosophic quotient algebra have been proposed in this paper. We characterize some properties 
of neutrosophic algebra and proved that every quotient neutrosophic algebra is quotient algebra. 
Also we proved that every neutrosophic algebra is algebra and direct product of neutrosophic 
algebras over a neutrosophic field is algebra. 
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1. Introduction 


A fuzzy set Ain X is characterized by a membership function which is associated with each 
element in X to a real number in the unit interval [0, 1]. In 1965 L. A. Zadeh [24] introduced 
the concept of fuzzy set theory. This novel concept is used successfully in modeling uncertainty in 
many fields of real life. Fuzzy sets andits applications have been extensively studied in different 
aspects. In 1998, Neutrosophic set was introduced by Florentin Smarandache [17, 18], where each 
element associated with three defining functions, namely the membership function (T), the non- 
membership function (F) and the indeterminacy function (I) defined on the universe of discourse 
X, the three functions are completely independent. Relative to the natural problems sometimes one 
may not be able to decide. 

In 2004 W. B. Vasantha Kandaswamy and Florentin Smarandache [23] introduced a 
neutrosophic structure based on indeterminacy I only, which they called I-neutrosophic algebraic 
structures. Algebraic structure based sets of neutrosophic numbers of the form a+b/ where a,b 


are real (or complex) and Indeterminacy J with]? =/. This J is different from the imaginary 


i = /-1. After the development of the Neutrosophic set theory, one can easily take decision and 
indeterminacy function of the set is the nondeterministic part of the situation. The applications of 
the theory have been found in various fields for dealing with indeterminate and consistent 
information in real world. The neutrosophic set generalizes the concept of classical fuzzy set, 
interval valued fuzzy set, intuitionistic fuzzy set and so on. Broumi Said et al. [6, 7] studied the 
notion of intuitionistic Neutrosophic Soft Set and Rough neutrosophic sets. The branch of 
neutrosophic theory is the theory of neutrosophic algebraic structures. Abobala [4, 5] introduced 
Some Special Substructures of Neutrosophic Rings and AH-Substructures in n-Refined 
Neutrosophic Vector Spaces. The authors in [1, 2] studied the notion of Neutrosophic vector 
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spaces and Mamouni Dhar, Said Broumi and Florentin Smarandache [10] introduced Square 
Neutrosophic Fuzzy Matrices. In [3] Abdel Nasser Hussian, Mai Mohamed, Mohamed Abdel-Baset 
and Florentin smarandache studied the Neutrosophic Linear Programming Problems. W. B. 
Vasanntha Kandasamy and F. Smarandache [20, 21] introduced the concept of neutrosophic 
algebraic structure and neutrosophic N-algebraic structures. P. Narasimha Swamy et al. [14, 15] 
studied the notion of Fuzzy quasi-ideals of near algebra and Anti Fuzzy Gamma Near-Algebras. T. 
Nagaiah et al. [11, 12, 13, 16] introduced Partially ordered Gamma semi groups, near-rings, direct 
product and strongest interval valued anti fuzzy ideals of Gamma near-rings and special class of 
ring structure. T. Srinivas, T. Nagaiah and P.Narasimha Swamy [19] initiated the concept of Anti 
Fuzzy Ideals of Gamma Near-rings.Hatip and Abobala [9] studied the notion of AH-substructuresin 
strong refined models. Bijan Davvaz [8] introduced Neutrosophic ideals of Neutrosophic KU- 
algebra. Since then several researcher have been study the concept of neutrosophic theory and its 
application in varies branches. In this paper our main aim is to introduce the concept of 
neutrosophic algebra and its application in varies branches of Mathematics. Also we proved that 
every neutrosophic algebra is algebra and direct product of neutrosophic algebras over a 
neutrosophic field is algebra. 

This paper is organized into four sections. The first section is introductory. The second section 
presents the basic concepts needed to make this paper a self-contained one. Section three 
discusses and describes the neutrosophic algebra and its examples. Final section gives ideal of 
neutrosophic algebra, neutrosophic quotient algebra and studied their properties. 


2. Preliminaries 
In this section we recall some basic concepts of neutrosophic set, proposed by W.B. Vasantha 
Kandasamy and University of New Mexico professor F. Smarandache in their monograph [21, 22]. 


Definition 2.1 Let U be an universe of discourse then the neutrosophic set A is an object having the 
form A = {< x: Ta(x), Ia(x), Fa(x) >, x € U} where the functions T, I, F: U >] 0, 1*[ define respectively 
the degree of membership (or truthness), the degree of indeterminacy, and the degree of non- 
membership (or falsehood)of the element x in U to the set A with the condition. 0 < Ta(x) + Ia(x) + 
Fa(x) < 3*. From philosophical point of view, the neutrosophic set takes the value from real standard 
or non-standard subsets of ] 0, 1*[ . So instead of]0, 1*[ we need to take the interval [0, 1] for 
technical applications, because ] 0, 1*[ will be difficult to apply in the real applications such as in 


scientific and engineering problems. Let X be a non-empty set.A set X(/) = (X,1) generated by X 


and I is called a neutrosophic set. The elements of X (I) are of the form (a,b), where a,b are 


elements of X . 
Definition 2.2: Algebra Y over a field X isa linear space Y over a field X on whicha multiplication 
is defined such that 


i.  Y forms a semi group under multiplication, 


ii. — multiplication is distributive over addition 
iii. A(xy)=(Axy=x (ay), forall x,yeYandr1eEX . 


3. Neutrosophic algebra 


In this section we define the neutrosophic algebra and provide examples. Also define neutrosophic 
subalgebra and characterize their properties. Excepted otherwise stated, all strong neutrosophic 
algebras in this paper will be considering neutrosophic algebra. 


Definition 3.1: Let Y be algebra over a field X . The set generated by Y and / is denoted by (Y U /) 
= Y(I) = {a + bl: a, beY} is called a weak neutrosophic algebra over a field X .If Y(/) is a 
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Y(I) is called a strong neutrosophic algebra. The elements of Y(/) are calledneutrosophic vectors and 
the elements of X (J) are called neutrosophic scalars. 
Examples 3.2: 


i. R(J) is a weak neutrosophic algebra over a field Q and it is strongneutrosophic algebra 
over aneutrosophic field Q(/), where Q(/) = {a +bl:a,be oO} 


ii. C(I) is a weak neutrosophic algebra over a field IR and it is a strongneutrosophic algebra 
over a neutrosophic field R(J) 


iii. RJ) is a weak neutrosophic algebra over a field R anditis astrong 
neutrosophic algebra over a neutrosophic field R(J) 
iv. Mmxn() = {[ay + byl]; aj, bye Q is strong neutrosophic algebra over a 


neutrosohic field Q(/) and it is weak neutrosophic algebra over a field Q. 
Definition 3.3: Let Y (J) be neutrosophic algebra over a neutrosophic field X (J). 


The non-empty subset W(J) of Y(J) is called a neutrosophic subalgebra over a field X (J), if W() is 
itself a neutrosophic algebra over a neutrosophic field X (J). 
Theorem 3.4: Every strong neutrosophic algebra is weak neutrosophic algebra. 
Proof: Suppose Y(J) is strong neutrosophic algebra over a neutrosophic fieldX (I). Since X © X(J), so 
that Y(J) is weak neutrosophic algebra over a field X. Hence every strong neutrosophic algebra is weak 
neutrosophic algebra. 


Theorem 3.5: Every strong (weak) neutrosophic algebra is neutrosophic vector space. 

Proof:- Suppose Y(J) is a strong neutrosophic algebra over a neutrosophic field X(J). 

This implies that Y is algebra over a field X. So that Y is a vector space over a field X. 

From Theorem 3.4, this show Y(J) is a neutrosophic vector space over a field X. Similarly we can prove, if 
Y(J) is a weak neutrosophic algebra over a field X, then Y is an algebra over a field X and hence Y is a 
vector space over a field X. Hence Y(/) is a neutrosophic vector space. 


Theorem 3.6: Every neutrosophic algebra is algebra. 

Proof: Let Y(/) be the neutrosophic algebra over a neutrosophic field X(1). By Theorem 3.5,Y(/) is a 
neutrosophic vector space over a field X(/). 

This implies YC) is a vector space over a field X(J). It is easy to verify that all the algebra properties of 
YU) over a field X(/).jie, ())xQyz)=(y)z (ix: Wtz) =x: ytxu-zxety)zax-zty-z 
and A(xy) = (Ax)y = x(Ay), Vx, y, zeY (1) and AeX (I). 

We can easy to see that Y (I) is a neutrosophic algebra over a field X (I). 


Theorem 3.7: Let M,(/) and M,(/) be neutrosophic algebras over a neutrosophic field X(/). Then the 
direct product 
M,C) x M2) = {(uy, ug): uy € M, (1), uz € M2 ()} is algebra over a neutrosophic field X(/), where 
addition, multiplication and scalar multiplication is defined by 

(i) (uy, Uz) + (V1, V2) = (Uy + 4, Uz + V2) 

(ii) (Uy, Uz) * (V4, V2) = (U,V, Uzv2) 

(ili) (U4, Uz) = (@uy, au), Vae XC) and (uy, uz), (V1, v2)€M, (1) X MDC). 


Proof: Let M,(/) and M,(I) be two neutrosophic algebras over a neutrosophic field X(/). In view of 
Theorem 3.5, M,(/) and M, (J) are linear spaces over a field X(/). 
This implies M,(J) x M2(/) is a linear space over a field X(J). 
Let x = (U,,U2),¥ = (V1, V2),Z = (Wy, W2)eM, (I) X M21). 
Consider x(yz) = (uy,U2)((v1, V2) (Wy, W2)) 
= (Uy,Uz)(V,W1, V2W2) 
= (u,(v,W,), U> (v,W2)) 
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= ((uv1)W4, (uzv2)W>) 
= (UyV1, UzV2)(W1, W2) 
= ((uz 4, U2V2))(W1, Wa) = (xy)z 
This show M,(I) x M2(/) is a semi group under multiplication. 
Now x(y + Z) = (uy, Uz) + [(Y, V2) + (Wy, W2)] 
= (Uy, Uz) [1 + W1, V2 + W2)] 
= (u, “(Vv +Wy), Uz* (V2 + W)) 
= (UV, + Uz, Wy, Uz * V2 + Uy * Ww) 
= (Uy V1, Uz" V2) + Uy Wy, Uz * W2) 
= (Uy, Uz) * (1%, V2) + (Uy, U2) * (Wy, Wo) 
=HSxX'yt+xu-z 
Also (x + y)z = (u, + 11, , U2 + V2) + (Wy, W2) 
= (uy, +11) ° Wy, (Uz + V2)° Wo) 
= (UW, + ¥,°W,, Uz" W2 + V2 *W2) 
= (Uy Wy, Uz * Wz) + (V1 "Wy , V2 * W2) 
= (Uy, Uz) * (Wy, W2) + (VY, 02) * (W1,W2) 
=XZ+YyZ. 
Let ae X(1) and x, yeM, (I) x M,C). 
Consider a(xy) = a[(uy, uz) * (14, v2)] 
= au", Uz * V2) 
= (a(u, V1) ,a(U2 ° v2)) 
= ((au) V1, (au2)- v2) = (au, , aUz) + (V4, V2) 
= (a(u,, U2)) * (V1, V2) = (ax)y 
Also we prove that a(xy) = x(ay), for all x, yeM, (1) x M,C), ae XU). 
Hence M,(I) x M2(J) is algebra over a neutrosophic field X(/). 
Theorem 3.8:- Let Wi(I), W2(I), ..........+-- W,(I) be a neutrosophic algebra over a neutrosophic field X(/). 
Then W,() x W,C) x ... WC) = {(uy, Ug, we oe Un):u; € W;, for 1<i< n}is algebra over a 
neutrosophic field X(/), where addition, multiplication and scalar multiplication defined as follows: 


(i) (Uy, Ug, ee Un) + (Vy, Va, ee Vy) = (Uy + V4, Ug + V2, 01-Un + Vp) 
(ii) (Uy, Uz, ee Un) (Vy, V2) eee Vn) = (UV, UQV a, ee 1 Un Vy) 
(iii) (Uy, Uz, ++ Un) = (AU, AUy,.....AUy). 


Proof: Proof of this theorem is similar to theorem 3.7. 


4. Ideal of neutrosophic algebra and neutrosophic quotient algebra 
In this section we define the ideal of neutrosophic algebra and neutrosophic quotient algebra and 
studied their algebraic properties. Also we define Neutrosophic algebra homomorphism, Neutrosophic 
algebra isomorphism and kernel of neutrosophic algebra. We proved that every quotient neutrosophic 
algebra is quotient algebra. 
Definition 4.1: A non-empty subset W (J) of a neutrosophic algebra Y(J) over a neutrosophic field X() 
is an ideal of a neutrosophic algebra Y(/) if 
i. W (J) is a subspace of a vector space Y(I) 
ii. aueW (I) for every ue W(1), aeX(1) and 
iil. v(u + a) — vue W(J) for every u, ve W(1), vex (I). 
If W(J) satisfies (i) and (ii) then W(/) is called a right ideal of neutrosophic algebra and if W(/) 
satisfies (i) and (iii) then W(/) is called a left ideal of neutrosophic algebra over a neutrosophic 
fieldX(I). 
Definition 4.2: Let M,(/) and M, (J) be two neutrosophic algebras over a neutrosophic field X(I). A 
mapping g: M,(I)> M,(/) is called neutrosophic algebra homomorphism if the following conditions 
hold: 
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i gtutv)= plu) + ev) 
ii, = p(uv) = P@) PV) 
iii. g(au) = ag(u) 
iv. @() = I, forall u,v in Mi(D, a in X() and Lis a neutrosophic element of Mi(I). 


A neutrosophic algebra homomorphism 9 is said to be neutrosophic algebra monomorphism if ~ is 
injective. 

A neutrosophic algebra homomorphism @¢ is said to be neutrosophic algebra epimorphism if @ is 
surjective. 

A neutrosophic algebra homomorphism @¢ is said to be neutrosophic algebra isomorphism if ¢ is 
bijection. A bijective neutrosophic algebra homomorphism from M,(I) onto M,(/) is called a 
neutrosophic algebra automorphism. 

Definition 4.3: Let M,(J)and M,(/) be two neutrosophic algebras over a field X(/). Let g: M,U) — M2() 
be a neutrosophic algebra homomorphism. Then the kernel of g is denoted by Ker@ and is defined 
by Ker g = {u € M,(/); o(u) = 0’}, where 0’ = 0+ Ole M,(/). 
Definition 4.4: Let M(/) be an ideal of neutosophic algebra Y(/) over a field X (J). Then the set of all co- 
sets of M(I) in YC) is denoted by YU) / MC) and defined by YU)/M() = {u+ 
M(1): for every ue Y(1)}. 
Addition, multiplication and scalar multiplication on YW) / MC) defined as 
(a+ M(I))+(b+M(Q)) =(at+b)+MC) 
(a+M(1))(b + M(D) = ab + M() 
And a(a + M(I)) = aa + M(I), Vaex(I), (a + M(D), (b+ MW) )eYD/M(). 
The set YW)/M(1) form neutrosophic algebra over a neutrosophic field X (J). 
This neutrosophic algebra is called quotient neutrosophic algebra. 


Theorem 4.5: Let Y(/) be neutrosophic algebra over a neutrosophic field X(/). The intersection of any 
collection of right ideals of neutrosophic algebra Y(/) over a neutrosophic field X(/) is a right ideal 
of Y(/). 

Proof: Let {W,(/)} be the collection of right ideals of neutrosophic algebras Y (J) over a neutrosophic 
field XU). Let WU) = Nag W.() be their intersection. As N_ W.() is the collection of right ideals of Y(/) 
over a neutrosophic field X (I).This implies each W, (J), for each a is a right ideal of YU) over a 
field X(I). For each a, W,(/) is a subspace of a vector space Y(/). This implies that NqW,() isa 
subspace of a vector spaceY (J). 
Therefore W (J) is sub-space of Y(/). 
Let aeX(I) and any ue Ny WC). 
=> ueW, (J) for each a. 
> aueW, (1), for each a > aue Ng WC). 
Hence Ng W,() is a right ideal of Y(/) over a neutrosophic field X(/). 
Theorem 4.6: Every quotient neutrosophic algebra over a neutrosophic field is quotient algebra. 
Proof: Let M(I)/U(Z) be quotient algebra over a neutrosophic field X (J). 
For proving of M(I)/U() is algebra, it is enough to show that the following. 
(i) M(I)/U(J) is a vector space over a field X(J). 
(ii) M(I)/U() form a semigroup under multiplication 
(iii) x'(y+z)=x-:y+x-zand 
(xty):z=x-:zt+y-z,Vx,yeMU)/UC) 
(iv) a(xy) = (ax)y = x(ay), V ae XC) and x,ye MU)/U(/). 


We have M(I)/U() = {m + UU) /for every m € M()}. Since MUI) /U(/) is quotient neutrosophic 
algebra then U(/) is an ideal of a neutrosophic algebra M(/). From the definition of ideal, it is clear 
that U() is a subspace of a vector space M(I) over X(I). As we know every neutrosophic algebra is a 
vector space, so that U(J) and M(J) are vector spaces with U(/) is a subset of M(I). Therefore 
M(1)/U(J) is a vector space over a neutrosophic field X(/). 
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Letx =m,+U(C),y =m, + UC), z =m, + UC) are in M(I)/UC), where m,, mz,m3€ M(1). 
Consider x(yz) = (m, + U())(m, +U(U):m3 + U()) 
= (m, + UM) mzm3+ UD) = m,(m,m;) + UC) 
= (m, m,)m3 + UU) ( MC) is a neutrosophic algebra) 
= (m, m, + U())- (m3 + UD) 
= ((m, + U(D)(m, + UWD)) (m3 + UD) 
= (xy)z. 
Therefore M(/)/U(I) form semigroup under multiplication. 
Again consider(x + y)z = [(m, + U()) + (m, + U))] : (m3 + UD). 
= ((m, + m2) + UW): (m3 + UW) 
=(m, + m,)-m3+ UC) 
= (m,- m3 + m+ m3) + UU) 
= (m, -m3+ UD) + (m, -m3+ U(I)) 
= (m, + UC) - m3 + U()) + (m, + UC) «m3 + UD) 
=XZ+YZ. 
Also let XI), x, ye MUI) /U(). 
Now a(xy) = a(m, +UU) + m,+ UD) 
= a(m, m,+ UD) = a(m, m,) + UW) 
= (am,) m, + UZ) 
= (am, + U(I))(m, + UD) 
= [a(m, + UZ))|(m, + UC) 
= (ax)y. 
Also x(ay) = (m, + U()) (a(m, + u(D)) 
= (m, + U())(am, + UD) 
=m,(am2) + UU) 
=a(m,m,)+ UCU) 
= a(m, mM, + U()) 
= al(m, + U(1))(m, + U())| = a(xy) 
Hence complete the proof. 


5. Conclusions 
In this paper, we have introduced the notion of neutrosophic algebra, neutrosophic subalgebra, 
quotient neutrosophic algebra, homomorphism and isomorphism of neutrosophic algebra and 
ideals of neutrosophic algebra. We characterize some properties of neutrosophic algebra and 
proved that every quotient neutrosophic algebra is quotient algebra. Also we have proved that 
every neutrosophic algebra is algebra and direct product of neutrosophic algebras over a 
neutrosophic field is algebra. Several results and examples related to the neutrosophic algebra 
have been introduced. The concept of neutrosophic theory can be extend to near-algebra, Banach 

Algebra, C-algebra, Gamma near-algebra and near-modules. 
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Abstract: 


A similarity measure is used to tackle many issues that include indistinct and blurred information, 
excluding is not able to deal with the general fuzziness and obscurity of the problems that have 
various information. The neutrosophic hypersoft set is the most generalized and advanced 
extension of neutrosophic sets, which deals with the multi sub-attributes of the considered 
parameters. In this paper, we study some basic concepts which are helpful to build the structure of 
the article, such as soft set, neutrosophic soft set, hypersoft set, and neutrosophic hypersoft set, etc. 
The main objective of the present research is to develop a cosine similarity measure and set-theoretic 
similarity measure for an NHSS with their necessary properties. A decision-making approach has 
been established by using cosine and set-theoretic similarity measures. Furthermore, we used to 
develop a technique to solve multi-criteria decision-making problems. Finally, the advantages, 
effectiveness, flexibility, and comparative analysis of the algorithms are given with prevailing 
methods. 


Keywords: Neutrosophic set; hypersoft set; neutrosophic hypersoft set; similarity measures 


1. Introduction 


Decision-making is an interesting concern to pick the perfect alternate for any specific 
persistence. Firstly, it is pretended that details about alternatives are accumulated in crisp numbers, 
but in real-life situations, collective farm information always conquers wrong and inaccurate 
information. Fuzzy sets are like sets having an element of membership (Mem) degree. In classical set 
theory, the Mem degree of the elements in a set is examined in binary form to see that the element is 
not entirely concomitant. In contrast, the fuzzy set theory enables advanced Mem categorization of 
the components in the set. The Mem function portrays it, and also the multipurpose unit interval of 
the Mem function is [0, 1]. In some circumstances, decision-makers consider objects’ Mem and 
nonmember-ship (Nmem) values. Zadeh’s FS cannot handle imprecise and vague information in 
such cases. Atanassov [2] developed the notion of intuitionistic fuzzy sets (IFS) to deal above 
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mentioned difficulties. The IFS accommodates the imprecise and inaccurate information using Mem 
and Nmem values. 

Atanassov IFS was unable to solve those problems in which decision-makers considered the 
membership degree (MD) and nonmembership degrees (NMD) such as MD = 0.5 and NDM = 0.8, 
then 0.5+0.8 ¢ 1. Yager [3, 4] extended the notion of IFS to Pythagorean fuzzy sets (PFSs) to 
overcome above-discussed complications by modifying MD+ NMD <1 to MD?+ NMD?* <1. 
After developing PFSs, Zhang and Xu [5] proposed operational laws for PFSs and established a DM 
approach to resolving the MCDM problem. Wei and Lu [6] planned some power aggregation 
operators (AOs) and proposed a DM technique to solve multi-attribute decision-making (MADM) 
issues under the Pythagorean fuzzy environment. Wang and Li [7] presented power Bonferroni mean 
operators for PFSs with their basic properties using interaction. Gao et al. [8] presented several 
aggregation operators by considering the interaction and proposed a DM approach to solving 
MADM difficulties utilizing the developed operators. Wei [9] developed the interaction operational 
laws for Pythagorean fuzzy numbers (PFNs) by considering interaction and established interaction 
aggregation operators by using the developed interaction operations. Zhang [10] developed the 
accuracy function and presented a DM approach to solving multiple criteria group decision-making 
(MCGDWM) problems using PFNs. Wang et al. [11] extended the PFSs and introduced an interactive 
Hamacher operation with some novel AOs. They also established a DM method to solve MADM 
problems using their proposed operators. Wang and Li [12] developed some interval-valued PFSs 
and utilized their operators to resolve multi-attribute group decision-making (MAGDM) issues. Peng 
and Yuan [13] established novel operators such as Pythagorean fuzzy point operators and developed 
a DM technique using their proposed operators. Peng and Yang [14] introduced fundamental 
operations and their necessary possessions under PFSs and planned DM methodology. Garg [15] 
developed the logarithmic operational laws for PFSs and proposed some AOs. Arora and Garg [16] 
presented the operational laws for linguistic IFS and developed prioritized AOs. Ma and Xu [17] 
presented some innovative AOs for PFSs and proposed the score and accuracy functions for PFNs. 

Above mentioned theories and their DM methodologies have been used in several fields of life. 
But, these theories cannot deal with the parametrization of the alternatives. Molodtsov [18] 
developed soft sets (SS) to overcome the complications above. Molodtsov’s SS competently deals with 
imprecise, vague, and unclear objects considering their parametrization. Maji et al. [19] prolonged 
the notion of SS and introduced some necessary operators with their properties. Maji et al. [20] 
established a DM technique using their developed operations for SS. They also merged two well- 
known theories, such as FS and SS, and established the concept of fuzzy soft sets (FSS) [21]. They also 
proposed an intuitionistic fuzzy soft set (IFSS) [22] and discussed their basic operations. Garg and 
Arora [23] extended the idea of IFSS and presented a generalized form of IFSS with AOs. They also 
planned a DM technique to resolve undefined and inaccurate information under IFSS information. 
Garg and Arora [24] presented the correlation and weighted correlation coefficients for IFSS and 
developed the TOPSIS approach utilizing established correlation procedures. Zulqarnain et al. [25] 
introduced some AOs and correlation coefficients for interval-valued IFSS. They also extended the 
TOPSIS technique using their developed correlation measures to solve the MADM problem. Peng et 
al. [26] proposed the Pythagorean fuzzy soft sets (PFSSs) and presented fundamental operations of 
PFSSs with their desirable properties by merging PFS and SS. Zulqarnain et al. [27-28] proposed the 
Einstein weighted ordered average and geometric operators for PFSSs. Zulqarnain et al. [29] 
introduced operational laws for Pythagorean fuzzy soft numbers (PFSNs) and developed AOs 
utilizing defined operational laws for PFSNs. They also planned a DM approach to solve MADM 
problems with the help of presented operators. Riaz et al. [30] prolonged the idea of PFSSs and 
developed the m polar PFSSs. They also established the TOPSIS method under the considered hybrid 
structure and proposed a DM methodology to solve the MCGDM problem. Siddique et al. [31] 
introduced the score matrix for PFSS and established a DM approach using their developed concept. 
Zulgarnain et al. [32-34] planned the TOPSIS methodology in the PFSS environment based on the 
correlation coefficient. They also proposed some AOs and interaction AOs for PFSS. 
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All the above studies only deal the inadequate information because of membership and non- 
membership values. However, these theories cannot handle the overall incompatible and imprecise 
data. To address such inconsistent and inaccurate records, the idea of the neutrosophic set (NS) was 
developed by Smarandache [35]. Maji [36] offered the perception of a neutrosophic soft set (NSS) 
with necessary operations. Broumi [37] developed the generalized NSS with some operations and 
properties and used the projected concept for DM. Deli and Subas [38] developed the single-valued 
Neutrosophic numbers (SVNNs) to solve MCDM problems. They also established the cut sets for 
SVNNs. Wang et al. [39] proposed the correlation coefficient (CC) for SVNSs. Ye [40] introduced the 
simplified NSs with operational laws and AOs. Also, he presented an MCDM technique utilizing his 
planned AOs. Zulgarnain et al. [41-42] offered the generalized neutrosophic TOPSIS and an 
integrated model for neutrosophic TOPSIS. They used their developed techniques for supplier 
selection and MCDM problems. 


All the above studies have some limitations. When any attribute from a set of attributes contains 
further sub-attributes, then the above-presented theories fail to solve such problems. To overcome 
the limitations mentioned above, Smarandache [43] protracted the idea of SS to hypersoft sets (HSS) 
by substituting the one-parameter function f to a multi-parameter (sub-attribute) function. 
Samarandache claimed that the established HSS competently deals with uncertain objects compared 
to SS. Several researchers explored the HSS and presented a lot of extensions for HSS [44, 45]. 
Zulgarnain et al. [46] presented the IFHSS, the generalized version of IFSS. They established the 
TOPSIS method utilizing the developed correlation coefficient. Zulqarnain et al. [47] proposed the 
Pythagorean fuzzy hypersoft sets with AOs and correlation coefficients. They also established the 
TOPSIS technique using their developed correlation coefficient and utilized the presented approach 
to select appropriate anti-virus face masks. Zulgarnain et al. [48, 49] presented some fundamental 
operations with their properties for interval-valued NHSS. Also, they proposed the CC and WCC for 
interval-valued NHSS and established a decision-making approach utilizing their developed CC. 
Several researchers extended the notion of HSS and introduced different extensions of HSS with their 
DM methodologies [50-58]. However, all existing studies only deal with the scenario by using MD 
and NMD of sub-attributes of the considered attributes. If any decision-maker considers the MD = 
0.7 and NDM = 0.6, then 0.7 + 0.6 < 1 of any sub-attribute of the alternatives. We can observe that 
the theories mentioned above cannot handle it. To overwhelm the above boundaries, we proposed 
some AOs for PFHSS such as PFHSWA and PFHSWG operators by modifying the condition T¢(q)(6) 


+ Jg@(6) < 1 to (7 #(a) (8)) + (Jew (8)) < 1.. The essential objective of the following scientific 
research is to grow novel AOs for the PFHSS environment and processing mechanism, which can 
also follow the assumptions of PFHSNs. Furthermore, I developed an algorithm to explain the 
MCGDM problem and presented a numerical illustration to justify the effectiveness of the proposed 
approach under the PFHSS environment. 


The following research is organized: In section 2, we recollected some basic definitions used in 
the subsequent sequel, such as NS, SS, NSS, HSS, and NHSS. Section 3 proposes the similarity 
measures such as cosine and set-theoretic for NHSS with its properties. We also introduced some 
operational laws for NHSS in the same section and established a decision-making technique to solve 
decision-making complications utilizing our developed similarity measures. In section 4, we use the 
proposed similarity measures for decision-making. A brief comparative analysis has been conducted 
between proposed techniques with existing methodologies in section 5. Finally, the conclusion and 
future directions are presented in section 6. 


2. Preliminaries 
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The following section recalled fundamental concepts that helped us develop the current article's 
structure, such as SS, NS, NSS, HSS, FHSS, and NHSS. 
Definition 2.1 [18] 
Let U be the universal set and € be the set of attributes concerning U. Let P(U) be the power set 
of U and ACG E.A pair (F, A) is called a soft set over U, and its mapping is given as 
F:A > P(U) 

It is also defined as: 

(F,A) = {F(e) € P(U):e € E,F(e) = Gif e EA} 
Definition 2.2 [21] U and € be a universe of discourse and set of attributes respectively and F(U) 
be a power set of U. Let A © €, then (F, A) is an FSS over U, its mapping can be stated as follows: 
F: A > F(U) 
Definition 2.3 [35] Let U be a universe and A be an NS on U is defined as A 
{6, (o7(6), T¢(5), ¥¢(8)): OE u}, where o, Tt, y: U > ]0™, 1*[ and 0” < o¢(6) + t¢(5) + yz(6) 
3t. 


lA 


Definition 2.4 [36] Let U be the universal set and € be the set of attributes concerning U. Let P(U) 
be the Neutrosophic values of U and A & €. A pair (F,A) is called a Neutrosophic soft set over U 
and its mapping is given as 

F:A > P(U) 
Definition 2.5 [43] 
Let U be a universe of discourse and P(U) be a power set of U and k ={ky, kz, kz,..., Kn},(n 2 1) be 
a set of attributes and set kK; a set of corresponding sub-attributes of k; respectively with K; N K; = 
@ for n > 1 for each i, j € {1,2,3 ... n} and i # j. Assume K, x Kz x K3x ... x Ky = A = 
{Qin X Q2~ X ++ X Any} be a collection of multi-attributes, where] < hs a,1<k < B,andl1<l< 
y,and a, B,and y € N. Then the pair (F, K, x Kz x K3x...* K, = A) is said to be HSS over U, and 
its mapping is defined as 
F: K, x Ky x K3x...x K, = & > P(U). 
It is also defined as 
(F, A)= {4,Fy(@: a €A, F(a) € PCU)} 
Definition 2.6 [43] U be a universal set and P(U) be a power set of U and k ={k1, ko, kz,..., kn}(n 
21) and K; denoted the set of attributes and their corresponding sub-attributes like K; N Kj = 9, 


where i # j for each n > 1 and i, j € {1,2,3 ... n}. Assume K,; x K, x K3x ... x Ky, = A = 
{ain X Ax X ++ X Any} is a collection of sub-attributes, wherel < h<sa,1<sk <f,andl1<lé<y, 
and a, B, y € N. Where IFSU represents the intuitionistic fuzzy subsets of U. Then the pair (F, Kk, 
x K, x K3x ... x K, =(F, A) is known as IFHSS defined as follows: 

FE KOR Ke * 1G * Ky = OO IES, 
It is also defined as 
(F, A) = {((@&Fa(@)): & EA, Fx(G) € IFS“ € [0,1]}, where F(@) = {(5, o¢(@ (5), Tray (5)): 6 € UF, 
where od (q)(6) and t-g)(6) signifies the Mem and NMem values of the attributes: 
O¢(a)(5), Te@y(5) € [0,1], and 0 < of (g)(5) + Te@(6) < 1. 
Definition 2.7 [47] Let U be a universe of discourse and P(U) be a power set of U and k ={ky, kz, 
k3,..., Kn}(n2 1) and K; represented the set of attributes and their corresponding sub-attributes such 


as K; 0 K; =, where i#j for each n> 1 and i, j € {1,2,3 ... n}. Assume K, x Kz x K3x...* K, = A= 
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{Qin X Az2~ X ++ X Any} is a collection of sub-attributes, wherel < h<a,1<sk <f,andl1<l<y, 
and a, B, y € N.and PFS“ bea collection of all fuzzy subsets over U. Then the pair (F, K, x Kz x 
K3x ... x Ky =(F, &) is known as PFHSS defined as follows: 

FE Ky & Ko BX a Ky = Avo PES“, 

It is also defined as 

(F, A) = {((4& Fa(@)): & EA, Fx(G) € PFS“ € [0,1]}, where Fy(G) = {(5, o¢(q(5), Tray ()): 6 € UF, 
where d¢(q)(6) and t-%)(6) signifies the Mem and NMem values of the attributes: 


2 2 
Oza) (5), TF) (6) E [0, 1], and 0 < (cra (5)) + (t= (5)) < 1. 
A Pythagorean fuzzy hypersoft number (PFHSN) can be stated as F = {( Ora) (8), tra(5))}, where 


O< (a(S) + (tram(5)) oa, 

Definition 2.8 [43] 

Let U be a universe of discourse and P(U) be a power set of U and k ={ky, kz, kz,..., Kn}(m 2 1) be 
a set of attributes and set kK; a set of corresponding sub-attributes of k; respectively with K; N K; = 
@ for n = 1 for each i, j € {1,2,3 ... n} and i # j. Assume K, x Ky x K3x ... x Ky = A = 
{Qin X A2~ X +X Any} be a collection of sub-attributes, where 1 < h<a,1<k<fB,and1<l< 
y, and a, B, and y € Nand NS“ be a collection of all neutrosophic subsets over U. Then the pair 
(F, K, x Kz x K3x... x K, = A) is said to be NHSS over U, and its mapping is defined as 

F: K, x Ky x K3x...* K, =& 2 NS%, 

It is also defined as 

(F, A) = {(4 Fa(@)):& EA, Fa) € NS“}, where Fx(d) = {(5, ora (), Te(a@y (5), Ye (6)): 6 € U}, 
where 0 (a)(6), Tr(a) (6), and yr (4)(5) represent the truth, indeterminacy, and falsity grades of the 
attributes such as o¢(a)(6), Tra) (6), Yr(ay(5) € [0,1], and 0 < oF(a)(6) + Tea (O) + Vem (6) S 3. 
Simply a neutrosophic hypersoft number (NHSN) can be expressed as F = 


{(crcay (5), Tr(a (5), Yew (5))}, where 0 < o¢(q)(6) + Tr(a) (8) + Ye( (6) S 3. 


Example 2.7 

Consider the universe of discourse U = {6,,6,} and 2 = {#, = Teaching methdology,?t, = 

Subjects,?3 = Classes} be a collection of attributes with following their corresponding attribute 

values are given as teaching methodology = L, = {a,, = project base, a,, = class discussion}, 

Subjects = Lz = {a,; = Mathematics,a,, = Computer Science, az3 = Statistics}, and Classes = L3 = 

{a3, = Masters,a3, = Doctorol}. Let A = L, x Lz x Lz beaset of attributes 

A= 1, x Ly x Ly = {41,12} X {421,422,423} X {431,32} 

Ne 21,431), (A411, A21, 432), (A11, 422,431), (A11, A22, 432), (Ai1, G23, 431), (Air, Q23, es 

(Ay 2, Az1,431), (42, A21, 432), (12, 422,431), (A42, 422, 432), (Azz, 423, 431), (Azz, A23, 32), 

A 5 {di1, Ap, ds, G4, ds, de, ay, dg, do, dio, ain, i423 

Then the NHSS over U is given as follows 

(F,A) = 
(G1, (51, (.6,.3, .8)), (So, (.9,.3,-5))), (Ga, (61, (5, .2,.7)), (62, (7, -1,.5))), (ts, (51, (5, .2,-8)), (62, (4,.3,.4))), 

(ais, (51, (.2,-5,.6)), (52, (5,-1,.6))), (Gs, (51,6 8,-4,.3)), (82, (2,.3,.5))), (ds (8x, (9, -6,-4)), (52, 67,.6,.8))), 

(G7, (6;, (.6..5,.3)), (52, (.4,.2,.8))), (Gg, (6;, (8, .2,.5)), (52, (.6,-8,.4))), (tg, (51, 7, -4,-9)), (52, 67..3,.5))), 
(G10, (61, (.8,-4,.6)), (62, (.7,.2,.9))), (dér1, (61, (8,4, 5)), (52, (.4,.2,.5))), (Gs, (61, C7, -5, 8)), (62,67, -5,-9))) 


3. Similarity Measures and Their Decision-Making Approaches 


Many mathematicians developed various methodologies to solve MCDM problems in the past 
few years, such as aggregation operators for different hybrid structures, CC, similarity measures, and 
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decision-making applications. The following section develops the cosine and set-theoretic similarity 
measure for NHSS. 
Definition 3.1 


een) = {( 5: 05 (a) (51), Trcay) (81), Yercay) (5:)) | 5, € u} and (G,i) = 
{(& 9G (a4) (51), TG (a) (51), Vea) (5,)) | 6; € u} be two NHSSs defined over a universe of discourse 


U. Then, the then cosine similarity measure of (F,A) and (G,) can be described as follows: 
Swuss((F.A), (G,M)) = 
(( 2 (ay)(0)(%e(ay)°20)+( 4%?) (Feayy(0}+( ¥a,) 0) (Yo(ay) ®)) 


({( “(a,)(60) +( 0) +( yea.) ) (( 7(a4)0) +( (ay) ®) +(yYec4)°0) ) 


Proposition 3.2 
Let (FA), (G,A), and (#,C) € NHSS, then the following properties hold 
1. 0S Siuss(FA), GA)) <1 


2. Swuss((F.A), (G,M)) = Swuss((G,M), (F,A)) 
3. If (F,A) Cc (G,®) Cc (H,C), then Sihuss (FA), (H, C)) < Shuss((F.A) , (G,®)) and 


Snuss (FA), (H,C)) < Siuss((G.M), (H,C)). 


Proof: Using the above definition, the proof of these properties can be done easily. 


Definition 3.3 


Let (FA) = {(5;, 05a) (6), tray (6-Yr@y(6d) | 6 € U} and Gi) = 
{(8. FG (ax) (91), TG (c.) Oi)» VG (ae) (5,)) | 6; € u} be two NHSSs defined over a universe of discourse 
U. Then, the then set-theoretic similarity measure of (F,A) and (G,A) can be described as follows: 
Shuss((FA), GM) = 
2 2 2 5 5 > 
mn Zt ta max {(( (a) (51)) + ( tra (5:)) + (ved) ).(( OG (i,) (5,)) a ( t6ca,) (6,)) + (gus) )} 


Proposition 3.4 
Let (F,A), (G,A), and (H,C) € NHSS, then the following properties hold 
1. 0 < Shuss((F.A), (GM)) < 1 
2. Shuss((F.A), (GM) = Shinss((GA), (FA) 
3. If (FA) S (GM) S (H,C), then Sfuss((F.A),(H,C)) < Suss((F,A), (GA)) and 


Shuss (FA), (H,0)) < Sitnss((G.M), (H, C)). 


Proof: Using the above definition, the proof of these properties can be done easily. 
3.5 Algorithm 1 for Similarity Measures of NHSS 

Step 1. Pick out the set containing parameters. 

Step 2. Construct the NHSS according to experts. 

Step 3. Compute the cosine similarity measure by using definition 3.1. 


Step 4. Compute the set-theoretic similarity measure for NHSS by utilizing definition 3.3. 
Step 5. An alternative with a maximum value with cosine similarity measure has the maximum rank 
according to considered numerical illustration. 
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Step 6. An alternative with a maximum value with a set-theoretic similarity measure has the 
maximum rank according to considered numerical illustration. 


Step 7. Analyze the ranking. 
Definition 3.6 


Let (FA) = {(5:, oF ca) (5), Tra) (6, Ya, (6D) | 5; € u} ; (G,M) 
{( 51, (at, (51), Toa (5:), Veta) (80)) [Ope u} ; and (HC) = 
{(5, O4¢ (44) (Oi), Tre (a) (Oi), Vac (ax) (5))) | 6, € u} be three NHSSs defined over a universe of discourse 
U when 6 > 0, then the following laws hold. 

Oo. 6;) + 0¢(%,)(6;) — o 6;)0¢°%,,)(6;), T 6;) * Terx,,)(6;), 
(FA) ® (Gi) _ F (diy) ( i) G (ay) ) eo y, se F (d,) ( rs) (a) a) 

YF (ay) ( i) * VG(a,)¢ i) 
Orci) (Gi) * 6 (c4,) (Oi), TECH, (6) + To (a) (51) — Tra, (61) * Toa) Oi), 
V5 (G) (61) + VG, Oi) — Vea) (Si) * VG (a) (OD 


(F,A) @ (GM) = | 


6(F:A) = (1- (1-oray(6D) »(teey(6D) »(Yea@p(6d) ) 


(FA)? = (csc (60) » i= (4 = PERCH se (4 = Yr@ (61) ). 
Proposition 3.7 
Let = (FA) = {6 0ray(60,tr@) 6 ¥ra@yd)16€ UY , Ga) = 
{(5:, (a) (51), Toca) (54), Veta) (i) | 6, € u} j and (H,C) 7 
{(5, O5¢ (Gig) Oi), Te (ay) (Oi), Ve (ix) (5) | 6; € u} be three NHSSs defined over a universe of discourse 
U and 6, 5,, 62 > 0, then the following laws hold 
1. (F,A) ® (GA) = GA) @ (FA) 

2. (FA) @ (GM) = (GM) © (FA) 

3. 5((FA) ® GA))= 5G,A) @ 5(FA) 

4. ((F,A) @ GA))° = ((FA))® @ (GA))? 

5. 5;(FA) ® d2(FA)= (5, @ 52)(F,A) 

6. ((F,A))* @ (FA) = ((F,A))o2 4% 

7. (FA) ® GA) ® (4,0) = (FA) ® (GA) © (H,C)) 

8. (FA) @ (G,A)) @ (H,C) = (FA) @ (GA) @ (H,0)) 
Proof. The proof of the above laws is straightforward by using definition 4.6. 
Definition 3.8 
Let (F,A) = {(5:, oF ca) (51), Tay) (5), Yea) (51) | 6, € u} be a collection of NHSNs, 0; and y, are 
weight vector for expert’s and parameters respectively with given conditions 0; > 0, Yii,0; = 1, 
Ye > 0, Uee1 Ve =1, where (i = 1,2,..,n,andk = 1,2,...,m). Then NHSWA operator defined as 
NHSWA: A” => A defined as follows 
NHSWA (Fx(611), Fx(612), aie alOnia)) = Oper Vj (Bin 2:F x(6)) ). 
Proposition 3.9 
Let (F,A) = {(5, orca) (Oi), Tra, (Oi), Vr aix) (6))) | 6; € u} be a collection of NHSNs, the aggregated 
value is also an NHSN, such as 
NHSWA (Fx(611), Fx(612), «» Fa(Onm)) 

O;\Vk O:\ Yk 
1 — [Tee (Tis (4 — OF 7, (6,)) ) cie= (1 = pea (11 (1 = T (a) (51) ‘ ); 


1 (1 (4a t60)")") 
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Definition 3.10 


Let (F,A) = {(5:, oF ca) (51), tay (8D, Vea) (6) | 6, € u} be an NHSNs, then the score, accuracy, 


and certainty functions for NHSN respectively defined as follows: 


1 


S((F,A)) = — Xan (6 + OF(a4) (i) — TE ay (6) — Via) (5:)) 
A((FA)) = = (4 + oF (a) (Oi) — Vea, (6) 


C((F,A)) = = (2 + OF(a,) (5,)) 


where a =1,2,---, m. 


Definition 3.11 


tee. eA) {(5 F126, Ta) (6:), VF a) (6))) | 5: € u} , and (GM = 


{(5:, (a, (51), Toa) (5:), Veta) (60) | 6; € u} be two NHSNs. The comparison approach is present 


as follows: 
1. IfS(F,A) > S(G,A), then (F,A) is superior to (G,A). 
2. IfS(F,A) = SGA) and A(F,A) > AG,A), then (F,A) is superior to (G,A). 
3. If S(F,A) = SGA), A(F,A) = A(G,A), and C(F,A) > C(G,M), then (F,A) is superior to 
(GM). 
4. If S(F,A) = S(G,A), ACF,A) > A(G,A), and C(F,A) = C(G,A), then (F,A) is indifferent to 
(G,®), can be denoted as (F,A)~(G,A). 
4. Application of Similarity Measures in Decision Making 


In this section, we proposed the algorithm for NHSS by using developed similarity measures. 


We also used the proposed methods for decision-making in real-life problems. 
4.1. Problem Formulation and Application of NHSS For Decision Making 


A construction company calls for the appointment of a civil engineer to supervise the workers. 
Several engineers apply for the civil engineer post, simply four engineers call for an interview based 
on experience for undervaluation such as S = {S,, Sj, S3, S,} be a set of selected engineers call for 
the interview. The managing director hires a committee of four experts U = {k,,K2,K3,k,}} for the 
selection of civil engineer. The group of experts chooses the set of attributes for the selection of an 
appropriate civil engineer such as £ = {€, =personality,£, = communication skills,f3; = 
qualification} with their corresponding sub-attribute: personality = ¢, = {d,, = attractive}, 
communication skills = f, = {d2, = normal, dz. = excellent}, and qualification = f3; = {d3, = 
masters, d3, = doctor}. The experts evaluate the applicants under defined parameters and forward 
the evaluation performa to the company's managing director. Finally, the director scrutinizes the best 
applicant based on the expert’s evaluation report. 


4.1.1. Application of NHSS For Decision Making 
Let S ={S,, Sz, S3, S4}bea set of civil engineers who are shortlisted for interviews (alternatives) such 
as. The managing director hires a team of four experts such as U = {k1,K2,K3,K,4}. The group of 
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experts chooses the set of attributes for the selection of an appropriate civil engineer such as £ = 
{€, = personality, £2 = communication skills,£3 = qualification} with their corresponding sub- 
attribute: personality = ?, = {d,, = attractive}, communication skills = ?, = {d2, = normal, dj. = 
excellent}, and qualification = £3; = {d3, = masters,d3, = doctor}. Let 2’ = £, x £, x £3 shows the 


multi sub-attributes 
Y= 0, x €, x £3 = {dy} X {do1,dz2} X {d31,d32} 
= {(dy1, 21,31), (diz, 22, d31), (dir, doi, d32), (dy 1, dz2, d32)}, 


QL’ = {dyads pd4} with weights (0.2, 0.1, 0.4,0.3)". Experts’ opinion in the form of NHSNs 
following multi sub-attributes of considered attributes. 


Step 2. Construct the NHSS according to experts. 


Table 1. Construction of NHSS of all Applicants According to Company Requirement 


5 a d, d, d, 
Ky (0.7,0.2,0.4) (0.4, 0.3, 0.7) (0.9, 0.7, 0.4) (0.6,0.3,0.7) 
K2 (0.5, 0.6,0.2) (0.8,0.5, 0.6) (0.8, 0.2, 0.5) (0.7, 0.5, 0.9) 
k3 (0.6,0.6,0.2) (0.5,0.8,0.3) (0.4, 0.7, 0.3) (0.6, 0.7, 0.4) 
K4 (0.8, 0.7, 0.5) (0.2,0.4,0.9) (0.7, 0.5, 0.1) (0.6,0.8,0.2) 
Now we will construct the NHSS S, according to four experts, where t =1, 2,3, 4. 
Table 2. Decision Matrix for alternative S, 
Sy d, dy d3 dy 
Ky (0.9,0.2,0.1) (0.3, 0.3, 0.7) (0.6, 0.4, 0.2) (0.7,0.1,0.3) 
K2 (0.8, 0.3,0.2) (0.6,0.2, 0.6) (0.8, 0.3, 0.1) (0.2, 0.6, 0.8) 
K3 (0.6,0.1,0.3) (0.6,0.1,0.3) (0.8, 0.2, 0.1) (0.6, 0.3, 0.4) 
K4 (0.9, 0.1, 0.1) (0.9,0.1,0.1) (0.8, 0.1, 0.1) (0.9,0.1,0.2) 
Table 3. Decision Matrix for alternative Sz 
S2 d, dz d; dy 
Ky (0.3,0.3,0.7) (0.9, 0.2, 0.1) (0.6, 0.1, 0.3) (0.3,0.6,0.2) 
K2 (0.8, 0.2,0.1) (0.8,0.3, 0.2) (0.9, 0.1, 0.1) (0.8, 0.3, 0.1) 
k3 (0.6,0.3,0.4) (0.8,0.1,0.2) (0.9, 0.1, 0.1) (0.2, 0.3, 0.8) 
K4 (0.9, 0.1, 0.2) (0.8,0.1,0.1) (0.7, 0.1, 0.3) (0.6,0.3,0.4) 
Table 4. Decision Matrix for alternative S3 
S3 dy d, d3 dy 
Ky (0.6,0.3,0.4) (0.2, 0.3, 0.8) (0.3, 0.6, 0.2) (0.3,0.6,0.2) 
K2 (0.9, 0.1,0.1) (0.9,0.1, 0.1) (0.9, 0.1, 0.1) (0.8, 0.3, 0.2) 
k3 (0.8,0.3,0.2) (0.9,0.2,0.1) (0.9, 0.1, 0.1) (0.2, 0.3, 0.8) 
K4 (0.3, 0.3, 0.7) (0.9,0.1,0.2) (0.7, 0.1, 0.3) (0.6,0.3,0.4) 
Table 5. Decision Matrix for alternative S, 
3, d, d, a, d, 
Ky (0.9,0.1,0.1) (0.9, 0.1, 0.2) (0.8, 0.2, 0.1) (0.3,0.6,0.2) 
K2 (0.8, 0.2,0.1) (0.8,0.2, 0.1) (0.6, 0.3, 0.4) (0.8, 0.3, 0.2) 
k3 (0.8,0.1,0.1) (0.8,0.1,0.2) (0.9, 0.1, 0.1) (0.3, 0.6, 0.2) 
K4 (0.9, 0.1, 0.2) (0.3,0.3,0.7) (0.8, 0.3, 0.2) (0.9,0.1,0.1) 
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Step 3. Compute the cosine similarity measure by using definition 3.1. 


By using Tables 1-5, compute the cosine similarity measure between Sjyss (5,51), Swuss (S,S2), 
Swuss(S,53), and Syyss(S,5z) by using equation 3.1, such as 

$1 (s ae (.8)(.3)+(.5)(5)+(.6)(2) (.5)(.8)+(.4)(.7)+62)(3) 

NHSS fe Sk 3x4 (/(8)2+(5)2+(6)2 JC3)2+(5)24+(2)2 C5)? 4+(4)24(.2)2,)(8)2407)2 4 (3)? 


(.4)0.7)+(.7)(.7)+(6)6.9) 2 “ 28.99 ) _ 
ager el ce 12 \34.4799 0.07007. 


Similarly, we can find the cosine similarity measure between Sjyss (5,52), Swuss (5,53), and 


Swuss(S/S4) given as 
el 1 


Swuss(S/S2) a( are ) = 0.06771, Shuss(S/S3) = a( a ) = 0.06943, and Siyss(S/54) = a aa ) 


12 \32.3767 12 \29.4056 12 \30.88764 
= 0.06874. This shows that Sjiyss(S,51) > Snuss(S, 53) > Siinss (S54) > Snuss(S,52). It can be seen 


from this ranking alternative S, ismost relevant and similar to S.Therefore S, is the best alternative 


for the civil engineer, the ranking of other alternatives given as S,; > S3 > S4 > Sp. 

Now we compute the set-theoretic similarity measure by using Definition 4.3 between Sfiuss(S,51), 
Shuss(S,S2), Skuss(S,S3), and Sfinss(S,S4) given as From Tables 1-5, we can find the set-theoretic 
similarity measure for each alternative by using definition 4.3 given as Siixss(5,S,) = 0.06986, 
Shuss(S,5z) = 0.06379, SPiss(S,S3) = 0.06157, and Sfiss(S,54) = 0.06176. Shiss(S,51) > Shuss(S,S2) > 
Snuss(S,S4) > Siuss(S,S3). It can be seen from this ranking alternative S, is most relevant and 
similar to S. Therefore S, is the best alternative for the civil engineer, the ranking of other 
alternatives given as S; > Sz > S, > S3. 


5. Discussion and Comparative Analysis 
In the subsequent section, we will talk over the usefulness, easiness, manageability, and assistance of 
the planned method. We also performed an ephemeral evaluation of the undermentioned: the 
planned technique along with some prevailing methodologies. 
5.1. Superiority of the Proposed Approach 

Through this study and comparison, it could be determined that the consequences acquired by 
the suggested approach have been more common than either available method. Overall, the DM 
procedure associated with the prevailing DM methods accommodates extra information to address 
hesitation. Also, FS’s various hybrid structures are becoming a particular feature of NHSS, along with 
some appropriate circumstances added. The general info associated with the object could be stated 
precisely and analytically, see Table 6. Therefore, it is a suitable technique to syndicate inaccurate and 
ambiguous information in the DM process. Hence, the suggested approach is practical, modest, and 


in advance of fuzzy sets’ distinctive hybrid structures. 


Table 6. Comparison between NHSS and some existing techniques 


Set Truthiness Indeterminacy Falsity Parametrization Attributes Sub-attributes 
Zadeh [1] FS Vv x x x Vv x 
Atanassov [2] IFS Vv x Vv x Vv x 
Smarandache [35] NS Vv Vv Vv x Vv x 
Maji et al. [21] FSS Vv x x Vv Vv x 
Maji et al. [22] IFSS Vv x Vv Vv Vv x 
Peng et al. [26] PFSS Vv x Vv v Vv x 
Maji [36] NSS Vv Vv Vv Vv Vv x 
Zulqarnain et al. [46] IFHSS JV x Vv Vv Vv Vv 
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Zulgarnain et al. [47] PFHSS Vv x 
Proposed approach NHSS Vv Vv 


It turns out that this is a contemporary issue. Why do we have to embody novel algorithms based on 
the proposed novel structure? Many indications compared with other existing methods; the 
recommended method may be an exception. We remember the following fact: the mixed structure 
limits IFS, picture fuzzy sets, FS, hesitation fuzzy sets, NS, and other fuzzy sets and cannot provide 
complete information about the situation. But our m-polar model GmPNSS can deal with truthiness, 
indeterminacy, and falsity, so it is most suitable for MCDM. Due to the exaggerated multipolar 
neutrosophy, these three degrees are independent and provide a lot of information about alternative 
norms. Other similarity measures of available hybrid structures are converted into exceptional cases 
of GmPNSS. A comparative analysis of some already existing techniques is listed above in Table 6. 
Therefore, this model has more versatility and can efficiently resolve complications than 
intuitionistic, neutrosophic, hesitant, image, and ambiguity substitution. The similarity measure 
established for GmPNSS becomes better than the existing similarity measure for MCDM. 


5.2. Comparative Analysis 


In the following section, we recommend another algorithmic rule under NHSS by utilizing the 
progressed cosine similarity measure and set-theoretic similarity measure. Subsequently, we use the 
suggested algorithm to a realistic problem, namely the appropriate civil engineer in a company. The 
overall outcomes prove that the algorithmic rule is valuable and practical. It can be observed that S, 
is the most acceptable alternative for the civil engineer position. The recommended approach may be 
compared to other available methods. From the research findings, it has been concluded that the 
outcomes acquired by the planned approach exceed the consequences of the prevailing ideas. 
Therefore, compared to existing techniques, the established similarity measures handled the 
uncertain and ambiguous information competently. However, under current DM strategies, the core 
advantage of the planned method is that it can accommodate extra info in data comparative to 
existing techniques. It is also a beneficial tool to solve inaccurate and imprecise information in DM 
procedures. The benefit of the planned approach and related measures over present methods is 


evading conclusions grounded on adverse reasons. 


5.3. Discussion 


Zadeh’s [1] FS handled the inaccurate and imprecise information using MD of sub-attributes of 
considered attributes for each alternative. But the FS has no evidence around the NMD of the 
considered parameters. Atanassov’s [2] IFS accommodates the unclear and undefined objects using 
MD and NMD. However, IFS cannot handle the circumstances when MD + NMD 2 1, conversely, is 
presented notion competently deals with such difficulties. Meanwhile, these theories have no 
information about the indeterminacy of the attributes. To overcome such problems, Smarandache 
[35] proposed the idea of NS. Maji et al. [21] presented the notion of FSS to deal with the 
parametrization of the objects, which contains uncertainty by considering the MD of the attributes. 
But, the presented FSS provides no information about the NMD of the object. To overcome the 
presented drawback, Maji et al. [22] offered the concept of IFSS. The proposed notion handles the 
uncertain object more accurately by using the MD and NMD of the attributes with their 
parametrization. The sum of MD and NMD does not exceed 1. To handle this scenario, Peng et al. 
[26] proposed the notion of PFSS by modifying the condition MD + NMD <1 to MD? + NMD? <1 
with their parametrization. The PFSS is unable to deal with the indeterminacy of the attributes. Maji 
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[36] introduced the concept of NSS, in which decision-makers competently solve the DM problems 
comparative to the above-studied theories using truthiness, falsity, and indeterminacy of the object. 
But all the studies mentioned above have no information about the sub-attributes of the considered 
attributes. So the theories discussed above cannot handle the scenario when attributes have their 
corresponding sub-attributes. Utilizing the MD and NMD, Zulgarnain et al. [46] extended the IFSS 
to IFHSS and proposed the CC and WCC for IFHSS in which MD + NMD <1 for each sub-attribute. 
But IFHSS cannot provide any information on the NMem values of the sub-attribute of the considered 
attribute. Zulqarnain et al. [47] proposed the more generalized notion of PFHSS comparative to 
IFHSS. The PFHSS accommodates more uncertainty compared to IFHSS by updating the condition 
MD + NMD S1 to (ory (5))° + (tea) (5))° < 1. All existing hybrid structures of FS cannot handle 
the indeterminacy of sub-attributes of considered n-tuple attributes. On the other hand, developed 
aggregation operators can accommodate the sub-attributes of considered attributes using truthness, 
indeterminacy, and falsity objects of sub-attributes with the following condition 0 < o¢,q)(6), 
Tea) (6), Yr(@)(6) < 3. It may be seen that the best selection of the suggested approach is to resemble 
the verbalized own method, and that ensures the liableness along with the effectiveness of the 
recommended approach. 


6. Conclusion 


This paper studies some basic concepts such as soft set, NSS, HSS, IFHSS, PFHSS, and NHSS. 
We developed the idea of cosine similarity measure and set-theoretic similarity measure for NHSS 
and described their desirable properties. Some operational laws have been established for NHSS. The 
concept of score function, accuracy function, and certainty function is developed to compare NHSNs. 
Furthermore, a decision-making approach has been developed for NHSS based on the proposed 
technique. To verify the effectiveness of our developed techniques, we presented an illustration to 
solve MCDM problems. We presented a comprehensive comparative analysis of proposed techniques 
with existing methods. In the future, the concept of NHSS will be extended to interval-valued NHSS. 
It will solve different real-life problems such as medical diagnoses, decision-making, etc. 
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Abstract: 


A similarity measure and correlation coefficients are used to tackle many issues that include 
indistinct and blurred information, excluding is not in a position to deal with the general fuzziness 
and obscurity of the various problems. In this paper, we study some basic concepts which are 
helpful to build the structure of the article, such as soft set, neutrosophic soft set, and generalized 
m-polar neutrosophic soft set. The main objective of this paper is to develop the cosine and set- 
theoretic similarity measures for the generalized multipolar neutrosophic soft set (GmPNSS). We 
discuss some basic operations with their properties for GmPNSS. A decision-making approach has 
been established by using cosine and set-theoretic similarity measures. Also, we introduce the 
multipolar neutrosophic soft weighted average (mPNSWA) operator and develop a decision- 
making approach based on mPNSWA. Furthermore, we use to develop techniques to solve multi- 
criteria decision-making problems. Finally, the advantages, effectiveness, flexibility, and 
comparative analysis of the algorithms are given with prevailing methods. 


Keywords: Neutrosophic set; multipolar neutrosophic set; neutrosophic soft set; multipolar 
neutrosophic soft set 


1. Introduction 


Uncertainty plays a dynamic role in many areas of life (such as modeling, medicine, engineering, 
etc.). However, people have raised a general question: how do we express and use the concept of 
uncertainty in mathematical modeling. Many researchers have proposed and recommended different 
methods of using uncertainty theory. First of all, Zadeh proposed the concept of fuzzy sets [1] to solve 
those problems that contain uncertainty and ambiguity. It can be seen that in some cases, fuzzy sets 
cannot handle the situation. To overcome such situations, Turksen [2] proposed the idea of interval- 
valued fuzzy sets (IVFS). In some cases, we must consider the appropriate representation of the object 
under the conditions of uncertainty and uncertainty and regard its unbiased value as the fair value 
of the proper representation of the object, which these fuzzy sets or IVFS cannot process. To overcome 
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these difficulties, Atanassov proposed the Intuitionistic Fuzzy Set (IFS) [3]. The theory proposed by 
Atanassov only deals with insufficient data considerations and membership and non-member values. 
However, the IFS theory cannot deal with overall incompatibility and imprecise information. To solve 
such incompatible and inaccurate records, Smarandache [4] proposed the idea of the neutrosophic 
set (NS). 

A general mathematical tool was proposed by Molodtsov [5] to deal with indeterminate, fuzzy, 
and not clearly defined substances known as a soft set (SS). Maji et al. [6] extended the work on SS 
and described some operations and properties. They also used the SS theory for decision-making [7]. 
Ali et al. [8] revised the Maji approach to SS and developed new operations with their properties. De 
Morgan’s Law onSS theory was proved [9] by using different operators. Cagman and Enginoglu [10] 
developed the concept of soft matrices with operations and discussed their properties. They also 
introduced a decision-making method to resolve those problems which contain uncertainty and 
revised the operations proposed by Molodtsov’s SS [11]. In [12], the author’s planned some new 
operations on soft matrices like soft difference product, soft restricted difference product, soft 
extended difference product, and soft weak-extended difference product with their properties. 

Maji [13] offered the idea of a neutrosophic soft set (NSS) with necessary operations and 
properties. The concept of the possibility NSS was developed by Karaaslan [14] and introduced a 
neutrosophic soft decision-making method to solve those problems that contain uncertainty based 
on And-product. Broumi [15] developed the generalized NSS with some operations and properties 
and used the proposed decision-making concept. To solve MCDM problems with single-valued 
Neutrosophic numbers (SVNNs) presented by Deli and Subas in [16], they constructed the concept 
of cut sets of SVNNs. Based on the correlation of IFS, the term CC of SVNSs [17] was introduced. In 
[18], simplified NSs introduced with some operational laws and aggregation operators such as 
weighted arithmetic and weighted geometric average operators. They constructed an MCDM method 
on the base of proposed aggregation operators. Masooma et al. [19] progressed a new concept by 
combining the multipolar fuzzy set and neutrosophic set, known as the multipolar neutrosophic set. 
They also established various characterization and operations with examples. 


Zulgarnain et al. [20-21] proposed the Einstein weighted ordered average and geometric 
operators for PFSSs. Zulgarnain et al. [22] introduced operational laws for Pythagorean fuzzy soft 
numbers (PFSNs) and developed AOs utilizing defined operational laws for PFSNs. They also 
planned a DM approach to solve MADM problems with the help of presented operators. Riaz et al. 
[23] prolonged the idea of PFSSs and developed the m polar PFSSs. They also established the TOPSIS 
method under the considered hybrid structure and proposed a DM methodology to solve the 
MCGDM problem. Siddique et al. [24] introduced the score matrix for PFSS and established a DM 
approach using their developed concept. Zulqarnain et al. [25-27] planned the TOPSIS methodology 
in the PFSS environment based on the correlation coefficient. They also proposed some AOs and 
interaction AOs for PFSS. Basset et al. [28] applied TODIM and TOPSIS methods under the best-worst 
approach to raising the overall efficiency of rating beneath uncertainty according to the NS. They also 
utilized plithogenic set theory to resolve the unsure info and assess the overall commercial enterprise 
world premiere of manufacturing industries. They utilized the AHP approach to come across the 
weight vector of your business enterprise concentrations to gain that destination afterward; they had 
to use VIKOR and TOPSIS methods to utilize the firm's ranking [29]. 


The authors established the probability multi-valued neutrosophic set by combining the multi- 
valued neutrosophic set and probability distribution to solve decision-making issues [30]. Kamal et 
al. [31] proposed the idea of mPNSS with some significant operations and properties. They also used 
the developed technique for decision-making. Saeed et al. [32] established the concept of mPNSS with 
its properties and operators. They also developed the distance-based similarity measures and used 
the proposed similarity measures for decision-making and medical diagnoses. In [33], the authors 
established the concept of mPNSS with its properties and operators. They also developed the 
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distance-based similarity measures and used the proposed similarity measures for decision-making 
and medical diagnoses. Zulqarnain et al. [34-35] offered the generalized neutrosophic TOPSIS and an 
integrated model for neutrosophic TOPSIS. They used their developed techniques for supplier 
selection and MCDM problems. 


In this epoch, experts consider that real life will be moving toward multi-polarization. Thus, 
there is no doubt that the multi-polarization of information must have managed to succeed in the 
prosperity of many science and engineering science fields. In information technology, multi-polar 
technology can be utilized to manipulate several structures. The motivation for expanding and 
mixing this research work is gradually given in the entire manuscript. We demonstrate that under 
any appropriate circumstances, different hybrid structures containing fuzzy sets will be converted 
into the unique privilege of GmPNSS. The multipolar neutrosophic environment is novel to the 
concept of neutrosophic soft sets of multipolar values. We discuss the effectiveness, flexibility, 
quality, and advantages of planning work and algorithms. This research will be the most versatile 
form and will integrate data with appropriate medicine, engineering, artificial intelligence, 
agriculture, and other daily complications. Current work may apply to other methods and different 
types of hybrid structures in the future. 


The following research is organized: In section 2, we recollected some basic definitions used in 
the subsequent sequel, such as NS, SS, NSS, and multipolar neutrosophic set. In section 3, we propose 
the GmPNSS with its properties and operations. Section 4 establishes two different types of similarity 
measures such as cosine and set-theoretic similarity with their decision-making approaches and 
graphically representation. We also introduce some operational laws and mPNSWA operators with 
its decision-making technique based on GmPNSS. Section 5 uses the developed similarity measures 
and mPNSWA operator for decision-making. A brief comparative analysis has been conducted 
between proposed methods with existing methodologies in section 6. Finally, the conclusion and 
future directions are presented in section 7. 


2. Preliminaries 


In this section, we recollect some basic concepts such as the neutrosophic set, soft set, 

neutrosophic soft set, and m-polar neutrosophic soft set used in the following sequel. 
Definition 2.1 [4] 
Let U be a universe, and A be an NS on U is defined as A = {< u,uy(u),vy(u),wy(u) > ue 
U}, where u, v, w: U > JO, 1*[ and 07 < wy(u) + vy(u) + wy(u) < 3*. 
Definition 2.2 [5] 
Let U be the universal set and € be the set of attributes concerning U. Let P(U) be the power set 
of U and A CE. A pair (F, A) is called a soft set over U, and its mapping is given as 

F:A > P(U) 
It is also defined as: 

(F,A) = {F(e) € P(U):e € E,F(e) = Gife# A} 

Definition 2.3 [13] 
Let U be the universal set and € be the set of attributes concerning U. Let P(U) be the 
Neutrosophic values of U andA € €. A pair (F,A) is called a Neutrosophic soft set over U and 
its mapping is given as 

F:A > P(U) 
Definition 2.4 [32] 
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Let U be a universe of discourse and € be a set of attributes, and m-polar neutrosophic soft set 
(mPNSS) %g over U defined as 

PR = {(< e, {(u, u,(u) ,U_(W) W(U)): uéeU,a= 1,2,3, mh) >:e € E}, 

where U,(u), U_(u),and w,(u) represents the truthiness, indeterminacy, and falsity, respectively, 
Uy (U) Ue (u),w,(u) S [0,1] and 0 < u,(uw)+0,(u)+w,(u) < 3, for all a = 1, 2, 3,..., m; e 
€ € and u € UW. Simply an m-polar neutrosophic number (mPNSN) can be expressed as 99 = 
{< Ug, Vq, We >}, where0 <u, + gt We < 3and a = 1,2,3,..., m. 


3. Generalized Multi-Polar Neutrosophic soft Set (GmPNSS) with Operators and Properties 


In this section, we study the concept of GmPNSS and introduce some basic operations and 
their properties on GmPNSS. 
Definition 3.1 


Let U and E are universal and set of attributes respectively, and A CE, if there exists a mapping ® 
such as 

®: A> GmPNSS" 

Then (®, A) is called GmPNSS over U defined as follows 


Ye =(®, A)= {(u, @ge)(u)) 2 EE,u eu}, where 


® ,(e) = {e,< U, Wace) (U), We) (U), We) (U) >:ue€ We €E; aeé 1,2,3, sam and 

0S Ue Wt fe) + Whey) < 3 forall a € 1,2,3,..., m; e € E and u € U. 

Definition 3.2 

Let Y,, and Yg are two GmPNSS over U, then Y,, is called a multi-polar neutrosophic soft subset 
of Yp. If 

Wae)(U) S Use), UArey)U) S Vee) and whey) = wee (u) 

forall a € 1,2,3,...,m;e € E and u € U. 

Example 1 Assume U = {u,, uz} be a universe of discourse and E = {x,, *2, %3, x4} be a set of 
attribuites and A = B ={x,, x2} & E.Consider Fy and Gz € G3-PNSS over U can be represented 
as follows 


_ (Gu {Gin G5,.2, 1),C3, A, 3), C4, -3; 8), (tis, 62, 3).2),, C2, 4, 3), C3,24)-6))), 
—o ic {igs 3) a1, Ay C01) 5)) G35), (toy C22, 5). 8.1 5)) C43; Ba 


and 


_ (Gr {ur (6, 4,1), (4,.3,.2), (5, .4,.5), (ua, (3,.5,.1), (3,.2,.1), 64,.5,.4))), 
Sp = a (ty C4).3,23); (0,253), G442):5)); gC 2)1;3) 6, 3).1), G5,.3, i 


Thus 

Fa S Gp. 

Definition 3.3 

Let Y, and Yz are two GmPNSS over U, then Y, = Yz, if 
Waey(U) S Use), UBe(U) S UG eu) 

vaeU) S Vee), Vee) S V4) 

WheyU) = Wee (U), WRe(U) = Whe (u) 


for all i € 1,2,3,...,m;e € E and u € U. 
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Definition 3.4 

Let F., beaGmPNSS over U; then empty GmPNSS can be represented as FzAnd defined as follows 
Fs = {e,<u,(0,1,1), (0,1,1),...,(0,1,1) >:e € E,u € U}. 

Definition 3.5 

Let F, be a GmPNSS over U; then universal GmPNSS can be represented as F;And defined as 
follows 

Fx = {e,<u,(1,1,0), (1,1,0),...,(1,1,0) >:e ECE, we Uf. 

Example 2 Assume U = {u,, uz} be a universe of discourse and E = {x,, %2, *3, x4} be a set of 


attributes. The tabular representation of Fy and Fx given as follows in table 1 and table 2, 


respectively. 
Table 1. Tablur representation of GmPNSS F5 
u uy U2 oe Un 
xy (0, 1,1) (0, 1,1) a (0, 1,1) 
X2 (0, 1,1) (0, 1,1) ne (0, 1,1) 
Xn (0, 1, 1) (0, 1, 1) kee (0, 1, 1) 
Table 2. Tablur representation of GmPNSS Fx 
u Uy U2 a Un 
xy (1, 1,0) (1, 1,0) oe (1, 1,0) 
X2 (1, 1,0) (1, 1,0) oe (1, 1,0) 
Xn (1, 1, 0) (1, 1, 0) s (1, 1, 0) 


Definition 3.6 

Let F., be aGmPNSS over U, then the complement of GmPNSS is defined as follows 

Fale) = {< Uu,we(u), (1,1,..,1) — HAceyU), Ue) (U) > UE u}, forall a € 1,2,3,...,m;e EE 
and u € U. 

Example 3. Assume U = {u,, uz} be a universe of discourse and E = {x,, x2, #3, x4} be a set of 


attributes and A ={x,, x2} © E. Consider Fy € G3-PNSS over U can be represented as follows 
- (pin C64.1),C4,-3;.2), 65,61), (ag, 63,.5,.1)/63)-2,.1),C4,5, ay) 
A (4p, {(uy, (4, .3,.3), (0,.2,.3), 6 4,.2,.5)), (uz, (2, .1,.7), 6 6,.3, 1, 65,.3,.1))) 
Then, 


oe (x1, {(u, C1,.6,-6), (2,.7,.4), (1,-4.5), (ua, (1,5, -3), 6 1,.8,.3), C4,-5,-4))), 
al) = a {(uy, (3,.7,-4), (.3,-8, 0), (-5,.8,.4)), (ue, © 7,-9,.2), C1,.7,-6),61,.7, ee 


Proposition 3.7 
If Fy, be aGmPNSS, then 
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1. (F4)° = Fa 
2. (Fy)° = Fx 
3. (Fx) = Fe 


Proof 1 Let Fy(e) = {e,< U, Upcey(U), Mae) (U), W Ace) (U) >:ueE We €F; ae il, 2, spp: Then 
by using definition 3.6, we get 


Fu(e) = {e,< u, (wSw), (1,1,...,1) - oS e)(u), U%e(u)),> :w€ U,e EE; a € 1, 2; tan 
Again, by using definition 3.6 

(Fale) 

{<u, (wae, (11,...)-(G4,..,1) - 0S,@(W) %e(u)) >:u€ We €E; a € 1,2,3,...,m} 
(FZ (e))o= {< u, (u%ce)(u), o5(e)(u), wie (u)) >:ue Ue EE; a € 1,2,3, mh. 


(Facey Fale). 
Similarly, we can prove 2 and 3. 


Definition 3.8 
Let Fe) and Gpie) are two GmPNSS over U, then 
max{uva(e)(U), UB (e)(w)}, 
Face) UGae= (<u min{ v4) (U), feu}, >:uE We EE; a € 1,2,3,..,m 


min{ we) (u), WEE) (u)} 


Example 4. Assume U = {u,, uz} be a universe of discourse and E = {x1, x2, x3, x,} be a set of 
attribuites and A = B = {x,, x2} © E. Consider Face) and Ggrey € G3-PNSS over U can be 


represented as follows 


Biu (41, {(uz, C5, .2,-1), C3, -1,.3), C4,.3, 8), (uz, (2,.3,.2), (2, -1,.3),C3,-4,.6))), 
ae a {(uz, (3, 1,4), (0,.1,.5), (3, .1,.5)), (ua, (.2,.2,.5), (3, .1,.5), (.4,.3, .6))) 


and 


_ ( Gr {ur 66, 4,1), (4,.3,.2), (5,.4,.5), (ua, © 3,.5,.1), (3,.2,.1), 6 4,.5,.4))), 
Sa(e) = i {(uz, (.4, 3, 3), (0,.2,.3), (.4,.2,.5)), (ua, (.2,.1,.3), (.6,.3,.1), (5, .3,.1))) 
Then 


(44, {(uz, (.6,.2,.1), (.4,.1,.2), ¢5,.3,-5)), (ua, C3, .3,.1),¢3,-1,.D,64-4,.4))), 
Facey V Gace)= 


(aot C4433) O13) C4, Ay-5)); Cie 6 2,3), CO G5, 3; 4) 


Proposition 3.9 
Let Fx, Gz, He are GmPNSS over U. Then 
1. Fy U Fx = Fx 
2. Fx U Ga = GR VU Fx 
3. (Fx U Gg) U He = Fx VU (Ge YU He) 
Proof 1. As we know that 


Fx(e) = {e,< U, Ue) (U), UAe)(W), Wey) >:u€e Ue €E; a€ 1,2,3, ..m} be a GmPNSS over 


U. Then by using definition 3.8 
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max{ U6) (u), Ue) (u)} ; 
Fx U Fx =4e,<u, min{o gr (u), 0% (w)}, >:ue We EE; a € 1,2,3,..,m 


min{ wf. (u), wf (u)} 
Fx U Fx = {e,< U, U5 (e)(U), UX(e) (U), W je) (U) >:ue€ Ue EE; ae 1,2, 3, ..,m} 


Fx U Fx = Fx. 
Proof 2. As we know that 


Fx(e) = fe, <u, Whe) (U), Off) (W), Wie) (U) >:ueE We EE; ae 1, 2,3, sin} and Gz(e) = {e,< 
U, Use) (U), Ve) (U), Wie) (U) >:ue€ We €F;a€ 1,2,3, ...m} are two GmPNSS over U. Then 


max{ ue) (u), Ue) (u)} ; 
Fx UGpR=4e,<u, min{ vf (u), vf e)(u)}, >:ueE We EE; a € 1,2,3,..,m 


min Wey), whe (u)} 


max{u% 6) (u), Wie) (u)} ; 
Fx UGpR=4e,<u, minfog (UW), fw}, >:ue We EE; a € 1,2,3,..,m 


min{ Wie) (u), Wie) (u)} 


Fx U Ga = Gp U Fx 
Similarly, we can prove 3. 
Definition 3.10 
Let Fgce) and Gg ie) are GmPNSS over U, then 
mintut (UW), Ue) }, 
Facey 1 Gaey= 12, <u, max{vGe)(U), Vf) (w)}, >:ue We EE; a € 1,2,3,..,m 
max{ wire (u), WE e) (u)} 
Proposition 3.11 
Let Fx, Gg, He are GmPNSS over U. Then 
1. Fy N Fx = Fx 
2. Fx Ga = GaN Fx 
3. (Fx 0 Gg) He = Fx 0 GeO He) 
Proof Similar to proposition 3.9, by using definition 3.11, we can prove easily. 
Remark 3.12 Generally, if Fy # Fy and Fx # Fz, then the law of contradiction Fy NFx° = Fx and 
the law of the excluded middle Fz N Fz° = Fy does not hold in mPIVNSS. But in classical set theory 
law of contradiction and excluded middle always hold. 
Proposition 3.13 
Let Fx and Gs are GmPNSS over U, then 


1. (Fre) U Garey) = Fey n Gice)° 
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C 
2. (Fixe. Gae))°= Fay” U Gare) 


Proof 1 As we know that 


Fx(e) = fe, <u, Whe) (U), Off) (W), Wey) >:ue Ue €E; ae 1, 28a and Gz(e) = {e,< 


U, UF (e)(U), Vie)(U), Wee) >:uE Ue EF; ae 1,2,3, ..,m} are two GmPNSS. 


By using definition 3.8, we get 
max{ Ui.) (u), Use) (u)} ; 

Fxle) UGH S= 48 <u, min{ og (u),vfe)(u)}, >:ue We €E; a € 1,2,3,..,m 
min{ wf (u), W§ ey (u)} 

Now by using definition 3.6, we get 

(Fae) U Gace) = 
min{w fe) (u), W5 ey (u)} ; 

(e,(<u,]} (1,1,...,) — minfoge (u), of e)(u)}, >:ue Ue EEF; a € 1,2,3,..,m 

max{ u% ey (u), Use) (u)} 


Now 


Fx(e)® = {< u, (wf), 1, vol) - Of) (U), ie) (u)) >:ue We EE; a € 1,2,3, ..m} 


Giey® = {< u, (wf. (u), (1, wel) - Vhe)(U), Ue) (u)) >:u€ Ue EEF; a € 1,2,3, zs} 


By using definition 3.10 
Fale)’ N Gace) = 
min{ wfc) (u), Wee) (u)} , 
(e,<u, max{ (1,1, wl) — VXe)(u), (1,1, ...,1) — vf u}, >:ue€ Ue EEF; a € 1,2,3,...,m 
max uf) (U), WF ce) (u)} 
Fx(e)® n Gae)°= 
min{w fe) (U), Wé ey (u)} , 
(e,(< u,} (1,1,...,1) - min{og(u), vf)(u)}, >:ueEU,e € E;a € 1,2,3,...,m 
max{ u%e) (u), Use) (u)} 
Hence 
(Fx(e) U Ge) °= Fx(e)o n Ge’: 
Proof 2 By using definition 3.10, we have 
min{ u%e) (u), Use) (u)} : 
Fre) NGae= (<u max{ of. (u), vf (wh, >:ue€ We EE; a € 1,2,3,...,m 
max{ urs, (U), W 5.) (u)} 
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Now by using definition 3.6, we get 
(Fil) NGae)) = 
max{ urs (u), Wie) (u)} j 
(e,(<u,} (,1,...,1) - max{ ofe)(Uu), 7fe)(w) >:ueE We EE; a € 1,2,3,..,m 
min{ uf 6) (u), Ue) (u)} 
Now 


Fyx(e) = {< U, (wh), (1, wl) - fe) (U), 5(e)(u)) >:u€ We EE; a € 1,2,3, ..m} 


Gace) = {< u, (wh (u), (1, wel) h(e)(U), Ue) (u)) >:ue We EE; a € 1,2,3, ..m} 


By using definition 3.8 
Fx(e)® U Grey *= 
max{ uso, (u), Wie) (u)} ; 
e,<u,| minj(1,1,...,1) — v?.,,(u), (1,1,..,) —vf (uy, | >:ue Ue €E; a € 1,2,3,..,m 
A(e) B(e) 
min{ uf ¢e) (u), Wie) (u)} 
Fa(e)® U Gaey°= 
max{ urs (u), Wie) (u)} ; 
(e,(<u,]} (1,1,...,1) - max{ ofie)(U), 7fe)(w)}, >:ueE We EE; a € 1,2,3,..,m 
min{ uf.) (u), Use) (u)} 


Hence 

(Facey Gae))°= Faia” U Giey’- 

Proposition 3.14 

Let Fite Garey Hae are GmPNSS over U. Then 
lL. Figs U Gage 9 Hee) = (Fae VY Gare) 9 (Fay Y Hee) 
2. Fite 9 Gave Y Hee) = Fae) % Gave) Y (Faw 1 Hee) 
3. Faw U (Fae 9 Gwe) = Faw 
4. Fags 9 (Figs) Y Gare) = Fae) 


Proof 1 As we know that 
min {ut (u), ues cu}, 

Ga N Has = \e<u max {o£ (u), 0% (w)}, >:ue We EE; a € 1,2,3,..,m 
max {wes (u), wes (u)} 


Fags YU Garey 1 Hees) = 
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max {uss (u), min {utes (u), Uae) (u)}} ‘ 
e,<u, min {v%.(u),max {of 5(w),0%5(u)}} >:ue We EE; a € 1,2,3,..,m 


min {we Wie), max {ur Wie (YU), Were (u)}} 


max {uss (u), Uaw (u)} ; 
Fite U Gare = 1S min {ot (u),0f5(w}, >:ueE We EE; a € 1,2,3,..,m 
min {w, Wa (U), W wea} 


max {uss (u), ues (u)}, 
Fre VU Haw = 1e<u min{o<,(u), 0x5 (u)}, >:ue Ue EEF; a € 1,2,3,...,m 
min {wes (u), Wes (u)} 
(Faw Y Ga@) 9 Fae Y Hew) = 
min {max {us Ney)» usa (w}, max {us Me» Ue (u)}}, 
e,<u, max {min {o,(u), URDU )} mi n {on (UW), 0%, (u)}t, >:ue Ue €EA €1,2,3,..,m 


ida {min {weW), W'e)(U I, min {wie Wee w}} 
(Fie) U GE) fa) (Face) U Hee) = 
min {urs (u), max {urs (u), Ue) (u)}} : 
e,<u,| max {v2 5(u), min{oSs(u), ess}, >:u€ Ue € E;a €1,2,3,..,m 
max {we (u), min {wes (u), Wee (u)}} 
Hence 
Fie VY (Gawe 9 Hae) = (Faw Y Ga) 9 (Fie Y Ha). 


Proof 2. As we know that 


max {urs (u), Uae (u)} : 
Ga YU Hae = \8<u min {ot (w), oes (w}, >:ue€ Ue EEF; a € 1,2,3,...,m 
min {wes (uw), Wes (u)} 
Fie) fa) (Gare U He) = 
min {us (u), max {u Us) (u), Mees (u)}}, 
e,<u,| max {ot 5(u), min { of), of5w}}, >ueEU,e €E;a €1,2,3,...,m 
max {ur Wie): min { wi, (u),w&,(u)}} 
min {uss (u), Uz) (u)} : 
u, max {o#(u), v5 (u)}, >:ue Ue EE; a € 1,2,3,...,m 
{w: wag U), wv, wie} 


Face 1 Gare) = 


e< 
max 
a a 
min {uss (u), Un) (u)} ; 
Fiza Hae = 4e<u max {rf 5(u),0f5(w)}, >:ueE We EE; a € 1,2,3,..,m 
max { 


a a 
Wate) (u), Wee) (u)} 
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(Fixe) fal Ga) U (Fixe) fal Hae) = 
max {min {urrs (u), Uae cu) ,min {usr (u), Ut cw}, 
e,<u,| min {max {045 (U), 0% (w)}, max {vio (w,ve,(w}t, >:ue We €E; a € 1,2,3,..,m 
min {max {wis (u), WE) cw}, max {wos (u), WC) (w)}} 
(Fixe) ia) GE) U (Fie) ia) Hee) = 
max {uss (u), min {urs (u), Uae (u)}} : 
e,< u, min {o,(u), max {o&(u), 0S 5(u)}}, >:ue We EE; a € 1,2,3,..,m 


min {wracgy(u), max [wre (W), were (u)}} 


Hence 
Fi 9 Ga Y Haw) = Faw 9 Saw) Y (Faw 1 Hecey)- 
Proof 3. As 


min {uss (u), Us) (u)} ; 
Faw 9 Gay = 41 8.< 4, max {v#(u), o£ (u)}, >:ue Ue €EF; a € 1,2,3,..,m 
max {wes (u), WEE (u)} 
Fae VY (Face) 0 Gage) = 
a , a a 
max {usr (W), min {usa (U), ue (w)}}, 
e,<u, min {w4, (u), max {od (U), 0% (w)}}, >:ue Ue €E; a € 1,2,3,..,m 


min {wis (u), max {wis (u), We (u)}} 
Fare VY (Facey 9 Gie) = {e,< U, Ue) (U), VA) (U), Wie) (U) >:ue Ue €F;a€ 1, 2, 3,37} 


Hence 
Fie VU (Face) % Garey) = Fae): 
Proof 4. Fz 9 (Figs VU Gage) = Fie 


As 
max {uss (u), Us) (u)} ; 

Fire YU Ga = 48<u min {ot (u), 0x5 (w}, >:ue We EEF; a € 1,2,3,...,m 
min {wes (u), WEE (u)} 


Face 9 (Facey U Gage) = 


. a a a 
min {usa (u), max {usa (u), UB) cw}, 
e,<u,| max {os (u), min {oT (w), ot (w)}t, >:ue We EE; a € 1,2,3,..,m 


max {wis (u),min {wie (u), WS) (u)}} 
Fae 9 (Face) U Gare) = fe,< U, Ujey(U), Vie) (U), Whey(u) >:ue Ue EE; a€ 1, 2,3, ..,m} 


Hence 
Face 9 (Facey U Garey) = Fare): 
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Definition 3.15 
Let Fx, Gg are GmPNSS, then their difference defined as follows 


pie (<u, min{ 156) (U), We (u)}, max{ofee) (u), (1,1,...,1) — Oe}, 
A Bes 
max| we (u), wg e)(u)} >:uEU;a €1,2,3,..,m) 


Definition 3.16 
Let Fx, Gg are GmPNSS, then their addition is defined as follows 


(< u, min{ uf) (w) + Ue) (U), (1,1,... A}, minfoge (u) + Vie) (W), (1,1, sl) s 


Fx t+ Ga = & 
min{ wf) (w) + We) (U), (1,1, sly} >:ueEU;i € 1,2,3,...,m) 


Definition 3.17 


Let Fz be a GmPNSS; then its scalar multiplication is represented as Fz(e).d, where a € [0, 1] and 
defined as follows 


Fy. = 
{(< u, min{ a8 )(u). a, (1,1, 1}, min{of)(w). a, (1,1, 1}, min{w.(u). é, (1,1, Ee), >Uue u)} 


Definition 3.18 


y 


Let Fz be a GmPNSS; then its scalar division is represented as Fx/a, where a € [0, 1] and defined 


as follows 


Fla = 
{(< Uu, min{ us 6)(u)/2, (1,1, wo )}, minfof(u)/a, (1,1, yt min{ wf.) (u)/Z, (1,1, 1} >:ue u)} 


4. Similarity Measures and Their Decision-Making Approaches 


Many mathematicians developed various methodologies to solve MCDM problems in the past 
few years, such as aggregation operators for different hybrid structures, CC, similarity measures, and 
decision-making applications. Some operational laws and mPNSWA operator with its decision- 
making approach are established for GmPNSS. 

Definition 4.1 
Let Fy, Gp are two GmPNSS over the universe of discourse U = {uy, Ug, uj}, then cosine 
similarity measure between Fy and Gx defined as 


Fx(e) = {e,< U, U5 (e)(U), UX(e) (UW), W je) (U) >:ueE We €E; ae 1,2, 3, ..,m} and Gz(e) = 


{e,< U, Ue) (U), Vie) (UW), Wie) (U) >:ue Ue EE; a€ 1,2,3, ..m} 


Sémpnss(F x, Gp) = 


se gm, Lebo) (hao) fof) 
=1 


a=1 2 2 2 2 2 2 
(4) +( «$,0) +( wf.) ) (oe) +( «f,)0) +( f..00) ) 


Proposition 4.2 
Let Fy, Gp, and Hz € GmPNSS, then the following properties hold 
1. 0 S Sémpnss(Fa, Gx) <1 


2. Sémpnss(Far Gg) = Sémpnss (Gp Fa) 
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3. If Fy © Gy S He, then SémpnssFa He) < Smpwss(FaGy) and Shpwss(FaHe) < 
Smpnss (Gp Hz). 
Proof: Using the above definition, the proof of these properties can be done quickly. 


Definition 4.3 
Let Fy, Gy are two GmPNSS over the universe of discourse U = {uy, Uz, 1 Uj}, then set-theoretic 
similarity measure between Fy and Gy defined as 


Sémpnss(F 4, Gp) - 
((xie)(+b0) - ae ( a eeaie 


2 2 y 5 3 
mas{( (45,00) +( of.) +( 8.00 )}((4009) wo) +( of 00) +( wf 00) } 


Proposition 4.4 
Let Fz, Gz,and He € GmPNSS, then the following properties hold 
Le OS Sémpnss(Fa, Gg) <1 


2 Sémpnss(Fx, Ge) a Sémpnss(Ga, Fa) 
3. If Fy © Gg S He, then Sénpwss(Fa He) < Shenss(FaGs) and Shipnss(FaHe) < 


Sirpnss(Ge, He). 


j=1La=1 


Proof: Using the above definition, the proof of these properties can be done quickly. 
4.5 Algorithm 1 for Similarity Measures of GmPNSS 

Step 1. Pick out the set containing parameters. 

Step 2. Construct the GmPNSS according to experts. 

Step 3. Compute the cosine similarity measure by using definition 4.1. 


Step 4. Compute the set-theoretic similarity measure for GmPNSS by utilizing definition 4.3. 

Step 5. An alternative with a maximum value with cosine similarity measure has the maximum rank 
according to considered numerical illustration. 

Step 6. An alternative with a maximum value with a set-theoretic similarity measure has the 
maximum rank according to considered numerical illustration. 


Step 7. Analyze the ranking. 


A flowchart of the presented algorithm can see in figure 1. 
Definition 4.6 


Let Fy(e) = {< Us (UW), 0g) (U), We (U) >| Gx(e) = {< Use) U), 0k ~)(U), wk. (u) >| and 
Hie) = {< Ue) (U), Vee U), Wee) U) >} are three mPNSNs, the basic operators for mPNSNs are 
defined as when 6 > 0 


1. Fy(e) B Gs(e) = (he (u) + Use) (u) — Ue) (u) Wie) (u), 1X6) (u) * Vie), Wire) (u) * 
Wie) (u)) 
2. Fx(e) @Gzle) = (ue (u) * Ue) (u), vie) (u) + Vie) (u) — Vie) (U) 05 e) (u), Wie) (u) + 


W(e)(U) — Whe) (U)w§e) (UW) 


3. 6F,(¢) = (1-(1- Who) » (eh) (whe) } 
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6 = a : a $ a 6 
4. (Fa(e))” = ((us(u)) ,1- (4 — ot) (u)) 1- (1 — wh) (u)) 


Proposition 4.7 
Let Fz, Gz, and Hz € mPNSNsand 4, 6,, 5, > 0, then the following laws hold 


1. Fy ® Gp = Gp ® Fy 
2. Fy ® Gp = G5 @ Fa 
3. 5(Fq ® Gg)- 5G5 ® 6Fj 


4. (F_ ® Gp) = (Fx) ® Gp) 
5. 5; F% @ 62.F 9= (51 @ 62)Fz 


64+62 


6. (Fa) @ (Fa) = (Fa) 


7. (Fa Gy) B He = Fy @ (Gz @ Hz) 
8. (F_ @ Gz) @ He = Fi @ (Gz @ He) 
Proof. The proof of the above laws is straightforward by using definition 4.6. 
Definition 4.8 
Let Fy(e; i) = ({uhery (u), Vi(e:;) (u), wi, }) be a collection of mPNSNs, 9; and y,; are weight 


vector for expert’s and parameters respectively with given conditions 0; > 0, Yii,0; =1, y; > 0, 
yyi=1 Yj =1,where (i = 1,2,...,n,andj = 1,2,...,m). Then mPIVNSWA operator defined as 
mPNSWA: A” > A defined as follows 


mPNSWA (Fa (11), Fa(er2), oe »Fx(€nk)) = Dia y(@n, 0:F x(ei;) y 
Proposition 4.9 
Let Fa(ei;) = (fag ce, yO, ee, wie, w}) be a collection of mPNSNs, where (i = 


1,2,...,n,andj = 1,2,...,k), the aggregated value is also an mPNSNs, such as 
mPNSWA (Fy(11), Fa(€12)) Fa (€nk)) 


2 f — Tit (= (1 = Way) ) A- (1 — Tha (me (1 = ag) ) ), 1- 


(1 - rit, ( i=1 (1 — Wie) a)")’) 


Proof. We can prove easily by using IFSWA [32]. 
Definition 4.10 


Let Fx(e) = { < Ue) U), VX(e) (u), W je) (U) >} be an mPNSN, then the score, accuracy, and 
certainty functions for GmPNSN respectively defined as follows 
S(Fa) = =YiLs (6+ uf) — of) - wh (w) 


A(Fz) = = (4 + Ue) (U) - whew) 


(Fa) = (2 + uhie(u)) 


where a =1,2,---, m. 


Definition 4.11 
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Let Fz, Gz € mPIVNSS, then comparison approach is present as follows 

1. IfS(Fz) > SGz), then Fy is superior to Gp. 

2. IfS(Fq) = S(Gp) and A(Fy) > A(Gz), then Fy is superior to Gp. 

3. If S(Fq) = S(Gp), A(Fa) = AG»), and C(Fq) > C(%m,), then Fy is superior to Gp. 

4. If S(Fq) = S(Gp), A(Fa) > A(Gp), and C(FZ) = C(@m,), then Fy is indifferent to Gp, can 

be denoted as F7~Gz. 

4.2 Decision-making approach based mPNSWA for GmPNSS 

Assume a set of “s” alternatives such as fB = {f1, 67, 63, ...,B°} for assessment under the team 
of experts such as U = {4,U2,U3,...,Un} with weights 2 = (04,0),..,0,)" such that 0; > 0, 

1,9; = 1. Let € = {e,,e3,...,@m} be a set of attributes with weights y = (71, Y2,Y3.+»Ym)’ be a 

weight vector for parameters such as y; > 0, eye Vi = 1. The team of experts {w;: i = 1, 2,..., n} 


evaluate the alternatives {8@: z = 1, 2, ..., s} under the considered parameters {e;: j = 1, 2, ..., m} 


given in the form of mPIVNSNs as = (aan) wo), where 0 < u? 0 w®@ <1 and0 < 


ary? Oyj? ij ayy ayy? aig = 


Ue Van + Waa < 3;So0 Ay-= (uP 0, w2) for all i, j. Experts give their preferences for each 


alternative in terms of mPNSNs by using the mPNSWA operator in the form of A, = 


(uP 02, wo). Compute the score values for each alternative and analyze the ranking of the 
ij ij ij 


alternatives, the algorithm of the proposed approach is presented in Figure: 1. 


4.2.1 Algorithm 2 for mPNSWA Operator 
Step 1. Develop the m-polar neutrosophic soft matrix for each alternative. 


Step 2. Aggregate the mPNSNs for each alternative into a collective decision matrix A; by using the 
mPNSWA operator. 

Step 3. Compute the score value for each alternative A; by using equation 14, where k = 1,2,+--,s. 
Step 4. Rank the alternatives B“ and choose the best alternative. 

Step 5. End. 


Rana Muhammad Zulgarnain, Aiyared Iampan, Imran Siddique, Hamiden Abd El-Wahed Khalifa Cosine and Set-Theoretic 
Similarity Measures For Generalized Multi-Polar Neutrosophic Soft Set with Their Application in Decision Making 


Neutrosophic Sets and Systems, Vol. 50, 2022 149 


Inpur mPNS-data according to 
management requirement s%,(@) 
— 


Construct the evaluation report 
for each alternative in form of 
mPNSNs 


Algorithm 2 Algorithm | 


mPNSWA r, Sumilarity Measures 
—— - - 
— 

Rew wv ti ohh for Find Similarity Measures between 

— ~ —— ” Sy (e) and gob" (e) . 


Construct aggregated 


decision matrix by using Cosine Similarity | Set Theoretic 
mPNSWA operator Measure Siuiilarity Measure 
or” a -' a - Go! ee | Se 
Find the score values | Choose hieghest similarity 
for each Ay between f%)Ce) and 


Choose alternative with maxiniin score value 


Analyze the nunking 
= ————— 


Figure 1: Flowehart of Proposed Algorithm 7 and Algorithm 2 


5. Application of Similarity Measures and mPNSWA Operator in Decision Making 

In this section, we proposed the algorithm for GmPNSS by using developed similarity measures 
and the mPNSWA operator. We also used the proposed methods for decision-making in real-life 
problems. 


5.1. Problem Formulation and Application of GmPNSS For Decision Making 


A construction company calls for the appointment of a civil engineer to supervise the workers. 
Several engineers apply for the civil engineer post, simply four engineers call for an interview based 
on experience for undervaluation such as S = {S,, Sz, S3, S,} be a set of selected engineers call for 
the interview. The managing director of the hires a committee of four experts X = {X,, Xz, Xz, X4} 
for the selection of civil engineer. First of all, the committee decides the set of parameters such as E 
= {%,, Xz, x3}, where x,, x2, and x3 represents the personality, communication skills, and 
qualifications for the selection of civil engineer. The experts evaluate the applicants under defined 
parameters and forward the evaluation performa to the company's managing director. Finally, the 
director scrutinizes the best applicant based on the expert’s evaluation report. 


5.1.1. Application of GmPNSS For Decision Making 


Assume S = {S,, $3, 53, S,} be a set of civil engineers who are shortlisted for interview and E 
= {x1 = personality, «2, = communication skills, «3; = qualification} be a set of parameters for the 
selection of civil engineer. Let F and G © E; then we construct the G3-PNSS (x) according to the 
requirement of the construction company such as follows 


Table 3. Construction of G3-PNSS of all Applicants According to Company Requirement 


s(x) x4 x2 x3 
X, (.8,.5,.6),(.5,-4,.2),(.4,.3,.6) (4, .8,.6),(.7,.6,-5),(4,1,.3) (.7,.8,.5),(.8,.4,-7),(.6,.5,.2) 
X, (.5,.6,.5),(.9,.5,.8),(.6,-4,.5) (7,.5,.8),(.7,.5,-7),(.3,.5,.9) (.6,.4,.9),(.2,.5,.2),(.9,.4,.6) 
X; (.2,.5,.4),(.7,-3,-2),(.6,-4,.5) (.3,.5,.7),(-4,.6,.2),(.6,.7,.9) (.5,.2,-4),(.7,.5,.9),(.6,.3,.4) 
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X4 (.9,.5,-1),(.3,4,.6),(6,-5,.2) (.9,.5,.6),(.3,.4,.3),(.6,.3,.9) (.9,.5,.7),(.7,4,.3),(-4,.7,.6) 


Now we will construct the G3-PNSS QE according to four experts, where t = 1, 2, 3, 4. 


Table 4. G3-PNSS Evaluation Report According to Experts of 5; 


9G x4 x2 x3 

Xy (.3,.5,.2),(.8,.7,.3),(.7,.2,.9) (.9,.5,.1),(.3,.4,.6),(.1,.5,.2) (.9,.5,.1),(.7,.4,.3),(.6,.7,.2) 

X2 (.7,.8,.3),(.6,.1,.2),(.2,.4,.6) (.9,.5,.6),(.7,.2,.3),(.4,.7,.6) (.7,.2,.4),(.3,.9,.7),(.5,.9,.1) 

X3 (.7,.3,.2),(.2,.1,.2),(.7,.9,.8) (.7,.2,.1),(.7,.4,.5),(.1,.7,.9) (.7,.8,.6),(.7,.2,.5),(.7,.3,.2) 

X4 (.3,.2,.7),(.5,.6,.2),(.4,.6,.8) (.7,.2,.6),(.7,.4,.9),(.8,.6,.9) (.2,.9,.6),(.7,.4,.2),(.7,.7,.9) 
Table 5. G3-PNSS Evaluation Report According to Experts of 52 

2 

9G x4 x2 x3 

X, = (.6,.2,.7),(.8,.7,.9),(.7,.5,.6) (.1,.5,.6),(.3,.4,.6),(.6,.5,.2) (.9,.5,.1),(.7,-4,.2),(.6,.3,.9) 

X, (.1,.2,.4),(.1,.2,.2),(.7,.4,.9) (.3,.5,.7),(.4,.2,.3),(.4,.7,.6) (.7,.2,.4),(.3,.9,.7),(.3,.5,.1) 

X3  (.2,.6,.7),(.2,.7,.6),(.4,.5,.2) (.7,.2,.1),(.6,.3,.5),(.1,.7,.4) (.7,.5,.6),(.7,.2,.5),(.7,.3,.9) 

X4  (.8,.1,.9),(.4,.2,.6),(.2,.7,.1) (.4,.2,.6),(.7,.4,.3),(.5,.7,.9) (.2,.9,.1),(.1,.4,.2),(.4,.7,.9) 
Table 6. G3-PNSS Evaluation Report According to Experts of 53 

3 

9G x4 x2 x3 

Xy (.7,.4,.1),(.7,.3,.1),(.7,-4,.6) (.4,.9,.6),(.7,.2,.5),(.7,.3,.2) (.7,.4,.6),(.9,.4,.3),(.1,.4,.5) 

X2 (.6,.2,.3),(.7,.4,.3),(.6,.2,.5) (.6,.2,.1),(.5,.4,.7),(.3,.5,.1) (.6,.2,.7),(.5,.4,.3),(.6,.4,.7) 

X3 (.6,.2,.1),(.6,.3,.5),(.4,.7,.9) (.2,.7,.4),(.3,.6,.2),(.5,.3,.9) (.4,.2,.6),(.7,.4,.3),(.5,.4,.9) 

X4 (.4,.2,.3),(.4,.1,.3),(.4,.5,.2) (.1,.6,.5),(.3,.2,.6),(.1,.5,.2) (.6,.1,.4),(.3,.7,.4),(.4,.3,.2) 
Table 7. G3-PNSS Evaluation Report According to Experts of Sy 

¢ x4 2 v2 

X4 (.2,.1,.2),(.3,.5,.4),(.9,.2,.7) (.4,.8,.6),(.4,.7,.5),(.4,.5,.3) (.2,.5,.6),(.5,.6,.2),(.4,.8,.6) 

X2 (.1,.3,.1),(.9,.4,.6),(.3,.3,.8) (.7,.2,.6),(.7,.4,.2),(.4,.7,.9) (.5,.6,.5),(.3,.5,.8),(.6,.4,.5) 

X3 (.7,.2,.1),(.6,.3,.5),(.4,.5,.9) (.7,.2,.1),(.6,.3,.5),(.1,.7,.4) (.3,.5,.7),(.4,.5,.2),(.6,.3,.9) 

X4 (.4,.1,.7),(.9,.6,.2),(.4,.8,.1) (.6,.1,.7),(.2,.4,.7),(.4,.5,.2) (.2,.6,.4),(.3,.1,.6),(.4,.3,.2) 


5.1.2 Solution by using Algorithm 1 


By using Tables 3-7, compute the cosine similarity measure between Sémpyss(Pz(*),9G(*)), 
Sémpnss (Pr (x), 9G (*)), Sémpnss (Pr (x), 4 (#)), and Sémpnss (Pz (*),9G(*)) by using equation 4.1, 
such as 
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1 1 4 1 (.8)¢3)+(¢5)(.5)+(.6)(.2) (.5)¢8)+(¢4)(.7)+¢2)(.3) 
Sémpnss (Pr) , OG) ) 3x4 {perenne V(3)24(05)2 +62)? J(5)2+(4)2 (2)? 8)2 407)2 +3) 
(.4).7)+¢7)C7)+66)(.9) } ag Al ( 28.99 

V(4)2+67)2+(66)2/07)2+(07)2+(.9)2 12 \34.4799 
Similarly, we can find the cosine similarity measure between Sémpyss ( P¢(*) , E(x) ), 
Sémpnss(Pr (x),p¢ (x)), and Sémpnss(P¢ (x),¢ (x)) given as 

1 ( 26.32 1 254 

Sdmpnss (Pr (#),p2(x)) = = ) = 0.06771, Shnpwss(Pr(x),p2(#)) = = (=) = 0.06943, and 


32.3767 - 12 \29.4056 
1 25.48 a 
Sémpnss ( Pr (x), p§(x) ) = -(—) = 0.06874. This shows that Sémpyss(®r(x), pG(«)) > 


Sémpnss(Pr (x), Pe (*)) > Sémpnss(Pr (x), PE(*)) > Sémpnss(Pr(x),pG(«)). It can be seen from this 
ranking alternative 8“ is most relevant and similar to ®¢(x). Therefore 8“ is the best alternative 
for the vacant position of associate professor, the ranking of other alternatives given as B) > B® > 
BS ee. 

Now we compute the set-theoretic similarity measure by using Definition 4.3 between 
Sémpnss(Pz(#),G(#)), Sémpnss (Pz (x), G(x), Sémpnss(Pz(*), Pe (#)), and Sémpnss(Pr(*), 9G (*)) 
From Tables 1-5, we can find the set-theoretic similarity measure for each alternative by using 
definition 4.3 given as Sémpwss (Pe(*), G(x) ) = 0.06986, Sémpnss (P(x), E(x) ) = 0.06379, 
Sémpnss (Pr (x), pé(x) ) = 0.06157, and Sémpyss (Pe(*), pé(*) ) = 0.06176. This shows that 
Shrpnss(Mn(e), M (e)) > Sdmpnss (Px (x), E(x) > Sdmpnss (Px (x), f(x) > 
Sémpuss(Pz (x), pé(%)). Therefore 8 is the best alternative for the vacant position of associate 


) = 0.07007. 


professor by using set-theoretic similarity measure, the ranking of other alternatives given as B™ > 


B® > B© > B®. Graphically representation of results can be seen in Fig. 2. 


5.1.3 Solution by using Algorithm 2 

Step 1. The experts will evaluate the condition in the case of mPNSNs, and there are just four 
alternatives; parameters and a summary of their scores given in Tables 4, 5, 6, and 7. 

Step 2. Experts’ opinions on each alternative are summarized by using proposition 4.9. Therefore, we 
have 

A, = ((.3144,.5379,.4259), (.1819,.3711, 4126), (.2129, .3421,.1328)), 

Ay = ((.1815,.5420,.3844), (.3546,.5937,.2725), (.4526, .5031,.3725)), 

A, = ((.2904, 4223, .3755), (.3761,.5547,.4136), (.2516, .4732,.4631)), and 

A, = ((.2713,.5445, 1756), (.3530,.5201,.5641), (.4547, .4153,.5263)). 

Step 3. Compute the Score values by using definition 4.10. 

§(A,) =.24927, S(A,) =.24003, S(A3) =.23421, and S(A,) =.24073 

Step 4. Therefore, the ranking of the alternatives is as follows S(A,) > S(A,4) > S(A2) > S(A3). So, 
BX > BY > B® > B®, hence, the alternative B™ is the most suitable alternative for the 


company. 
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Figure 2. Ranking the Alternatives by Using 
Proposed Techniques 


mB(1) mB (2) BBA(3) BB(4) 0.24003 
03 0.24073 
see O2AORT sana 
— 
0.2 — 
0.07007 0.06176 == 
0.15 0.06943 pipers = 
0.06157 = 
0.1 0.06771 | 0.06874 0.06379 = 
‘* BEEE EEEE & 
—— ; — — — 
0 —— = 
Cosine Similarity Set-theoretic Similarity mPNSWA 


6. Discussion and Comparative Analysis 


The following section will discuss the effectiveness, naivety, flexibility, and advantages of the 
proposed methods and algorithms. We also conducted a brief comparative analysis of suggested 


strategies and existing methods. 
6.1 Advantages, flexibility, and Superiority of Proposed Approach 


The recommended technique is practical and applicable to all forms of input data. We introduce 
two novel algorithms based on GmPNSS, and one is similarity measures, the other is mPNSWA. This 
manuscript has established two different types of similarity measures, such as cosine and set- 
theoretic similarity measures. Both algorithms are practical and can provide the best results in 
MCDM problems. The recommended algorithms are simple and easy to understand, can deepen their 
understanding, and apply to many choices and metrics. All algorithms are flexible and easy to change 
to adapt to different situations, inputs, and outputs. There are subtle differences between the rankings 
of the suggested methods because different techniques have different ranking methods, so that they 
can be affordable according to their considerations. 

6.2. Results and Discussion 

Through this research and comparative analysis, we have concluded that the results obtained 
by the proposed method are more general than the existing methods. However, in the decision- 
making process, compared with the current decision-making methods, it contains more information 
to deal with the uncertainty in the data. Moreover, the hybrid structure of many FSs becomes a 
particular case of mPNSS, add some suitable conditions. Among them, the information related to the 
object can be expressed more accurately and empirically, so it is a convenient tool for combining 
inaccurate and uncertain information in the decision-making process. Therefore, our proposed 


method is effective, flexible, simple, and superior to other hybrid structures of fuzzy sets. 


Table 8: Comparative analysis between some existing techniques and the proposed approach 


Set Truthiness _Indeterminacy  Falsity | Multi-polarity _ Loss of information 


Chen et al. [38] mPFS Vv x x Vv x 
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Xu et al. [36] IFS Vv x Vv x x 
Zhang et al. [40] IFS Vv x Vv x Vv 
Yager [43, 44] PFS Vv x Vv x x 
Naeem et al. [37] mPFS Vv x Vv Vv x 
Zhang et al. [31] INSs Vv Vv Vv x x 
Aliet al. [39] BPNSS V V J x x 
Saeed et al. [45] mPIVNS Vv Vv Vv Vv Vv 
Saqlain et al. [32] mPNSS Vv Vv Vv Vv x 
Proposed approach GmPNSS v v Vv Vv x 


It turns out that this is a contemporary issue. Why do we have to embody novel algorithms based 
on the proposed novel structure? Many indications compared with other existing methods; the 
recommended method may be an exception. We remember the following fact: the mixed form limits 
IFS, picture fuzzy sets, FS, fuzzy hesitation sets, NS, and other fuzzy sets and cannot provide 
complete information about the situation. But our m-polar model GmPNSS can deal with truthiness, 
indeterminacy, and falsity, so it is most suitable for MCDM. Due to the exaggerated multipolar 
neutrosophy, these three degrees are independent and provide a lot of information about alternative 
norms. Other similarity measures of available hybrid structures are converted into exceptional cases 
of GmPNSS. A comparative analysis of some already existing techniques is listed in Table 8. 
Therefore, this model has more versatility and can efficiently resolve complications than 
intuitionistic, neutrosophic, hesitant, image, and ambiguity substitution. The similarity measure 
established for GmPNSS becomes better than the existing similarity measure for MCDM. 


7. Conclusion 


This paper studies some basic concepts such as soft set, NSS, mPNSS, and GmPNSS. We 
discussed various operations with their properties and numerical examples for GmPNSS. We 
developed the idea of cosine similarity measure and set-theoretic similarity measure for GmPNSS 
with some properties in this research. We also presented the introduced multipolar neutrosophic 
weighted average operator for GmPNSS and established some operational laws for GmPNSS. The 
concept of score function, accuracy function, and certainty function is developed to compare m-polar 
neutrosophic numbers. Furthermore, decision-making approaches have been developed for 
GmPNSS based on proposed techniques. To verify the effectiveness of our developed techniques, we 
presented an illustration to solve MCDM problems. We gave a comprehensive comparative analysis 
of proposed techniques with existing methods. In the future, the concept of mPNSS will be extended 
to interval-valued mPNSS. It will solve real-life problems such as medical diagnoses, decision- 
making, etc. 
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Abstract: In this paper, the authors study the new concept of NeutroAlgebra of idempotents in group rings. It 
is assumed that RG is the group ring of a group G over the ring R. R should be a commutative ring with unit 1. 
G can be a finite or an infinite order group which can be commutative or non-commutative. We obtain 
conditions under which the idempotents of the group rings ZG, ZnG, and QG form a NeutroAlgebra under the 
operations + or x. Some collection of idempotents in these group rings form an AntiAlgebra. We propose some 
open problems which has resulted from this study. 
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1. Introduction 


In this paper, we study the NeutroAlgebra of idempotent elements of the group ring RG, 
where R is a commutative ring with unit 1 (R can be Z or R or Q or Z,; n a composite or a 


prime number) and G is a commutative or a non-commutative group of finite order. We only study 
the NeutroAlgebra of idempotent elements in the group ring under ‘+’ and ‘x’ operations inherited 
from the group ring RG. 

The study of neutrosophy was first carried out by [1]. This concept can analyze real-world 
data's uncertainty, inconsistency, and indeterminacy. The new notion of NeutroAlgebraic structures 
and AntiAlgebraic structures was first introduced in [2] in 2019. There are several interesting results 
in this direction, like NeutroAlgebra as a generalization of partial algebra [6-7], Neutro-BE-Algebra 
and Anti-BE-Algebra, Neutro-BCK Algebra introduced in [8]. [9] has analyzed NeutroAlgebras in 
the context of number systems Neutrosophic triplets as NeutroAlgebra was carried out in [11-19]. 
[20] introduces Neutrosophic quadruple vector spaces. Extended Neutrosophic triplets are 
introduced and analyzed in [21-24]. Various researchers studied other unique properties of 
Neutrosophic triplets in [25-30]. Application of Neutrosophic theory is carried out in [31- 36], has 
been extended to the study of neutrosophic vector spaces, and algebraic codes. 

This paper is organized into five sections. The first section is introductory. The second section 
presents the basic concepts needed to make this paper a self-contained one. Section three discusses 
and describes the NeutroAlgebra of idempotents in the group rings ZG and QG and the 
NeutroAlgebra of idempotents in the group ring Z:G. The final section gives the conclusions based 
on the study and suggests a few open conjectures which will be taken for future research. 


2. Basic Concepts 


This section gives a few essential concepts for this paper to be self-contained. First, we recall 
the concept of the group ring, then recall the definitions and describe a few properties of the 
NeutroAlgebra and AntiAlgebra by some illustrative examples. 
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Definition 2.1. Let R be a commutative ring with unit 1 and G be a multiplicative group. The 
group RG of the group G over the ring R consists of all finite formal sums of the form >  a,g, (i— runs over 


a finite number) where a, « Gand g, €G satisfy the following conditions. 


i) yaa Le = a, 8 €R, a,=f, fori=1,2,...,n; g eG. 
i=l i=1 


ii) [Sas] e [EAs a Ya, +B) 8,8, €G; @,, BER 
i=l i=l i=l 


iti) [Sas] [EAs = 2/7, where y, = a8; and g, = m, 
i=1 i=1 k 
iv) rg=er forallreR and geG 


v) ry rg, =r), for r.,7,€R, g,eGand )'rg, ERG. 
i=1 i=l 


RG is a ring with OER, which acts as the identity for addition. Since 1€R and we have 1. 
G=GcG and Re=RCG, where e is the identity of G. 


For more about grouprings and their properties refer [3]. 


Example 2.1. Let Z, ={0, 1, 2, 3} be the ring of modulo integers. G = (g [gS 1) be the cyclic group 


of order 2. Then the group ring Z,G ={1, 0, 2, 3, g, 2g, 39,1+g8,2+9,3+9,1+2g,1+3g,2+2g,2+ 


3g, 3 + 2g, 3 + 3g}. 
We now proceed to recall the definition of support of @ in a group ring RG where 
a € RG. We denote support of a@ by supp @ = {all group elements in @ with non-zero coefficients 


from R } and |supp a | = {number of group elements in @ which has non-zero coefficient}. 
Suppose a@=1+3g + 0g + 593 + 0g4 + 695 e RG where R=G and G= (g leg? =1) then supp a 


= {1, g, 93, 95} of the group ring RG of the group G over the ring R; which is subset of the group G 
and |supp a | =4. 

Now we recall the definition of NeutroAlgebra and describe this concept as in [2]. 

A NeutroAlgebra is an algebra with at least one Neutro-operation or one Neutroaxiom 
(axiom that is true for some elements, indeterminate or false for other elements) [2]. A partial 
algebra has at the minimum one partial operation, and all axioms are classical. [6] has described 
NeutroAlgebra that are partial algebras. 

Similarly, an AntiAlgebra is a non-empty set endowed with at least one anti operation (or 
anti operations) or at least one anti axiom. 


We proceed to give examples of NeutroAlgebra and AntiAlgebra. 


Example 2.2. Let Z,, be the ring of modulo integers 12. The idempotents of Z,, are {4, 9} = W; 0 
and 1in Z,, are defined as trivial idempotents of Z,,. 
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The Cayley table of Wis as follows under +. 
Table 1 Cayley table of {W, +/ 


+|4)9 
4 | od | od 
9 | od | od 


So {w,+} is an AntiAlgebra. The Cayley table of W under x is as follows. 


Table 2 Cayley table of {W, ~} 


x|4 19 
4|4 |od 
9)od|9 


Clearly if V = {0, 1, 9, 4} then the Cayley table of V under + is as follows. 


Table 3 Cayley table of {V, +} 


OBRIR Oo] + 
OlWRIR|O!]O 
° 
a 
° 
a 
° 
a 


od| 1 | od 


{V,+} is a NeutroAlgebra of idempotents under +. Clearly {V, x} is a commutative semigroup of 
order 4. 


3. NeutroAlgebra of idempotents in the group ring ZG(QG) 


This section deals with NeutroAlgebra of idempotents in the group ring RG, where R is the 
ring of integers Z or the field of rationals Q of characteristic zero. This section finds the 


NeutroAlgebra of idempotents in the group ring ZG and QG, where G is taken as a commutative 


or anon-commutative group of finite order. 


Example 3.1. Let QG be the group ring of G over Qwhere G = (g | 9? =1) is a cyclic group of 


order 2. A few of the idempotents of G are a= =(1-g) that is 


a -7(1 2g+9°) = =*(20 gh} = (1 g) (using the fact ¢? =1). 


If P=5(1+g) <QG then 
p={ias )} = hase +97)=2(2+2g)=5(1+g) as g?=1 
5 8 A +8 “| & “5 & ae de 


Now QG=|a+pgla,feQ g? =}. 
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1- 1 
Thus, the only two non-trivial idempotents of QG are a -—* and B= ie QG has no 


other non-trivial idempotents. For if x+yg is a nontrivial idempotent in QG with x,y <¢Q\{0}. 


If x+yg=t is anidempotent in QG then f? =(x+yg) =x+yg=t. This implies 
f =(x? +2xygty)=x+yg=tas g* =1. 


(x° +y°)+2xyg =x+ yg 
By equating the like terms. 

x+y? =x (1) 
and 2xy=y (2) 


Since x,yeQ\{0}; y#0 soy’ €Q. 


Hence 2xy=y implies (2x—-1)y=0 as y#0. 2x=lor x= 7 Using x =5 in equation (1) we get 


2 
1 | otal, oh it 

— =— so th <= =—. 

(3 +y poo ey +S noe = 

Thus, the element x = yg is an idempotent if and only if 


x= iF Geese and y=—4 
oo 12 2 ao 
; 1 1 
That is ae Oss) or p-\t= 8) 


Other possibilities are x = y = -5 in this case a= =a + g) but 


_ 2(1+g) _ +8) 4 
4 2 ; 


2 1 2 
a 1+2¢+ 
ae ao) 
-1 : : ail ; 
Hence a= reat g) is not an idempotent of QG. So, if x=y= = does not yield an idempotent. 


- -1 
Suppose xs and y=5 then b= = Now 


i 1 1 
v vibes 2g|= <[2 2g]=>[1-s] #6. 


-1 
So b= - too is not anidempotent of QG. Thus a@= 5(l+3) and f= 5(1-3) are the only 


nontrivial idempotents of QG. 


Let V = 5 (1+ 8), ; (1 Df be the collection of all non-trivial idempotents of QG. 


We give the Cayley table of V under +. 
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Table 4 Cayley table of {V, +/. 


1 1 
“( “(1- 
x tit+s) | 50-8) 
s(t) od od 
ae ) od od 
5 & 


So, V under + is an AntiAlgebra of idempotents in QG. (od denotes the term outerdefined). 


Now consider V under x. The Cayley table of V is as follows: 


Table 5 Cayley table of {V, x} 


1 1 
x 5 (+g) 5 (t-8) 


s(t) s(t) od 


1 1 
-—(1- d =(1- 
; (l=g)) -2 ; (l=) 
V_ under x is a NeutroAlgebra of idempotents of G. 
1l+g 1-¢ ; 
Suppose W = ce git ; now we find the Cayley table under +. 


Table 6 Cayley table of {W, +}. 


ri 1 go | ats: | 18 
Zz 2 
1 od 1 od od 
0 1 g | dts | ics 
2 2 
18 od ies od od 
2 2 
as od jee od od 
2 2 


Clearly, W under + is a NeutroAlgebra of idempotents in QG under the + operation. 


Consider the Cayley table under x of W_ given in the following: 


Table 7 Cayley Table of W under x 


1+@ 
2 
0 


l= 
2 
0 
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2 2 
1 1 1 
DER ayy, - | SBE ese | 
2Z 2 2 
1- 1- 1 
& 0 & 0 & 
2 2 


Thus {W,x} is a semigroup of idempotents in QG. 


Example 3.2. Let QS, be the group ring of the symmetric group 5, over the field of rationals. Here 


the Cayley table for S, is as follows. 


é 12 3 12 3 
=<e= , 
3 123) #1 3 2 


Jol 


1 2 3 
3.2 1 


}l 


eS 
7 1 By 


12 3 12 3\|., ; 
Ps 5 3 1) Ds 312 is the permutation group of degree 3. 


The Cayley table of the group S3 under composition ‘o’ of maps is as follows: 


Table 8. Cayley table of Ss under ‘o’. 


o | e | pi | p2 | ps | ps | ps 
e | e | pi | p2 | ps | pa | ps 
pi | pile | ps | ps | ps | p2 
p2 | p2 | ps |e | ps | pi | ps 
ps | ps | ps | ps | e | p2 | pi 
ps | ps | p2 | ps | pi | ps | e 
ps | ps | ps | pi | pe |e | pa 
The nontrivial idempotents of QS, are a,=5(1+p,) 


1 1 
a, USP Ps) and a, are ey as as ad 


1 1 
j Ge VEPs) i a en a 


Let B={a@,,a,,@,,@,,a,} be the set of some nontrivial idempotents in QG . 


Now we find the Cayley table of B under + in the following. 


Thus, B under 


Table 9. Cayley table of B under + 


+ G1 | Q2 | 03 | a | as 
ai | od | od | od | od | od 
a2 | od | od | od | od | od 
a3 | od | od | od | od | od 
a4 | od | od | od | od | od 
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as | od | od | od | od | od 


Thus, B under + is an AntiAlgebra of idempotents in QS, . 


Now we consider the Cayley table of B under x. 


Table 10. Cayley table of B under x. 


Clearly, B under x is NeutroAlgebra of idempotents of QS, . 


We give yet another example of a cyclic group of composite order. Based on these 


examples, we will proceed onto prove the following results. 


Example 3.3. Let G= (g loos 1) 1 be the cyclic group of order 24. Q be the field of rationals. QG be 


the group ring of G order Q. 
The idempotents of QG are 


1 
= 1 12 
x 5 +3") 
_1 8 16 
x, = (1+ +8 ) 
3 
A 1 6 12 18 
peer +g +g +8 ) 
oo) 


x =o(ltg' tet" 4g 4g 


x= a(Ltg? tgh tg? +g? +g +g 4g) 


12 16 18 20 22 ) 
T 


Pa (1 P+ e+ e+ Pt ete orig 


1 
and Roa (Leese). 
ay a 

Now let W =(x,,X,,%3,++,X,,X,) be the collection of some set of idempotents in QG . 


We see y, =5(1-3") 


1 
Y> SGlg eg) 
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=) 


y, = (-g* +g°-g’ +g —g 


Vy — (1-9? +9° ~@ +g -~g? +e —9"') 


14 16 18 20 fa) 


¥,=—(1-g? +g° -g° +9 - gh tg? gh +g —gh +g%—g 


are also idempotents of QG . 


Now we find the Cayley tables of W under + and x. 


Let M={y,,Y3,Y4,Y;} be the set of some idempotents of QG we find the Cayley table of M 


also under + and x is given in Tables 14 and 15 respectively. 


First, the Cayley table of W under + is as follows. 


Table 11. Cayley table of W under +. 


at X1 | X2 | x3 | X4 | X5 | Xo | x7 
x1 | od | od J od | od | od | od | od 
x2 | od | od | od | od | od | od | od 
x3 | od | od J od | od | od | od | od 
x4 | od | od J od | od | od | od | od 
xs | od | od J od | od | od | od | od 
x6 | od | od | od | od | od | od | od 
x7 | od | od J od | od | od | od | od 


Clearly, the set W of idempotents of QG is an AntiAlgebra under + as every term is outer defined 


in W.. Now we give the table of W under product. 


Table 12. Cayley table of W under x. 


x | X1 | X2 | X38 | X4 | X5 | Xo | X7 


X1 | X1 | X4 | X3 | X4 | X5 | Xo | X7 


X2 | X4 | X2 | Xo | X4 | X7 | Xo | X7 


X3 | X3 | X6 | X3 | Xo | X5 | Xo | X7 


X4 | X4 | X4 | Xo | X4 | X7 | Xo | X7 


X5 | X5 | X7 | X5 | X7 | X5 | X7 | X7 


X6 | Xo | Xo | Xo | X6 | X7 | Xo | X7 


X7 | X7 | X7 | X7 | X7 | X7 | X7 | X7 


Clearly, W under x is a semigroup and is not a NeutroAlgebra or AntiAlgebra. 


If, on the other hand, x7, the whole group sum is deleted as the support of x7 is G, we will 


get for the corresponding set {w \ ca the Cayley table under x which is as follows. 


Table 13. Cayley table W \ {xz} under x. 
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xX | X1 | X2 | X3 | X4 | X5 | X6 


X1 | X1 | X4 | X3 | X4 | X5 | X6 


x2 | x4 | x2 | x6 | x4 | od | x6 


X3 | X3 | X6 | X3 | X6 | X5 | Xo 


x4 | x4 | x4 | x6 | x4 | od | x6 


xs | x5 |od| xs | od | xs | od 


x6 | x6 | x6 | x6 | x6 | od | x6 


Thus {w \ a is a NeutroAlgebra of idempotents in QG. 


The Cayley table of M under + is as follows. 


Table 14: Cayley table of M under + 


+ | Y1 | Y2 | Y3 | Y4 | Ys 
y1 | od | od | od | od | od 
y2 | od | od | od | od | od 
y3 | od | od | od | od | od 
yz | od | od | od | od | od 
ys | od | od | od | od | od 


Thus, M under + is an AntiAlgebra of idempotents of QG. 
Now we find the Cayley table of M under x which is as follows. 


Table 15. Cayley table of M under x. 


x Yl y2 y3 Yy4 Ys 
yt | y1 | od | ys | od | od 
y2 | od | y2 | od | od | ys 


y3 | y3 | od | ys | od | od 
yz | od | od | od | ys | od 
yo | od | ys | od | od | ys 


Thus, the set M under x is a NeutroAlgebra of idempotents. 


Now we proceed on to prove the following results. 


Let G be acyclic group of order n, n a composite number. Q be the field of rationals QG be 
the group ring of G over Q. 
i) All proper idempotents in QG are obtained from the proper subgroups of G. 


ii) If p: is the order of the subgroup H of G, then | supp p,!< O(G) and p,/O(G). 


iii) The idempotents @ formed by the subgroups of G will have a | supp a! < O(G) 
iv) If lsupp a@l=n; a € QG then this idempotent for all practical situations will be 


taken as a trivial idempotent. Similarly, 1¢G is an idempotent, which is trivial. 
Also, 0,1 €Q are trivial idempotents of QG. 
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These four conditions are strictly adhered to while finding the NeutroAlgebra of 


idempotents of the group ring QG under the operations + and x. 


a 


v) When n, order of the cyclic group G is a product of odd prime then n= p‘'...p’ 


where p,’s are distinct primes; 1<i<tand a, 21;1<i<t. 
vi) We see all subgroups of G are again an odd prime or a power of a prime or the 
product of some primes less than n. 


vii) Furtherer if a= <1 + oF + 497 a7 is an idempotent then 
Pi 


J f Qi tF = gn" | in general is not an idempotent. 
To this effect, we propose an open problem in the section on the conclusion of this paper. 
Suppose G is acyclic group of order n; then G can have subgroups of both even and odd 


order unless |G| =2". 


If |G|=2" and if x=1+h+...+h' is an idempotent of QG then so is y=1—h+h’-...-h' 
where /: is a suitable power of g is the cyclic subgroup of G. In this case x an idempotent of QG 
with support of x= {L Loses h' ; 

However, product of these two idempotents xxy=0 is not a proper idempotent of QG, 
only the trivial idempotent zero. 

Theorem 3.1. Let G be a cyclic group of odd order; QG be the group ring of G over Q. 


i) QG has only idempotents of the form “(14 h+h’+...+h'") whereheG and t<n, and 


{1,h,h’,...,h'"} is subgroup of G of order t. 

it) If W = {collection of nontrivial idempotents of G }, then 
a) {W,-+} is an AntiAlgebra of idempotents of QG and 
b) {W,x} is a NeutroAlgebra of idempotents of QG 


on and a +9+..4+9"") are the trivial idempotents of QG) : 
n 


Proof of (i). Given G is a cyclic group of odd order with \c| =n (n a non-prime). So, G has only 
subgroups H; of odd order, say t where t/n (t can be prime or non-prime). 


Clearly a= “(+ h+...+h'") is an idempotent of QG, where h € G. 
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Now 0, 1 and £2204 gt+..+g”") are assumed to be trivial idempotents of QG as 
n 
supp x|=1G| =n. 


The other type of idempotents can be # = “(l -h+h’ -...+h'*) but B* is not an idempotent 


easily verified using number theoretic or group theoretic properties. 


5 a 
(f=— 


[1 hep era Shaya A 


+h? —h +h* —...-14h—-ho +h¢ -...-14+h eh alo +h | 


ral (t-2)+(t-2)h...+ th" | # B. 


Hence the claim. 


Proof of (ii). Given W is the collection of all non-trivial idempotents of QG , so 


AG +@+...4+9"")¢W. (W,+) is an AntiAlgebra. 
n 


For if @ = (Leh A), then 2a =A (hth) ZW. 


Similarly, if 6 e W(a#f) weseeatBew. 

So, under +, every pair is outer defined. 

Hence (W,+) is an AntiAlgebra. Thus (a) of (ii) is proved. (W,x) is a NeutroAlgebra of 
idempotents of QG. 

For if @ and BeW such that Isuppal=m and |suppfl=p such that pm=n then 


n-1 


ap= bas gt..+9"”) which is a trivial idempotent of RG. As n=pm can be written in a different 
n 


way we have in the Cayley table of W under x has several od(outer defined) terms. Hence (b) of (ii) 


is proved. 


Corollary 3.1. Let QG be as in the above theorem. If D, the trivial idempotent is taken in 
W, (W,+) is a NeutroAlgebra of idempotents of QG. 


Proof. If 0¢ W for every aeW, a+0=aeW, so W under + is a NeutroAlgebra as we have 


some elements to be defined in W . Hence the claim. 


Corollary 3.2. Let QG be as in the above theorem. 


n-1 


If the trivial idempotent gen dee ee )eW that is lsuppal=n then W under 
n 


product x is not a NeutroAlgebra is a semigroup under x. 
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Proof. Let x= 21+ ht nth) and y=1Q+K+...+K™) where ht and K are powers of g and is 
m 
in G. x,yeW with |lsuppx|l=t and |lsuppyl=m with mt=n.. 


n-1 


Thus xy = rae ) as suppx and suppy are subgroups of G. 
n 


Hence (W,x) is a semigroup, so W under x is not a NeutroAlgebra of idempotents. 


Now we consider a cyclic group G of even order and obtain analogous results as in 


theorem for this QG when G is an odd composite number. 


Theorem 3.2. Let G be a cyclic group of even order say m; QG be the group ring of G over Q. 


i) The nontrivial idempotents of QG are of the form a= Ath) or 


a= Shh? +h'') where heG with (i ncade forming a proper subgroup 


of G of order t,t an even value (t can be only of even order if a’ is to exist if t is of odd 
order; a’ does not exist). 
ii) If W = {collection of all idempotents of the form a and a'} then whenever a’ is given as 


in (i) for the a given. 


a) {W,x} is a NeutroAlgebra of idempotents of QG . 
b) {w,+} is an AntiAlgebra of idempotents of QG. 


Proof. | Given proper subgroups of G say of order t; t even, we have for @ = “(1+ h+..+h'*) and 


a’ (1 h+h? —...-h'? +h'") are non-trivial idempotents of G . 
Taking all even ordered subgroups of G, we have a collection of idempotents of the form a 
and a’. If the proper subgroup of G is odd-order say m then a = f+ K4+..+K"™) are the only 
m 


idempotents of QG. 


If W is the collection of all idempotents of the form a, a’ and so on then (W,+) is an 


AntiAlgebra as no sum is defined. 
If on the other hand, we include the trivial idempotent 0 =0+0¢+09" +...+0@” then we see 


W under + is a NeutroAlgebra of idempotents of QG as 0+a=a forall aeW. 


Now W under x is a NeutroAlgebra of idempotents for if a and £ are two idempotents in 
W such that |suppa@|=K and |supp#l=m with Km=n then ax B= Jatesitg™) the trivial 
n 


idempotent of QG but by definition |suppa@f |=n, the order of the whole group. 
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Thus, W under x is only a NeutroAlgebra, but if we allow the whole group idempotent 
1 ; ; 
—(1+g+9?+...49"") in W, then W under x is not a NeutroAlgebra, in fact a semigroup. Hence 
n 


the theorem. 


Next, we proceed to prove the group ring QS, has some idempotents sets W which forms 


AntiAlgebra under + and W under x happens to be a NeutroAlgebra. 


We work mainly for this group S, as every group G has a subgroup H of S_, which is 


isomorphic with G [4, 5]. 


Theorem 3.3. Let S be the symmetric group of degree n (S,, in particular, be a permutation on (1, 2, 3, ..., 


n)) Q be the field of rationals. QS the group ring of the group S, over Q. QS has subsets of nontrivial 


idempotents, which under x, isa NeutroAlgebra and under addition + is an AntiAlgebra of idempotents of 


QSn. 


Proof. Every subgroup H in S for an appropriate n there exists a group G isomorphic with H. 


Thus, if H be a cyclic group say of some order m, then G= H CS, for some appropriate cyclic 


subgroup of order m. 


Now, apart from this, S, has |C, number of subgroups of order two. 


All elements of the form W Hd P1)y la +p), oi Pr)» val + Dy )y vee ae , 
2 2 2 2 2 
=a + Pt < QS, are idempotents where p, ‘s are permutations in S, such that p,.p, = (1, 2, 3, ..., 1) 


the identity permutation of S. 


{W,+} can easily be realized as an AntiAlgebra as no element under + in W isin W. 


Now similarly {W,x} is a NeutroAlgebra as 


(1—p,)x1+p, =0 ¢ Wand (1—p,)(1—p,) =1—p; —p; + p;p; and so on. 


Thus {W,x} is only a NeutroAlgebra of idempotents from QS, . 


Hence the theorem. 


Based on this study, we propose a few open problems in the last section of this paper. 


4, NeutroAlgebra of idempotents in the group ring Z:G 
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Next, we study idempotents in the group ring ZG where Z, is the ring of modulo 


integers and n a prime or a composite number and G a group of finite order. Thus, the group rings 
in this section are of finite order. 


We will first illustrate this situation with some examples. 


Example 4.1. Let Z, be the field of order two G= (g Lore 1) be the cyclic group of order 3. 

Z,G be the group ring of G order Z, 

a@=1+8+8" is the only non-trivial idempotent of Z,G; for (1+ g+9’) =1+9+@". 
Remark 4.1. Let Z, be the field of primes. G be the cyclic group of order p+1 (or any other group which 
has subgroups of order p+1), then Z,G has an idempotent of the form a=1+g+...+g". 


Proof. For the group ring Z,G; a= (1 + O+...49? ) is the non-trivial idempotent of Z,G . 


Example 4.2. Z,,G be the group ring of Gover Z,,. G= (g | g?=1)be a cyclic group of order 12. 
a=1+g+t...+'' €Z,G isan idempotent of Z,,G. 
B =(6+5g°) €Z,,Gis also an idempotent of Z,,G. 
y =(6+6g°) is an idempotent of Z,,G. 


Let W = {a, B, y} be the 3 nontrivial idempotents of ZG. 


We give the Cayley table for W under + given by Table 17 in the following. 


Table 17: Table of {W,+} 


+|a|Aly 
a | od | od | od 
B | od | od | od 
y | od | od | od 


(W,+) is an AntiAlgebra of idempotents of the group ring Z,,G. 


The Cayley table of W under x is as follows. 


Table 18: Table of {W,x} 


xla| Bly 
a|a|od| y 
B\od| B | od 


Vasantha Kandasamy and et al., NeutroAlgebra of Idempotents in Group Rings 


Neutrosophic Sets and Systems, Vol. 50, 2022 


y|yviod| y 


Thus (W,x) is a NeutroAlgebra of idempotents of the group ring Z,,G. 


170 


Example 4.3. Let Z, be the field of prime order 7. 5, be the permutation group of degree 8. Z,S, be 


the group ring of S, over Z,. 
Let H = {1, Dei Peres p,} be the cyclic group generated by 


ea 


and H is of order 8. 
8 123 45 6 7 


Clearly a=(1+p+p’ +...+p’)€Z,S, is a nontrivial idempotent of Z,S, 
Consider #=4+3p* €Z,S,, wehave # =(4+3p*) 
= (16+9p* +24p*) (using p* =1) 


= (25 +24p') 


Thus, # is an idempotent of Z,S,. 


12.34 oa 8 
Take -(; dase ses 


ie es Be aS wea, 
&§ = ; 
1234 ... 8 


the identity of S,. Thus, we have ,C, number of such elements of order two in S,. 


Consider m = 4+3g € Z_S, , we see m? = m is an idempotent of Z_S,. In fact, we have .C, 


number of such type of idempotents in the group ring Z,S,, where geS, is such that 


p(t 2a 8 
aa a ce Cae 
Consider 


t= 4(1+-g)e ZS, 
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t= 16(1+97 +29)(9” =1) = 16(2+2g) = 32(1+ g)= 4(1+9) € ZS, 
is an idempotent of the group ring Z_S,. 
Thus, by this method also we have at least ,C, number of idempotents in Z,S,. 
Now, if W is the collection of all idempotents of form 4(1+ 9) and 4+3g for varying gS, 


such that, g* =id of S,. 
We see sum of 4+49+4+3g=1is only a trivial idempotent. 


4+4¢+4+4g=1+¢ isnot an idempotent of this group ring Z,S,. 

3¢+4+3¢+4=6¢+41 is not an idempotent of Z_5,. 

Thus, if V= {collection of all non-trivial idempotents of the group ring ZS, of form 
4(1+) and 4+3g with all g¢5S, such that g* is the identity element of 55} ; then (V,+) an 


AntiAlgebra of idempotents in Z_S,. 


Also, we consider 4+3gx4+49=16+12¢+16g+12 = 28+28g=0 is only a. trivial 
idempotent of V and 0¢V. 


Consider 4+3¢x4+4h (h* =1). 
We see 16+12¢+12h+12gh ¢ V. 


Thus, V under x is a NeutroAlgebra of idempotents of Z,S, as (4+3g)° =(4+3g) and 
(4+4h) =(4+4h). 

Based on all these we have the following results. 
Example 4.4, Let Z,, be the finite prime field of order 11. S,, be the symmetric group of order 12! . 
The group ring Z,,S,, has a collection W of nontrivial idempotents from Z,,S,,such that W under 


+ is an AntiAlgebra of idempotents of the group ring Z,,S,,and W under x is a NeutroAlgebra of 
idempotents of the group ring. 


S,, has ,,C, number of elements of order two. That is if 


12 
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1 


213 4 


12 3 4 
LA 23) 8, 12 


12 De 2 DiS AZ 
| is such that gf = [ 


= identity permutation. 


tS BA ee 12 A 2 Bd. Bx 0 
213044... 2)! 8 42315... 2 


Le 2. 3th ose 
ieee coal ree ay ree 
De ee oP eee A ae See 
Now 8 =) = Case 13 identity element of S,,. Likewise, in W have ,,C, 


number of such elements which are of order two. 
Of course, there are other types of elements of order two also. 


Our primary purpose is to prove the existence of some set of idempotents W of the group 


ring Z,,S,, such that (W,+)is an AntiAlgebra of idempotents and (W,x) is a NeutroAlgebra of 


idempotents. 


So if we consider W ={6+6¢,,6+5¢, | g, is an element of order two in S,, described 


above} then first we show W is a collection of idempotents; then prove {w,+} is an AntiAlgebra 
and {W, x} is a NeutroAlgebra of idempotents under x. Consider 
x=6+6g,in W, x? =(6+6g,) =36+72g, +36g?= =72+72g,(97 =1) =6+6g, =x. 
On similar lines it can be easily proved 
y=(6+58,),y° = (6+5,) = 36+ 60g, +259°= 61+ 60g, =6+5¢,=y. 


So, W is the collection of idempotents. 


Now W under + is not even closed for any pair. So (W,+) is an AntiAlgebra of 


idempotents. 


Further W under x is closed only for (x ¢ W, x* =x) and not for any other pair. 
So (W,x} is a NeutroAlgebra of idempotents of the group ring Z,,5,,. Hence the claim. 


However, for general group ring Z,S,, (p a prime) we suggest it as an open problem in 


section 5. 
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Example 4.3. Let G=(gI gy? =1) be a cyclic group of order 10 and Z,, be the ring of integers 
modulo 10. Z,,G be the group ring of G over Z,,. 


Consider a =3+29° ¢Z,,G. We see 


@ =(34+29°)= 94441299 = 3422? =a 
is an idempotent. of Z,,G. 


Also 6=3+8gin ZG is such that 


B’ =(3+88°) = (9+ 644+ 48e") = 34+8¢=f. 


Hence # is an idempotent. 


Let a=5(1+9"° +97 +9°+9°)e Z,G where a? =a so is an idempotent of Z,,G. 
Take b=8+29" € Z,,G; clearly 
b* =(8+2¢") =644+44+32¢° =8+22° =b. 
Suppose we take the collection of some idempotents W in this group ring Z,,G ; where 


W ={8422°,34+89° 34297 S14 e7 teitgo+e%. 


The Cayley table of W under + is given below. 


Table 19. Cayley table of W under +. 


+|a|B\la|b 
a | od | od | od | od 
B | od | od | od | od 
a | od | od | od | od 
b | od | od | od | od 


The Cayley table of W are under x is given below. 


Table 20. Cayley table with x. 


x|a|P|a |b 
a | od | od | od | od 
B | od | B | od | od 
a | od | od | a | od 
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b | od | od | od | b 


Thus, W under x is a NeutroAlgebra of idempotents of the group ring Z,,G under product 


(x) operation. 


We propose some open problems in the following section on conclusions. 


5. Conclusions 


In this section, we prove in general the a set of all non-trivial idempotents W ina group ring RG 


of a group G over a ring R have {w,+} to be an AntiAlgebra of idempotents under + and {w,x} 


to be a NeutroAlgebra of idempotents under x for depending on R to be a ring of rationals or 


modulo integers Z, (1 a prime or a composite number) and G an appropriate finite group in the 


case of Z_. Several examples are provided in the earlier for easy understanding. 


We suggest some open problems for researchers in this direction, which will be taken by the 


authors for the future research. 


Problem 5.1: Let Z, be the ring of modulo integers n. S, be the permutation group of degree n. 


Given n and m fixed integers (we can find the solution for both small m and n; but finding for big 
m and n or a general m and nis challenging). We leave it as an open problem to find a collection 


of idempotents of the form. 


12 ie 
W= \(p +qg,)/p° +q° =p(mod n) and 2pq=q(mod n) and g,€S, with gi -| "\r 


jae: eevee 
i) Further prove or disprove (W,+)is an AntiAlgebra of idempotents of the group 
ring ZS. 
ii) Prove or disprove {w,x} is a NeutroAlgebra of idempotents of the group ring 
S 


mn * 


Can (Pe +8ss.| and rs] 
2 2 2 2 


p is a prime? In the problem 5.1 we are replacing m = p(p is 


g, €S, set of group elements of order two in Sait , 


where the group ring is taken as Z,S,,,, ; 


a prime) andn=p +1. 
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Problem 5.2. Can QG and RG have idempotents (nontrivial) other than those mentioned in this 
paper to form a NeutroAlgebra or AntiAlgebra of idempotents of QG and RG under x or + 


respectively? 


Problem 5.3. Can we have idempotents of the form a,+a,g9+a,9°+...+a,9" with 


g'=La¢ Q\{0, te 1<i<n in the group ring QG where G= (g Ig" = 1) is a cyclic group of order 


n? 


Problem 5.4. Let QG be the group ring. Can ag+ fh € QG where g and h are some two elements 
of G(a, B e Q\{0,1}) be an idempotent for suitable a and £? 


Problem 5.5. Let Z, be the ring of integers modulo n (nm a composite number). Prove there exists 


two integers p and q (p and q need not be prime in Z,) such that p?+q? =p (mod n) and 


2pq = q(modn). 
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Abstract: _Neutrosophy fuzzy set is the extended research version of the fuzzy set that deals with 
imprecise and indeterminate data Neutrosophic deals with the membership, non-membership and 
indeterminacy function. Neutrosophy have achieved in various fields such as medical diagnosis, 
decision making problems, image processing etc.,The motivation of the present article is to extend 
the concept of Neutrosophic fuzzy X-subalgebra in near-subtraction semigroups. We will discuss 


along with some fundamentals and their algebraic Properties. 


Keywords: Near subtraction Semigroup, Fuzzy Sub algebra , Fuzzy X-sub algebra, Neutrosophic 
Fuzzy Sub algebra, Neutrosophic Fuzzy X-sub algebra 


1. Introduction 

The Theory of Fuzzy subsets, fuzzy logic found in the research area of L.A. Zadeh[15]. The 
theory of Intuitionistic fuzzy set is the extension of the fuzzy set that deals with truth and false 
membership data. From the extension version, the term Neutrosophy was identified in the F. 
Smarandache [13]. Neutrosophy is a new concept in philosophy. Neutrosophic deals with the 
membership, non-membership and indeterminacy function. Neutrosophy have achieved in various 
fields such as medical diagnosis, decision making problems, image processing etc., Neutrosophy 
became the motivation of our manuscript. 

Our present manuscript describes the Neutrosophic Fuzzy X-sub algebra (NFX-SA) of 
Near-Subtraction Semigroup and has conceptualized some basic algebraic properties. 

The results obtained are entirely more beneficial to the researchers. Our aim of this 
manuscript is given as follows: 

(i)To examine the some basic properties and fundamentals. 

(ii) Also expand the Intersection, Quotient of the Set. 

(iii) We also describe the Complement of the set. 


2. Preliminaries 
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2.1 Definition[8] 
Consider X to be define as a non empty along with the operations '-' and ''e' is said to be a 
right near-subtraction semigroups if for p,q and rin X. 
(i)With respect to ‘-’ it defines as a subtraction algebra 
(ii) With respect to ‘°’ it defines as a semigroup 
(iii)Right Distributive Law follows. 
2.2Definition[9] 


A fuzzy set & in X is defined to be a fuzzy X-sub algebra of X if 


(i) t(p-q) =min{u(p), u(q)} 
(ii) u(pq)2u(q) 


(iii) u(pq)2u(p) foreach p,q EX 


(ijand (ii) gives [ is called fuzzy left X-Sub algebra of X and conditions (i) and (iii) gives Ht is a 
fuzzy right X-sub algebra of X . 
2.3Definition[9] 
A Intuitionistic Fuzzy (IF) set v= (Lv,Av) of X is said to be IF X-Sub algebra of X if 
(i) Ho(p-q)2min{po(p), Ho(q)} 
Ax(p-q)smax{Ax(p), Av(q)} 
(ii) He(pq)2 Ue(p) 
Ac(pq)sAc(P) 
(iti) Ho(pq)2 He(q) 
A.(pq)s Av(q)for each p,qex 
Conditions that satisfy equation (i) and (ii) is called IF right X-sub algebra of X and the 
conditions that satisfies equation (i) and (iii) is called IF left X-sub algebra of X . 
2.4Definition[8] 


A Neutrosophic Fuzzy Set S defines on the universe of discourse X defined by a truth 
membership Ts(P), indeterminacy function Ig(P), and a false membership function F5(P)as 


S= {<p,T;(p), Is(p),F5(P)>/p in X}.Here, Ts, Is, Fe:X—[0,1] and 0s Ts(p) + Ig(p)+ Fp) 


<3. 
2.5Definition[8] 
Consider a Neutrosophic fuzzy set V in X is defined to be Neutrosphic fuzzy near - 


subtraction subsemigroup of X if for all p,q, in X. 


(i) Ty(P — 4) = min{Ty(P), Ty (9)} ; Ty (Pa) = min{Ty(P), Ty(@)} 
(ii) y(@—@) <max{ly(p), ly (4)} Ay (Pq) < max{ly (Pp), I, (4@)} 


(iii) Fy (@ — q) < max{F,(p), 7 (@)}; F(a) < max A, (p), 7, (a)} 


3. Neutrosophic Fuzzy X-sub algebra of Near-Subtraction Semigroups 
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This Section we introduced the basic properties of NFX-SA in Near-Subtraction Semigroup. 
3.1Definition 
A Neutrosophic fuzzy set S=(Ts, Is, Fs) in X is said to be NFX-SA of X if for each p,q in X. 


(i) Ts (p-q)2min{ Ts (p), Ts(q)};Is (p-q)smax{ Is (p), Is(q)};Fs (p-q) smax{ Fs (p), Fs(q)} 


(ii) Ts (pq)2 Ts (p);Is (pq) < Is (p);Fs (pq) < Fs (p) 


(iii) Ts (pq)2 Ts (q);[s (pq)s Is (q);Fs (pq)s Fs (q) 


Conditions that satisfies equation (i) and (ii) is called Neutrosophic Fuzzy right X-sub 
algebra of X and the conditions that satisfies equation(i) and(iii) is called Neutrosophic Fuzzy left 
X-sub algebra of X. 

3.2 Example 
Define X={0,p,q,r} to be a set defined by binary operations ‘-’ and ‘e’ is 


7 0 Pp q r : 0 p q 
0 |0 oO 0 0 7 a ; ; 
P |p 0 Pp 0 p 0 p 0 p 
q iq 4q 0 0 q 0 q 0 q 

ala q P 0 r 0 r 0 r 


Let S:X—[0,1] be a fuzzy subset of X defined by 
Ts(0)=.7 Ts(p)=.5 Ts(q)=.4 Ts(r)=.3 
Is(0)=.1  Is(p)=.2 Is(q)=.3 Is(r)=.5 
Fs(0)=.02 Fs(p)=.3 Fs(q)=.5  Fs(r)=.7 
Hence, S is a NFX-SA of X. 


3.3Theorem 
If S=( Ts , Is, Fs ) be a NFX-SA of X ,then the set Xs={p in X/ Ts(p)= Ts(0); Is(p)= Is(0); Fs(p)= 
Fs(0)} is a X-sub algebra of X. 
Proof: 
Choose _ p,q in Xs. Thus Ts(p)= Ts(0); Is(p)= Is(0); Fs(p)= Fs(0) ;Ts(q)= Ts(0); Is(q)= Is(0); Fs(q)= 
Fs(0). 
(i)Ts(p-q) 2min{ Ts(p), Ts(q)}= Ts(0) 
Is(p-q) smax{ Is(p), Is(q)}= Is(0). 
Fs(p-q) <max{ Fs(p), Fs(q)}= Fs(0). 
So,p-qeXs. Now 
(ii) Ts(pq)=Ts(p)= Ts(0). 
Is(pq)sIs(p)= Is(0). 
Fs(pq)< Fs(p)= Fs(0). 
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(iii) Ts(pq)2 Ts (q)= Ts(0). 

Is(pq)s Is (q)= 15(0). 

Fs(pq)sFs (q)= Fs(0). 

So,pq €Xs. 

Thus, Xs is a X-sub algebra of X. 


3.4 Theorem 


Proof: 


Then 


The Complement of NFX-SA is again a NFX-SA of X. 


(i)Ts\(p-q)=1- Ts(pq) 


Isc(p-q) 


Fs‘(p-q) 


<1-min{ Ts(p), Ts(q)} 
=max{1- Ts(p),1- Ts (q)} 
=max{ Ts*(p), Ts*(q)} 
=1- Is(pq) 

21-max{ Is(p), Is (q)} 
=min{1- Is(p),1- Is(q)} 
=min{ Is*(p), Is(q)} 

=1- Fs(pq) 

21-max{ Fs(p), Fs(q)} 
=min{1- Fs(p),1- Fs (q)} 
=min{ Fs*(p), Fs*(q)} 


(ii) Ts*(pq)=1- Ts(pq) 


Is*(pq) 


Fs*(pq) 


<1-Ts(p) 
= Ts*(p) 
=1- Is(pq) 
>1- Is(p) 
=Isc(p) 
=1- Fs(pq) 
>1- Fs(p) 
= Fs*(p) 


(ili) Ts*(pq)=1- Ts(pq) 


Is‘(pq) 


Fs(pq) 
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=Ts<(q) 
=1- Is(pq) 
>1-Is (q) 

= Ise(q) 
=1- Fs(pq) 
>1- Fs (q) 
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Assume that S*=( Ts*, Is, Fs‘) be the Complement set of the Neutrosophic fuzzy set 5=( Ts, Is, 
Fs ) of X. 
Select p,q,r eX. 
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= Fs(q) 
Therefore, S¢is a NFX-SA of X. 


3.5 Corollary 
A Neutrosophic fuzzy set S=( Ts, Is, Fs) of X is a NFX-SA of X iff (Ts,Is Ts‘), (Fs¢, Is, Ts‘), (Fs¢ Is 


Fs) are NFX-SA‘s of X. 


3.6 Theorem 


If S; =((Ts,, Is,, Fs,)/ie S}be a family of NFX-SA on X, then the set Mes Tj “Ujes Is, and 


U jb Fs, are also family of NFX-SA of X, where 6 defines an index set. 


Proof: 
Assume that p,qr in X. 


Also {1 jd Ts, (P)-infies Ts,(P) 
Uses Is, (P) = sup jes Is, (P); 
Ujes Fs, (P) = sup jes Fs,(p). 


Also Ts, j Is, and Fsbe a family of fuzzy X-sub algebra _ of X. 


Now 

()Njs Ts,(P — 9) = infi-5 Ts,(P—q) > infj-; min {Ts (p),Ts,(q)} 
-min{infj<5 Ts, (Pp), infjes Ts, (a)} 
=min{N jes Ts; (p), jes Ts; (a)! 

Ujes, Is, (p-)= SUP jes Is, (P — ) < Supjes max {Is,(p),1s,(4)} 
=max(supjes Is, (p), Supje5 Is, (@)} 
=max(U jes Is; (p), Ujes Is, (@)} 

Ujes Fs,(p-a)= SuPjes Fs,(P — 9) < supje5 max {F;,(p),F; (q)} 
=max{SUPje5 Fs, (p), SuPjes Fs, (Q)} 
=-max(U jes Fs; (p), Ujes Fs, (@)} 

(i)N js Ts,(Pa) = infjes Ts, (Pa) infjes T)P HN js Ts, (P) 
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Ujes 1s, (Pq)= SUP jes Is, (Pa)s suPje5 Is, (P)-Ujes Is, (P) 

Ujes Fs,(pq)= SUB jes Fs,(pq SUPjc5 Fs, (PU; Fs, (p) 

(ii) js Ts,(Pa) = infies Ts, (pa) infies Ts, (q)- Njes Ts, (a) 

Ujes Is; (Pq)= SUP jes Is, (Pa)< Supjes Is, (q)-U js Is, (a) 


Uies Fs, (pq)= SUP jeg Fs, (pq SUpjc5 Fs, (q)}-U je Fs, (q) 


Hence the Proof. 


3.7 Theorem 
Consider 5 as a NFX-SA of X, then the fuzzy set S of X/I, where I is an ideal of X defined by 


T;°(p+l)=SUPgex T's(p+q); 
15°(p+])=inf 1 Is(p+q); 
F5°(p+l)=infyey F5(p+q) 


isa NFX-SA_ of Quotient near-subtraction Semigroup x ff r 


Proof: 
Choose 1,m in X so that ]+]J=m+I. 
Then m=l+q where q in I. 


To prove that S is well-defined. 


T5°(m+l)=SUPye Ts(m+p) 
“SUPper 7's(I+q+p) 
= SUPg i p=ael T;(1+u) 
= T,°(1+1) 

T5°(m+])=int <1 [s(m+p) 
-infzer /s(1+q+p) 
=j — T,(1+u) 


= [5°(1+1) 
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F5°(m+l)=infer Fs(m+p) 

=i pel F (I+q+p) 

= inf, +p=ne1 Fy (l+u) 


= F,%(+1) 


Now 


()T's°((p+l)-(q4))2min{ Ts°(p+l), Ts%(q+1)} 
I5°((p+)-(qH))smax{ Is°(p+l), [s°(q+)} 
F5°((p+l)-(q+l))smax{ F5%(p+l), F5°(q+1)} 
Let pq in */;, 
(i)Ts°U(p+I)(q+) = Ts°(pqtl)=S4Pjex Ts(pqt!) 
= SUPj=zber Ts(pqtab) 
= SUP ber T's[(pta)(q+b)] 
>SUPge; {Ts(p+a)} 
=T;°(p+l) 
Is°((p+l)(q+l) |= Is°(pqtl)=ifier Is(pqt!) 
= infj=,be1 [s(pqr+ab) 
= inf, ,er/s[(pta)(q*b)] 
<inf,,<; (/s(p+a)} 
= 15°(p+l) 
F5[(p+l) (qt) = Fs°(pqtl)=ifher Fs (pq!) 
= infj=pe1 Fs (pqtab) 
= inflper Fe[(pta)(qtb)] 
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<inf, p cet {Fs (pta)} 


-F*(pH) 


(iii) Ts°[(p+]) (qt) = Ts°(pq+l)=SUPjex Ts(pqtl) 


Ts*[(p+I)(q+1)]- £s°(pqel) 


F5*(p+l)(qtl) = Fs°(pqtl) 


Hence the Proof. 


4. Conclusion 


= SUP =sber T's(pqtab) 
= SUP, per Ts[(pta)(q+b)] 
28UPser {Ts(q+b)} 
=T5°(q+l) 

=infje; [s(pqt!) 

= infj=sper Is(pqrtab) 

= inf, ,er/s[(p+a)(q*b)] 
<inf, -; {Is(q+b)} 

= [5°(g+l) 

=infle; Fs (pq!) 

= infj—sber F5(pqtab) 

= inf, yer Fs[(pta)(qtb)] 
<inf, pce {Fs (q+b)} 


-F5%(qH) 
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In the present manuscript, we have defined the Intersection, Complement set, Quotient Set 


of NFX-SA in Near subtraction Semi group. This research work can be extended to other types of 


ideals and other algebraic structures of Near Subtraction Semi groups. 
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Abstract: This paper deals with the modelling and optimization of health care management with 
particular reference to the Dietary Approaches to Stop Hypertension (DASH) diet problem in a 
neutrosophic environment. We have considered the degree of acceptance, indeterminacy, and 
rejection of objectives to express the DASH diet problem's vulnerability in modelling. Further, 
neutrosophic goal programming (NGP) by considering three different types of membership 
functions have been used to minimize the sum of deviation from the set goal. A case study has been 
discussed to determine an appropriate DASH diet based on cost and user preferences. The results 
indicated that goal programming (GP) and fuzzy goal programming (FGP) approach failed to 
provide the value of all the concerned decision variables related to different types of food. 
However, we can get all the concerned decision variables valuable for diet problems through NGP. 
The application developed in this study is a problem of optimization that provides users with a 
daily diet that contains all the necessary amounts of supplements with less expense. The 
fundamental fact of the DASH diet is not only to shed blood pressure however to decrease the 
circulatory strain of the body, and so that it can likewise enable the individuals who need to get in 
shape, lessen Cholesterol, and counteract diabetes. 


Keywords: Health care Management; DASH Diet; Neutrosophic Goal Programming. 


1. Introduction 


The heightened pressure (and boredom) will lead people to neglect their safe eating plans and 
binge on whatever is around. A substantial number of people globally have diabetes and other 
forms of infectious diseases, and a significant amount of money is spent on this chronic disease. It is 
essential to monitor the healthy plan with a suitable diet for patients suffering from lifestyle-related 
diseases. Carbohydrates usually involve foods like Bread, roti, rice, vegetable, and other food grains; 
throughout, consumption of these has been curtailed. Individuals work from home and might have 
neglected their regular schedule, so they have found that their dietary patterns go for a flip. His/Her 
may contribute to two primary factors— One, they might end up eating and drinking healthier foods 
during the day and having too much unhealthier food when they feel depressed or anxious. A 
nutritious and balanced diet and physical activity are the most common and effective means to 
maintain a healthier body. There are different diets with a broad array of targets. A diet may be used 
to promote weight loss, ensure the maintenance of muscle mass, reduce premature weight gain 
during breastfeeding or regulate many chronic diseases such as cardiovascular disease, 
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hypertension and kidney disease. The "Diet Problem" (the quest for a low-cost diet that can satisfy a 
soldier's dietary needs) is distinguished by a lengthy background, while in 2000 or later, most 
approaches to similar diet problems were created, after which computers with massive computation 
capacities were readily accessible, and linear programming (L.P.) techniques were established. 

Operations Research approaches provide an essential and efficient resource for grappling with 
many healthcare issues. Bailey [1] wrote an article related to a queuing methodology to examine 
waiting times and appointments in hospital emergency services, which is believed to be the first 
optimization research to be applied to health care management. One of Operations Research's most 
effective techniques is the L.P. technique that can be extended to many nutritional problems relevant 
to food relief, regional food services, and specific dietary recommendations. Most researchers have 
used dietary limitations and cost limitations to evaluate dietary challenges and alternatives, 
although these work revealed vulnerabilities in the circumstances with a limited number of food 
products and nutritional restrictions. Effective strategies were obtained for diet problems using L.P. 
techniques (Smith [2]; Dantzig [3]; Fletcher [4]). However, while this strategy gives the greatest 
solution to the problem (the cheapest diet), the resulting diet looks to be both distasteful (requiring 
the consumption of the same items every day) and impracticable (specifying excessive quantities of 
the food types chosen). Dantzig [5] utilized L.P. to simulate optimal meal patterns under a number 
of limitations. Khoshbakht [6] wanted to see how a DASH diet affected youngsters with attention 
deficit hyperactivity disorder (ages 6-12 years). Paidipati et al. [7] provided some dependable 
approaches for determining optimal menu planning utilizing GP and reduced the variations of over 
and under accomplishment for suitable meal menu selection with varied energy (calorie) levels. A 
neutrosophic logic set was invented by Smarandache [8]. Brouni and Smarandache [9] investigated 
interval neutrosophic set (N.S.) and proposed a new operation on interval neutrosophic numbers. In 
a real-world example, Abdel-Basset et al. [10] proposed a strategy for addressing the L.P. issue in 
which N.S. theory plays a critical role. Their parameters were represented by a trapezoidal 
neutrosophic number, and a neutrosophic L.P. model approach was proposed. To cope with 
multi-production planning difficulties, Khan et al. [11] suggested an unique multi-objective model 
operating in an intuitionistic and Neutrosophic context. 

This research aims to develop a new mathematical model that generates hypocaloric diets with 
high protein content. The mathematical model has two goals: the one is to reduce the diet's calorie 
count, and the other is to minimize the diet's expense along with some restrictions in the form of 
constraints, i.e., amount of the Fat, amount of the Sodium, amount of the Cholesterol, amount of the 
saturated Fat, amount of the Calcium, amount of the Magnesium, amount of the Fibre, amount of the 
Potassium in the food. The model has been formulated in an uncertain environment and solved 
using a NGP approach. The results have also been compared with the GP approach and FGP 
approach. 

The following is how the rest of the paper is structured: Section 2 is an overview of the literature 
on health care administration, diet management, NGP; Section 3 deals with the model formulation of 
the concerned problem along with preliminaries related to N.S. theory; computational experiment is 
performed in Section 4; and finally, in the last segment closing remarks are made. 


2. Literature Review 


There is comprehensive literature available on management strategies for managing health care 
services. One of the most often discussed topics is hospital resource management, focusing on staff 
workforce planning and correct nutritional capital distribution. Healthcare management's 
complexity and significance cannot be overstated, and optimization techniques have become a 
commonly employed healthcare management technique. Guo et al. [12] proposed a bi-objective 
distribution model for Community-based health resources assessment. The model explores a 
cost-price trade-off, where the price is represented as the overall number of demand nodes 
providing service over a defined distance threshold. Harris [13] used a non-linear modelling model 
to assess resource distribution in a multi-site needle exchange network to accomplish the highest 
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potential decrease at reduced risk of new HIV infections. Benneyan et al. [14] implemented a 
destination-allocation model for long-term decision-making in the Veterans Health Management 
market. The objective feature is a weighted total of competing factors, including travel time, 
unoccupied ability and obscured demands. Giines et al. [15] proposed an allocation based model for 
implementing a primary health network. Three parameters are listed individually as usability 
factors, including the maximization of reach, attendance, and overall travel distance. M'Hallah and 
Alkhabbaz [16] examine the usage of the operational techniques in scheduling a Kuwaiti hospital 
recognizing specific restrictions on ethnicity, class, and nationality. They proposed a mixed integer 
L.P. model to reduce the number of nurses outsourced. Turgay and Taskin [17] presented a FGP 
model using exponential membership function to solve the healthcare model for efficient 
management solution and explained with data produced by a medical facility in Turkey-Sakarya. 
Jafari and Salmasi [18] established a mathematical programming metaheuristic method to optimize 
nursing priorities by analyzing patient and local policies and nurses’ roles in Iran government 
hospitals. Because of the fluctuation of demands, Singh and Goh [19] proposed a pharmaceutical 
supply chain model comprising several raw material manufacturers, producers, and service centres 
of multiple hospitals. The developed model combined supply chain planning approaches from raw 
material sourcing to optimal drugs to hospital-level delivery plans. Yazdani et al. [20] addressed the 
control of healthcare waste disposal, which can create severe healthcare staff, patients, and the 
general population and suggested a novel best-worst approach of approximate interval figures due 
to the shortage of accurate information. 


The importance of diet planning is not hidden to anyone, and in the past author used 
optimization techniques to get the desired amount of diet required for a healthier body. Eghbali et al. 
[21] addressed the human diet concern in a fuzzy context by considering nutritional diet 
variables-including taste and size, the volume of nutrients and their dietary intake. Mamat et al. [22] 
built a Fuzzy L.P. model for balanced diet planning that carries various nutrients a few times a day 
for each person. Eghbali et al. [23] addressed the application of fuzzy L.P. in diet meal preparation 
for eating disorders and lifestyle linked with illness. The formula is used to measure the volume of 
nutrients in the day to day routine. Fourer et al. [24] created an L.P. model to serve a week of fixed 
nutritious material from the mix of economic foods such as meat, macaroni, spaghetti and others. 
Another approach was generalized to produce the problem formulation of fish feeds, which would 
improve fish productivity (Nath and Talukdar [25]). Ali et al. [26] developed a quantitative diet 
planning model that satisfies the high school student has required nutritional consumption and 
minimizes a budget. Using an optimization approach coupled with 0-1 Integer Programming, the 
problem was solved. Ducrot et al. [27] studied the relation between meal preparation and diet 
consistency, including adherence to dietary recommendations and various foods and weight status. 
Eghbali-Zarch et al. [28] built a novel multi-objective mixed integer L.P. model to structure the diet 
plans for patients who have diabetes. The model's goals are to reduce the overall volume of 
saturated Fat, caffeine, Cholesterol, and the overall diet plan costs. The model's restrictions satisfy 
the body's nutritional needs and the complex regulation of each individual's diet. Sheng and 
Sufahani [29] addressed using integer programming to construct the quantitative diet planning 
design for eczema patients to cut diet costs by achieving the required amounts of nutrients, 
preventing food allergens and bringing other items into the diet that relieve eczema. Ghorabi et al. 
[30] reported their findings on the relationship between adherence to the dietary methods to stop 
hypertension (DASH) diet and metabolic syndrome and its components. Rodriguez et al. [31] 
investigated the effects of a Transtheoretical model-based personalized behavioral intervention, a 
non-tailored intervention, and usual care on the DASH eating pattern. According to Farhadnejad et 
al. [32], following the DASH diet may be beneficial in reducing metabolic abnormalities in 
overweight and obese people. Pirozeh et al. [33] described the DASH diet, which contains several 
antioxidants and helps to reduce oxidative stress. Soltani et al. [34] conducted a comprehensive 
review and meta-analysis to investigate the linear and non-linear dose-response relationship 
between DASH diet adherence and the causes of particular mortality. Khan et al. [35] discussed a 
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daily diet model and minimized the cost of diet, Saturated Fat and carbohydrate. The diet model 
was solved by fuzzy multi-objective GP to satisfy daily nutrients and compared different methods. 
Kim et al. [36] investigated the similarity of metabolic urine maker and Serum metabolomic markers 
of the Dietary Approaches to Stop Hypertension (DASH) diet was reported. Ahmed et al. [37] 
presented a bipolar single-valued neutrosophic issue and used the score function to convert the 
fuzzy set into a crisp L.P. problem. Ahmed [38] defined the ranking function for transforming 
LR-type single-valued neutrosophic numbers and proposed a method for solving the LR-type 
single-valued neutrosophic L.P. problem using the transformation methodology. Das et al. [39] 
proposed the notion of single-valued neutrosophic numbers and a computer approach for solving 
the trapezoidal neutrosophic L.P. problem using the ranking function. Das and Edalatpanah [40] 
examined the diet issue using the Pythagorean fuzzy idea and used the score function to convert 
proportionate crisp L.P. issues; and proposed a unique technique for addressing the L.P. problem 
using Pythagorean fuzzy numbers. Das et al. [41] presented a theoretical study of completely fuzzy 
L.P. and solved it using the lexicographic ordering approach. 


3. Model Formulation 

This paper has considered one of the essential healthcare management applications, i.e., the 
balanced diet problem. A healthy or balanced diet gives the body essential nutrients to function 
adequately. We eat much of the daily calories in fresh fruits, fresh herbs, rice, legumes, nuts, and 
lean proteins to get the diet's best nutrients. The calorie count of a meal is a calculation of the amount 
of energy contained in that product. In walking, speaking, swallowing and other essential tasks, the 
body utilizes calories from food. To preserve well-being, the average individual requires to consume 
around 2,000 calories per day. 

Nevertheless, the same daily intake of calories may differ based on age, gender and degree of 
physical activity. People require more calories than women in general, and people who work out 
need to get more calories than people who do not. It is necessary to have a healthy diet since our 
organs and tissues need proper nutrition to function effectively. The body is more vulnerable to 
illness, exhaustion and reduced results without adequate nutrition. Children with a low diet run the 
risk of rising and developing problems, poor academic results, and bad eating habits that last for the 
rest of their lives. Keeping this thing in mind, we have considered the DASH diet problem for our 
model formulation. The DASH diet demonstrates the appropriate portion sizes, food diversity and 
nutrients and finds out how to improve health and reduce blood pressure. The DASH diet 
emphasizes veggies, fruits and low-fat dairy products with reasonable amounts of whole grains, 
meats, poultry and nuts. The diet is influencing the body in many respects: 

e With the help of the DASH diet, healthy people and high blood pressure can reduce blood 

pressure. 

e People cut out lots of high-fat with the DASH diet aid and may notice that they effectively 

reduce calorie intake and assist in weight reduction. 

e There is a reduced chance of certain tumours with the DASH diet, including colorectal. 

e The DASH diet decreases cardiovascular disease risk by as much as 81%. 

e The DASH diet helps in reducing type 2 diabetes. 

The following decision variables and parameters are used for the model formulation: 
Nomenclature 


Decision Variable: 


Xx; Optimal quantity of food items 


Parameters: 


Cc 


pj Diet Cost of the j'" Food Item 
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Calorie in the j" Food Item 


Content/amount of the Fat in the j* Food Item 


Tolerable maximum input level of the Total Fat 


Content/amount of the Sodium in the j*" Food Item 


Tolerable maximum input level of the Sodium 


Content/amount of the Cholesterol in the j* Food Item 


Tolerable maximum input level of the Cholesterol 


Content/amount of the Saturated Fat in the j** Food Item 


Tolerable maximum input level of the total Saturated Fat 


Content/amount of the Calcium in the j‘" Food Item 


Tolerable minimum input level of the Calcium 


Content/amount of the Magnesium in the j* Food Item 


Tolerable minimum input level of the Magnesium 


Content/amount of the Fibre in the j" Food Item 


Tolerable minimum input level of the Fibre 


Content/amount of the Potassium in the j*" Food Item 


Tolerable minimum input level of the Potassium 


Weight of the j" Food Item 


Maximum amount of all food 


Estimated minimum number of daily servings of the j'" food item for calorie level c 


Estimated maximum number of daily servings of the j" food item for calorie level 
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With all these above define parameters and decision variables, the problem has been formulated as 


follows: 
In our considered DASH diet model, let x, (j =1,2,....7) be the different types of food items 
required for the proper diet, and it works as a decision variable for us. The cost of serving and 


calories of each food item is CoC UG =1,2,...,7)- Then the objective function will be formulated as: 


Mind => Cx, (1) 
j=l 
MinZ, => ¢,%; (2) 


j=l 


The non-negative constraints of the model satisfy the nutrients requirements of the diet. The 


left-hand side of the non-negative constraints is the food items’ nutrient contents based on the DASH 


concerning nutrients. The DASH research suggested that Sodium, Saturated Fat, Total Fat and 


Cholesterol be taken less and Magnesium, Potassium, Calcium, and Fibre be taken more to reduce 


the human body's high blood pressure. 


Then the non-negative constraints are as follow: 


> f,X; <F,, Constraint for Total Fat (3) 
jal 
VsqX, <S,, Constraint for Sodium (4) 
fl 
> Cyr =Cp Constraint for Cholesterol (5) 
fl 
vs, Ree S75 Constraint for Saturated Fat (6) 
fl 
x Cun, ACs Constraint for Calcium (7) 
jl 
x m,x, 2M,, Constraint for Magnesium (8) 
jl 
x fiphg 2s Constraint for Fibre (9) 
jl 
x p,x; 2P,, Constraint on Potassium (10) 
j=l 
x Wx, 2W,, Constraint for Food Weight (11) 
j=l 
Sie SX; < Si, Upper and lower limit of the daily serving (12) 
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The conceptual frameworks for analyzing health care management difficulties are frequently used to 
examine various success measures, which may be further subdivided into economic performance 
metrics and quality of service metrics. The existence of contradictory objective functions necessitates 
an ideal universal method to considering a viable response. In contrast, in recent years, 
modifications or generalizations of fuzzy set and intuitionistic fuzzy set (IFS) have been confronted 
with the concept that there is a degree of determinism in real existence, and as a result, a set known 
as N.S. has emerged. Smarandache suggested the concept of N.S. [42]. The term "neutosophic" is a 
mixture of two words: the French word "Neutre" means "neutral," and the Greek word "Sophia" 
means "talent." The concept of indeterminacy in N.S. helps to the possible scope of study in this area. 
The NGP technique was created based on the N.S. principle to find the optimum compromise 
solution for the multi-objective optimization issue. 
The NGP involves three membership characteristics: maximizing reality "belongingness," 
indeterminacy "belongingness to some extent," and eliminating falsehood "non-belongingness." 
Abdel-Basset et al. [10] proposed and developed an effective approach for solving completely 
neutrosophic L.P. in production planning. Liu and Teng [43] proposed certain standard 
neutrosophic operators based on particular neutrosophic numbers and constructed a multi-criteria 
decision-making model based on the generic weighted power mean neutrosophic number operator. 
Rizk-Allah et al. [44] posed the transportation issue in a neutrosophic setting and enhanced the 
results achieved with existing approaches by computing the classification degree with the TOPSIS 
method. For example, if 0.6 is the chance that the diet is healthy, 0.3 is the diet that is not healthy, and 
0.1 is the diet about which we are unsure. In this scenario, this type of linguistic ambiguity or 
inaccuracy extends beyond the bounds of a fuzzy and IFS in order to make the correct judgment. As 
a result, the neutrosophic decision-based optimization strategy is more applicable to real-world 
optimization problems than other well-known approaches since it works with three membership 
functions, namely truth, indeterminacy, and a false membership function. The indeterminacy 
membership functionality, on the other hand, cannot be accepted by the fuzzy and intuitive fuzzy 
decision set. Some of the necessary preliminaries belong to N.S. has been taken from (Ali et al. [45]; 
Abdel-Baset et al. [46]; Haq et al. [47]; Gupta et al. [48]) and are given below: 
Definition 1: A real fuzzy number x is a continuous fuzzy subset from the real line 9% whose 
triangular membership function a@,(x) is defined by a continuous mapping from in the closed 
interval [0,1], where 

1. ay(x)=0VxE(-~,x,], 

2. a;(x) to be strictly increasing on x €[x,,m], 

3. az(x)=lfor x=m, 

4. a(x) to be strictly decreasing on xe[m,x,], 

5. Ay(x) =0V x E(x,,+0] 


It is elicited by: 
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> 4 Sx<m, 
Xy—-Xx 
az(x) = » MSXSX, 
0, otherwise 


az(X) 


Fig. 1: Membership Function x 


Where ™ isatargeted value and x, andx, denote the value of the lower and upper bound. In this 
case, we obtain 


ee a [ain ==2., =< |) 


m-X, X,-—m 
Definition 2: Let T= {t,,t,,...t,} isa fixed non-empty universe, anIFS X in T is defined as 


X= ((e, ay(t),7x(O)\t € Th, 


which is characterized by a membership function a, :T [0,1] and a non-membership function 
Vy:To [0,1] with the condition 0<a,()+vy()<1VteT where a,(t) and y,(t) represent, 
respectively, the degree of membership and non-membership of the element ¢ to the set YX . Also, 
foreach IFS X in T,z,(t)=l-a,y()+7,y@)VteT is called the degree of hesitation of the element 
tto the set X . Significantly if 7,(¢)=0, then the IFS X is degraded to a fuzzy set. 

Definition 3: The a-level set of the fuzzy parameters xX in definition (1) is defined as the ordinary 


set L,(%) for which the degree of membership function exceeds the level, a, a €[0,1|, where 


L, (%) = {xe Rla;(x) >a}, 


for specific values a, to be in the unit interval. 


Definition 4: Let 7 is an object andte7.A N.S. Xin T is defined by a truth membership 


function (tf), an indeterminacy membership function (¢) and a falsity membership function(f) . It 
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has shown in figure 2. Truth-membership function (t) , indeterminacy membership function (t) and 


falsity-membership function (t) are real standard or real nonstandard subsets of bur. That 


isT,():T> ba [ I,@:T> b-r[ana Fy(t):T> burl. There are no restrictions on the sum of 
truth-membership function (¢) , indeterminacy membership function (¢) and falsity-membership 
function (¢t) ,0° <sup7,(¢) < sup/, (1) < Fy (4) <3". 


In the following, we adopt the notations Ay (x), By(x)andy,y(x) instead of 
Ty(, Ly (@ and F, (1) respectively. 
Definition 5: Let 7 is a universe of discourse. A single-valued neutrosophic (SVN) set X over 


T is an object having the form 
X= {a0 8eO.7e0):t TI, 


where a, (t):T >[0,1} By ():T > [0,1Jandy, (0:7 [0,1] with 0<a,(@)+ By +7, <3VtET. 
The intervals ay(t),f,(@) andy,(t) denote the truth membership’ degree, _ the 
indeterminacy-membership degree and the falsity membership degree of ¢ to_X, respect. 

For convenience, an SVN number is denoted by X=(a,b,c), where a,b,c €[0,l] and 


atb+c<3. 


Truth membership 
fimetiorn 


Incdeterminacy 4 
membership 
function 


Falsity membership 
function 


xy ‘, 


Fig. 2: Neutrosophication Process 


Definition 6: Let x is a neutrosophic number in the set of real numbers ‘, then its 


truth-membership function is 


xa, 
—; a, <xSa, 
a, — a, 
a,—-Xx 
ay (x) =41+—-+—, a, <x<a, 
a; — a, 
0, otherwise 


its indeterminacy-membership function is 
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x—b, 
b, 6," 
b,-x 
7 = 1+—2— _, 
By(x)= 41452 
0, 


and its falsity-membership function is 


12 
C)-c, 
C, -—XxX 
yAx)=y1-— 
C;—C, 
0, 
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otherwise 


C, <x Se, 


otherwise 


Let Z,,k=1,2 be the objective function with the target value 7,, acceptance tolerance limit A,, 


Indeterminacy tolerance limit [,, rejection tolerance limit R,. Then, the Truth Membership, 


Indeterminacy Membership and Falsity membership Functions will be defined as follows: 


Truth membership function 


I, 
Z,-T, 
Baye e. 
k 


0, 
Indeterminacy membership function 

0, 

Z,—1, 


° 


I i, 
< oP : 1 (Z, =e +7,)) 


A, -I, 


0, 
Falsity membership function 

0, 

(Z, -T,) 


F 
Z\8 See 
7%, (Z,) R, 


Lee Es 
ifP<7. <f 4A. (13) 


ifZ, >T, +4, 


iZ a7 


a Occ Aiea! ae 


(14) 
Wie tl SA OST A, 


ifZ, 2T, + A, 


ifZ.< 
fT <Z,<T4R, (15) 


if Z, >T,+R, 
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qT; T, +1, Tr +Ae T +R 


k 


Fig. 3: Truth, Indeterminacy and Falsity Membership Functions for Z, 
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To solve the above formulated multi-objective programming problem of the DASH diet, we have 


used the NGP approach by using the Truth, Indeterminacy and Falsity Membership Functions, and 


therefore further, the problem can be re-written as: 


Min (1- arf Y~B.).76 

a, 2 y= ay; ka1 2) K 
Be ZoIehe k =1,2,...,K 
HAL aig HAND. oR 


n n 
Dit) SF LVsgX) <Sa> 
fl fl 


Xx; S Six J =1,2,...50 
0<a,+f, +7, $3 
A %, 29,8, 51, Oy, Bis Ve < [0,1] 


where Maxa,,Max $B are equivalent to Min(l1—a@!),Min(1-£,) respectively 


0<a,, B, <1.If we take (l-a@, )(1—- 8), =v, then the problem further reduces to: 


for 
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Min v, 
(l-a@,)d-B)y, =% 


x: S Sic ee arly 


= 
J Lic? J 


a, (Z,) = a, f(Z,)=Pis %,(Z)=%; kak 
0<a,+f, +7, $3, a7, 29,6, <1, a, Bi.» < [0,1] 


4. Case Study 
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The developed diet model is explained using a collection of the real data set (Iwuji et al. [49]; Iwuji 


and Agwu [50]). Here we assessed the situation where a person wanted the best DASH Diet plan 


with 2000 calories. Table 1 indicates the required calories needed by male and female individuals in 


some age groups and activity rates. Here we offer a random set of 8 sample foods from the different 


food groups (i.e. wheat, beans, fruits, low-fat milk items, Fish and nuts) for the DASH diet and the 


maximum and minimum intake level of the nutrients. The foods packages with their nutrient 


composition, weight (in grams), requirements, availability and cost, are shown in Tables 2 and 3. 


Table 1: DASH daily calorie chart for the different levels of activities 


Gender | Age Calorie needed for each activity level 
Sedentary Moderately Active Active 

Male 19-30 2400 2600-2800 3000 
31-50 2200 2400-2600 2800-3000 
51+ 2000 2200-2400 2400-2800 

Female | 19-30 2000 2000-2200 2400 
31-50 1800 2000 2200 
51+ 1600 1800 2000-2200 


Table 2: Foods with their nutrient composition, weight (in grams), requirements 


Nutrients Foods 
Carrot | Ground | Bread Sweet Milk | Orange | Water Fish Max./Min. 
Nut (Whole | Potato (Low Melon | (Grilled) | requirement 
Wheat) | (Boiled) Fat) 
Total Fat 0.24 11.48 0.58 0.30 0.10 0.48 0.16 4.10 S68 
Sodium 33.60 1.50 124.80 15.00 8.10 3.20 2.40 73.00 <1500 
(mg) 
Cholesterol | 0 0 0 0 3.00 0 0 0.29 $129 
(mg) 
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Saturated 0 1.55 0.20 0 0.60 0 0 34.00 <16 
Fat (g) 
Calcium 28 4.25 12.25 24 25 49.6 5.6 40 2 1334 
(mg) 
Magnesium | 9.6 47.75 13.25 14 24 17.6 8 43 2542 
(mg) 
Fiber (g) 2.48 2.33 1.55 3 0 2.72 0.29 0 234 
Potassium 212.8 181.75 56.5 264 31 262.6 87.2 397 24721 
(mg) 
Weight per | 80 25 25 100 2 160 80 100 <4000 
serving of 
Foods (g) 
Table 3: Minimum and maximum Availability of Foods with cost and Calorie 
Carrot Ground | Bread Sweet Milk Orange | Water Fish 
Nut (Whole Potato (Low Fat) Melon | (Grille 
Wheat) (Boiled) d) 
Minimum 4 0 3 4 6 4 4 0 
Availability 
Maximum 20 1 8 6 9 8 9 6 
Availability 
Cost of per | 15 20 15 15 30 15 15 50 
serving of Food 
($) 
Calorie 28 144.5 58.5 90 7 72 23.2 151 


Cost per serving of the foods and their nutrient information with the maximum and minimum 


intake level; the estimated minimum and the maximum number of servings of foods into the 


above-formulated DASH diet model. The above-given table values, with the Target value (7,), 


acceptance tolerance limit (4,), Indeterminacy tolerance limit (/,), Rejection tolerance 


limit (R, ), for k objectives are shown in Table 4. 


Table 4: Target value, Acceptance, Indeterminacy and Rejection Tolerance Limit 


Target Value Acceptance Indeterminacy Rejection Tolerance 
k Tolerance Limit Limit 
ve Tolerance Limit Ae 
ie R, 
1. 825 150 100 200 
2. 2000 600 400 700 


Using the table (3) value; Truth, Indeterminacy and Falsity membership Functions have been 


constructed as: 
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Truth Membership Function 
1, if Z, $825 1, if Z, < 2000 


Z, —82 Z,-2 
itis Oe) if 825<Z,<975, a} (Z,)= pee 
150 600 
0, if Z, =975 0, if Z, => 2600 


al (Z,)=41 if 2000 < Z, < 2600 


Indeterminacy Membership Function 


0, if Z, < 825 0, if Z, < 2000 
_ Z,—-2 
ne if 825 < Z, < 925 ane: if 2000 < Z, < 2400 
B(Z,) = , Bb Z,)= 

- Z, —24 

1-41-95) ig gps <z, < 975 j — 22 = 2400) if 2400 <Z, < 2600 
50 200 

0, if Z, > 975 0, if Z, > 2600 


Falsity Membership Function 


0 if Z, <825 0, if Z, < 2000 
Z, — 825) . (Z, — 2000) ; 
F(z,j=4$ A) iggns<z, <1025 y*(Z,)=4 2, _if 2000< Z, < 2700 
7m (Z,) 200 1 aa >) 700 1 2 
° Mere eS ik if Z, => 2700 


Using all the membership functions in the NCG model, finally, it has been solved using the 
optimizing software LINGO 16.0. The optimal compromise solution for the proposed model is 
summarized in Table 5. 


Table 5: Optimal Compromise Daily Diet Plan 


Foods Daily Serving Cost of Servings Calorie available in 
Sizes ($) the foods 

Carrot (cut up) 20 300.00 560.00 
Groundnut (boiled, without salt) 0.7158484 14.31 103.44 
Bread (whole wheat) 3 45.00 175.50 
Sweet potato (boiled, without salt) 5.427117 81.40 488.44 
Milk (low fat, skimmed) (' 00gm) Ze 210.00 49.00 
Orange 8 120.00 576.00 
Watermelon 4 60.00 92.80 
Fish (grilled, without salt) 0.2439209 12.20 36.83 
Optimal daily diet cost 842.91 

Total calories 2082.01 


The proposed healthy diet is composed of 20 servings of carrots, 0.7158484mg of Groundnut (boiled, 
without salt), three servings of Bread (whole wheat), around five servings of Sweet potato (boiled, 
without salt), around 700gm serving of Milk (low Fat, skimmed), around eight serving of Orange, 
around four serving of Watermelon, and around 0.2439209mg of Fish (grilled, without salt). The 
graphical representation of the compromise solution and the proposed model's membership values 


is shown in Fig. 4 and Fig. 5, respectively. 
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Diet Solution 


25 
20 
15 
10 
. a i i 
_ # a 
Ground xem ~— Milk (Low Water Fish 
Carrot | Nut (Whole Potato Fat) Orange Melon | (Grilled) 
Wheat) | (Boiled) 
™ Quantity 20 0.7158484 3 5.427117 Z 8 4 0.24392 


Fig. 4: The Optimal Compromise Solution 


0 ] eal =a 


Truth Membership indeterminacy Membership Falsity Membership 
@7Z1 0.8805349 0.1791977 0.08959885 
#22 0.8633122 0.2050317 0.117161 


Fig. 5: Membership values of the proposed model 


Table 6 compares the proposed approach with the famous GP approach and the FGP approach. 


Table 6: Comparison of Results 


Food Carrot | Groundnut | Bread | Sweet Milk Orange | Water | Fish 
(cut up) | (boiled, (whol | potato (low Fat, melon | (grilled, 
without e (boiled, skimmed without 
salt) whea | without | ) salt) 
t) salt) 
Proposed 20 0.7158484 3 5.427117 7 8 4 0.2439209 
Approach 
GP 0 2.8 11 0 3.9 0 39.7 0.02 
FGP 0 1.8 7 0 4.7 0 34.1 0.02 
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40 
35 
30 
25 
20 
15 
10 
5 —— allen dh a fo 8 — 
Carrot Ground Bread Sweet Milk Orange Water Fish 
(cutup) nut (whole potato (low melon | (grilled, 
(boiled, wheat) (boiled,| fat, without 
without without | skimme salt) 
salt) salt) d) | | 
®@ Proposed Approach 20 0.7158484 3 5.427117 7 8 4 0.2439209 
® Goal Programming ie) 2.8 11 0 3.9 0 39.7 0.02 
* Fuzzy Programming 0 1.8 7 0 47 0 34.1 0.02 


Fig. 6: Comparison of Result 

Table 5 and Fig. 6 show our proposed method's supremacy over GP and FGP approach. The results 
indicated that GP and FGP approach failed to provide the value of all the concerned decision 
variables, but through the NGP, we can get all the concerned decision variables that are very 
important for diet problems. There are other behaviours that people can follow to improve their 
good well-being and the general standard of wellness. Making sure that one consumes a 
well-planned diet is essential. Nutrients, carbohydrates and minerals can be incorporated into a 
daily diet. They will also concentrate on including nuts, beans, fruits and vegetables in their diet, 
alongside garlic and garlic. It is therefore essential to take caution to reduce processed carbs and turn 
to foods containing natural carbs. 

The right amount of nutrition is much more important in situations where the immune 
system may need to strike back to protect from infections. Eating a diverse, nutritious diet is the 
easiest way to achieve a full range of nutrients like micronutrients and vitamins. This will also 
reduce the chances of various severe health problems, including obesity, type 2 diabetes and cardiac 
failure. There is growing proof that vitamin D can have intestinal safety benefits. Recently, a report 
has suggested that vitamin d consumption are linked to higher death rates. Dietary Fibre lets you 
shed weight and reduce belly fat, lowering the chances of diabetes and cardiac failure. This 
encourages better gut microbes and leads to a balanced immune system. A tasty and healthy diet — 
comprising of lots of fresh fruits, leafy green vegetables — together with physical exercise can 


improve our immunity and keep us fit. 


6. Motivation and Contribution 


This work is prompted by a research topic in NGP that has the potential to capture decision-makers. 
The following are the study's contributions: 
i. It contributes to the existing literature on the DASH Diet issue. 
ii. ii. Solution strategies for multi-objective multi-product problem formulation are described in a 
case study. 
iii. For the DASH Diet, a novel technique based on neutrosophic was used in this study. 


The technique is compared to GP and FGP, with the conclusion demonstrating that the proposed 


work is superior. 
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6. Conclusion 

The human body needs foods with low sodium content, saturated Fat, total Fat, and Cholesterol, 
although high in Potassium, Magnesium, Calcium, and Fibre. The DASH diet has difficulty making 
regular dietary schedules that fulfil the tolerable consumption rates of nutrients of the diets at a 
defined expenditure dependent on the required daily calorie and sodium amounts by the persons 
involved to minimize elevated blood pressure and other diseases. Here, to find out the optimum 
solution of the formulated multi-objective DASH diet optimization model, we implemented a 
neutrosophic optimization approach by combining three different types of membership functions, 
i.e., Truth, Indeterminacy and Falsity. In the formulated model, our main aim is to concurrently 
optimize calorie consumption and diet cost by minimizing the deviation from the set goal. The 
formulated DASH diet NGP model has turned into a crisp type model by utilizing truth, 
indeterminacy, and falsity membership functions. The GP and FGP approach failed to provide the 
value of all the concerned decision variables, but through the NGP, we can get all the concerned 
decision variables that are very important for diet problems. The finding obtained in the 
neutrosophic optimization approach contrasts with the GP and FGP approaches. It demonstrates 
that the NGP approach gives a more transparent and accurate solution and is a useful optimization 


technique than the other current method. 
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Abstract: An _ intuitionistic multi-objective programming problem with interval-valued 
trapezoidal neutrosophic (IVTN) and multi-choice interval type has been considered in this paper. 
The coefficients of objective functions and parameters of the left side of the constraints are in the 
multi-choice environment, and the right-hand side of the constraints are in the IVTN number type. 
The formulated problem's multi-choice parameters were transformed into the deterministic form 
using the binary variable transformation technique. A procedure is defined to change the IVITN 
number into the deterministic form. Then, intuitionistic fuzzy programming (IFP) with two 
different scalarization models has been used to achieve each membership goal's highest degree and 
obtain a satisfactory decision-making solution. Finally, a numerical case study for production 
planning (PP) is explored to validate the work's efficiency and usefulness. 


Keywords: Multi-objective programming, multi-choice, interval-valued trapezoidal neutrosophic 
number, intuitionistic fuzzy programming. 


1. Introduction 


In PP, a well-organized approach is used in which raw materials are transformed into an 
optimal quantity of the final products to maintain the performance and quality of the item. The main 
aim of PP is to comprehend consumer conditions and demands and improve the product design and 
other enhancements to meet customers’ needs while achieving a desirable profit. The universal 
character of machinery must be used for a specific resource to determine the number of items for the 
specific time, product categories, labour character classification, and manufacturing process (cycle). 
Customers who demand resistance in the PP process and further reflection on comfort service rates 
and organizational benefit are influenced by the firm's profit and level of service planning. The 
manufacturing processes are streamlined to win the company struggle in the global marketplace. 
Nowadays, industry experts and analysts use optimization methods for the PP models to ensure 
maximum benefit with minimum unit production. Mosadegh et al. [33] addressed four criteria: idle 
time and overtime, employment size, inventory and scarcity, and currency preservation. Jaggi et al. 
[20] described the multi-objective PP problem under certain conditions for a lock industry. Ghosh 
and Mondal [12] discussed a production-distribution planning model and found a suitable solution 
using the genetic algorithm and a two-echelon supply chain. Gupta et al.(2019) [14] discussed certain 
and uncertain environments for a two-stage transportation problem and used fuzzy goal 
programming to find a compromise solution. 
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The experts or decision-makers fixed the mathematical problem's parameter. In real-life 
scenarios, the parameters are unknown, and the parameters of the optimization problem have 
become either random or fuzzy variables. In this study, the problem's parameters are in the form of a 
multi-choice or IVIN number. The multi-choice programming problem avoids the wastage of 
resources and chooses the best resource. Such problems arise in finance, health care, manufacturing, 
agriculture, transportation, engineering, military, and technology. 


2. Literature Review 


The most critical activity in the manufacturing process is PP. Manufacturing firms establish a 
development schedule at the start of each fiscal year. The ideal development schedule provides a 
complete picture of how many products will be manufactured during each period and the demand 
for each period over the fiscal year. The production schedule may be carried out regularly, monthly, 
yearly, or even annually, depending on the product's demand. Production scheduling is the process 
of allocating available production capacity over time to meet certain requirements such as delivery 
time, cost, supply and demand. Machine capacity planning, production management, 
transportation, and freight schedules are all examples of production-related issues. Over the last two 
decades, international competitions, technical advances, and market dynamics have impacted the 
manufacturing sector. The majority of PP issues are multi-objective. The researchers used the 
e-constraint approach to reduce a multi-objective problem to a single goal. The problem of 
organizing the output and distribution functions was explored by Chandra and Fisher [4]. A single 
plant with multi-commodity, multi-period manufacturing environments produces products 
processed in the plant before being shipped to consumers. Yan et al. [45] defined a strategic 
production-distribution model with multiple manufacturers, distribution centres, retailers, and 
consumers in which multiple goods are produced in a single cycle. The fuzzy multi-objective linear 
programming model effectively solves real-world PP problems. Nowadays, businesses seek to 
achieve more than one target goals to improve the PP system's consistency and response. The 
concept of fuzzy set was developed by Zadeh [46]. Zimmermann [49] applied the fuzzy linear 
programming approaches to the linear vector maximum problem. 

In multi-choice programming problems, the decision-maker can consider many options for a 
parameter problem, but only one must be chosen to optimize the goal value. Healey [17] introduced 
the concept of multi-choice and considered a case study on the mixed-integer programming 
problem. Chang [5,6] formulated the multi-choice programming problem with binary variables and 
suggested a modified approach for the multi-choice objective programming model. Biswal and 
Acharya [2] recommended the generalized transformation technique for solving multi-choice linear 
programming problems in which constraints parameters are bound to certain multi-choices. Haq et 
al. [15] used fuzzy goal programming to solve the optimal case study's PP problem. Khan et al. [23] 
discussed the IVTN number and used neutrosophic and intuitionistic fuzzy programming to solve a 
PP problem. Haq et al. [16] discussed the neutrosophic fuzzy programming for the sustainable 
development goal’s problem. Oluyisola et al. [34] prescribed a methodology for designing and 
developing a smart PP and control system and discussed PP and control challenges in 
manufacturing technologies for planning environment characteristics. Lohmer and Lasch [28] 
studied the multi-factory PP and scheduling problems; and classified the literature according to 
shop configuration, network structure, objectives, and solution methods. Raza and Hameed [36] 
worked on maintenance planning and scheduling and provided effective guidelines for future 
studies in the research area. Some conflicting issues such as growing economic demand, increasing 
energy supply, shrinking energy resources, changing climate conditions, and _ tightening 
environmental requirements pose significant challenges for planning energy systems towards 
cleaner production and sustainable development. Suo et al. [42] developed the ensemble energy 
system model for China (CN-EES model), incorporating a computable general equilibrium model 
and interval-parameter programming method within an energy system optimization framework. 
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The CN-EES model can predict energy demands under different economic-development scenarios, 


reflecting uncertainties derived from the long-term (2021-2050) planning period and providing 


optimal solutions for China's energy system transition and management. Some significant research 


contributions in PP are summarized in Table 1: 


Table 1: Review Summary 


Researchers Goals Applied Techniques Clarifications 
GP FP LP _ SP GA BL IP 
Kanyalkar and Multi v v Dynamic Allocation, Hierarchical Planning Approach, 
Adil (2005) [22] Stochastic Programming, Goal Programming, 
Leung and Chan Multi v Goal Programming 
(2009) [24] 
Baykasoglu and Multi v Tabu Search, Ranking Method, Méetaheuristic 
Gocken (2010) [1] Algorithm 
Che and Chiang Multi v Modified Pareto, Genetic Algorithm 
(2010) [7] 
Liu et al. (2011) Multi v Genetic Algorithm, Aggregate PP 
[27] 
Sillekens et al. Single Linear Approximation, Mixed Integer Linear 
(2011) [39] Programming, Aggregate PP 
Ramezanian et al. Single v Tabu search Mixed, Two-phase Aggregate PP, Integer 
(2012) [35] Linear Programming Model, Genetic Algorithm 
Mortezaei et al. Multi v v Aggregate PP 
(2013) [32] 
Liu and Multi v é-constraint Method, Mixed-integer Linear 
Papageorgiou Programming, Lexicographic Mini-max Method 
(2013) [26] 
Madadi and Wong Multi v IBM ILOG CPLEX Optimization Studio Software, 
[29] Multiobjective Fuzzy Aggregate PP 
Chen and Huang Multi v Aggregate PP, Parametric Programming 
(2014) [8] 
da Silva and Multi v v Agricultural and Logistics Phase, Fuzzy Goal 
Marins (2014) [9] Programming 
Singh and Yadav Multi v Multi-objective Linear Programming, Interval-valued 
(2015) [40] Intuitionistic 
Gholamian et al. Multi v GAMS Software, Mixed-integer Non-linear 
(2016) [11] Programming, Supply Chain Planning 
Lin et al. (2016) Multi v Multi-objective Optimization Evolutionary Algorithm, 
[25] Integrated PP 
Meistering and Multi v Bi-level Programming, Hierarchical PP 
Stadtler (2019) 
[31] 
Zhao et al. [48] Multi v Multi-stage Stochastic Programming, Progressive 
Hedging Algorithm 
Goli et al. (2019) Multi v Goal Programming, Robust Multi-objective 
[13] Multi-period Aggregate PP 
Hu et al. (2020) Single v Two-stage Stochastic Programming 
[18] 
Discussed Model Multi v IVTN number, IFP, Multi-choice 
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In this paper, we propose a multi-objective industrial development planning problem with a 
multi-choice interval type and IVIN parameter. This paper addresses the situation of multi-choices 
in the objective and the constraints’ left-hand side. We have used general transformation 
methodology given by Roy and Maity [37] to achieve the crisp form for the multi-choice parameter. 
Moreover, the right-hand sides of the restrictions are of the IVITN form. The formulated problem's 
compromise solution is obtained by the IFP and compared for both models. 


3. Prerequisites 
This section discussed some fundamental definitions regarding the intuitionistic fuzzy (IF) number 
and neutrosophic fuzzy number. 


Definition 3.1: [Zadeh (1965) [46] ] A of Xisa fuzzy set having the form 4 = {(x, u,(x)): xe X} 
that represents the membership degree with yw, :X > [0,1]. A on 8 is convex if and if for each 


pair of point x,,x,in X,and A satisfies the inequality 
My (Axy +(1- A)xy) 2 min {45 (%).4¢4029)} Vx1,%9 € X,A4€[0,1] 


Definition 3.2: [Ebrahimnejad and Verdegay, 2018 [10]; Mahajan and Gupta, 2019 [30] A! in Xisan 
IF set of ordered triples 4’ = {(x, PEC), O3 (x)) oe x} , where /.,(x):X [0,1] and 
v(x): X > [0,1] represent the membership degree and non-membership degree, such that 
O< uw, (x) +0, (x) <1, VxeX. 

Definition 3.3: [Smarandache, 1999 [41]; Wang et al., 2010 [44]] A in X is a neutrosophic set 
characterized by a truth-membership pias (x), an indeterminacy membership os (x), and a 
falsity-membership vi (x) ; LL, (x), (x), V, (x) € (0,1) or [0,1], Vx € X and 
O° <sup w(x) +sup o/(x)+sup v1 (x) <3° or O<sup wi(x)+sup o)(x)+sup 0; (x) <3. 
Definition 3.4: [Ishibuchi and Tanaka, [19]] An interval on is as 
A= a’, a’ | = {a a Sasa‘, ae nt , a isthe right limit and a’ is left limit of 4. Or 


1 
Aeaa,)= tas a,—a, <aSa,t+a,, aeR}, centre and width of A is a, Se +a‘) and 


1 
a, = 5 (a" —a' ) respectively. 


Definition 3.5: [Broumi and Smarandache, 2015] [3] An interval-valued neutrosophic (IVN) set 
A” of X isas follows: 
AN a Ks Lats al [ott on J.Lo, off exe x}, 
where He fe hoes o,” | and Ee <[0,1] foreach xe X 
Definition 3.6: [Broumi and Smarandache, 2015] [3] Let 
A” = { (xs py siti” || of sey" || of 00 ie xe x} be IVN set, then 


Gi) A” isemptyif wi’ =u," =0, ol! sol” =1, vf =08 =1, VxeA 

(ii) Let 1=(x; 1, 0,0) and 0=(x; 0,1, 1). 
Definition 3.7: (IVIN number) Let w,,0,,0,<[0,1] , and 4a,,a,,a,,a,€% such that 
a, <a, Sa, <a,. Then an interval-valued trapezoidal fuzzy neutrosophic number, 


oe ( ); L U L U L U 
a= a,,4,,4,,a, ? LH,» LH, > O,,0; > vu, ,v, J 


membership degrees, indeterminacy degrees and non-membership degrees are 
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L 
v{ x-a v,(x—-a,)+a,—x 
L : } x €[a,,a, ], ; wells] 


a,—4, a,—4, 
Z 
oe x €[a,,a,], Des x €[a,,a,] 
H, (x) = v(x)=4 
u{ X-ay vi (a,—x)+x-a 
ul } x e[a,,a,], : >, xe[a;,a,] 
aa, a,—4, 
0, other 1, other 
a,-xto.(x-a) 
5) xe[a,a,] 
a, — 4a, 
L 
O, 5 xe[a,,a,] 
O,(x)= 
L 
x—-a, +0, (a,—x) 
’ x e[a;,q, | 
a,—X, 
1, other 


Definition 3.8: [Thamaraiselvi and Santhi, 2015 [43]] The score function for the IVN number 
a= ((a,,4,,4,,4,); [uu |.Lot.o! |[ul! | ) is defined as 


_ (a, +a,+a, +a,) [4,(x) +(1-0,(x)) +(1-4,(x))] 


S(a) 
16 


3.1 Transformation Technique for Multi-Choice Parameter [Roy et al., 2017 [38]] 


The selection procedure of multi-choice in the problem parameter should help to optimize the 
problem. The binary variable concepts play a vital role in selecting a choice from the problem's 


values. Among f¢ numbers of possibilities, ? mumbers of binary variables are used, 


where 2”! <t <2’. 


Let t="C,4+’C4+°C+...4’°C,+k for some d satisfying 1<d<p, 0<k<°C,,. 


Ifd=p, then k=0, and k #0, thend<p in the selection procedure, ” Cc; numbers of 


possibilities have value zero for i binary variables among pp variables in selecting a single choice 


from multi-choice parameters. 


F : Tt 2 : : 
p binary variables Z po Zpo ee Zz, are taken to reduce the formula in selecting the ¢ 
values of C,,C.,..., c, . We further construct p_ binary  variable’s function 


f(z) =(z, Z, he Ze, where z=(z; Zo 2) when each Zz, =1 for j=1, 2,..., p. where, 


f= Gs j while Zi + Z, asso Z, =p and we adopt a function 
f(z) = 2) 25.2? 4-25) 2, 2) 2? tt 27) z,..27 aa 
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If Se seat =p-l, f(z) gives a value among the following parameters of 


: CjsCinc, «Similarly; 
1 2),3 Lp lt Pq 41 1 3,24 pit? e,+2 
(Az) =o J0=2,)2, «Ze, 1 41-2) - 25) 2; 25 62; CF 
mol = BV? p-l 14+? c,+(p-2) rst = 6 38\eh54 p i+? c,4+(p-2)41 
+...+01-2,)U-2;)2;...25 °° ¢; +(1-Z;)(-2,)2; 2}..2; ¢; 
p-2 14+? e+? ec, 


+..4(1-2?") (1-2?) z)...28 Z 


If Z,+Z,+..+2Z7 =p-2, the f,(z) function gives a value from the parameters 


t. l+?¢,41 14+? ¢4+2 14+? q+? cy 
G2 G; sc, ges 
Proceeding similarly, we have 
1 2 dy d+ Pp 4? qt? cyt.4? cyst 

$@) 2052 \d=2 nd =20 7 are re 

aiel = 52 Seal _ dtl) -d  d+2 PD Wl4 Pct? cy t..t? Cg +2 
+(1-2,)0-2Z,)...0-2, )(-2, 7 )Z, 2," 25 Cy 

_ _p-dtl _ ,p-d+2 _ Py al p-d 14+? a+? ot.4+? cq 

+...4(1-2°% )U-2z; )U=2;)2, 425 5 C; 


j 
Dp 2 ee 
IfZ, +2; +...+ Zz =p-—d,the f,(z) function gives a number from the 
1+?o+Po,t..4Pe,  +?e, 
yreey Cj : 


4 Pet Peat. Peg +1 iy PotPCy+..+ Pe 142 


t's, 
Cae we; 


For k=0,then f(z)=f,(2)+ f(2)+...+f,(2) & f(z) function gives a value from the e Vz 
that satisfy p—d < Z +2) tite = ps 
If k#0 then k<°c,,, and the formulated function 


i, iy iy bay 2d 42 n t-k+l 
fia(Z) =0-2;)0-27)...0-27) 0-27") 257 ...25 ¢; 
Pp t-k+2 


i i i ino dt] _d43 
HAZ 2. jae ee ee 28 C 
t 
+...+(termsup—to c;) 


Whenever z, +z; +...42? = p-(d+l), fia(Z) gives a value from ’c,,, numbers and 


restrictions ’c,,,—k are used to reduce the possible outputs on the k number. The k‘' term 


occurred at i, =i}, i, =1,, ..., 1y,, =),, so the restrictions will be 
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—(d+I)<zi tz? +.. +2? <p; zi Se me aa a ee ey ees eer Seed Ly Wenn DVO Ee ay ey 


: 2, Hache a ie ie 1, =1 5 re ee ae oe rab Sis 
i, iy igs 7 
Zp 42; Fit Ze 21, Vi, Gq. ey ly 


f2=f()+f()+..+f,(2)+Ff,,,() gives the general function without loss of the generality 


for the selection of the multi-choice parameters oF , the value of C =1 and used the summation and 


product multiplication, the formula in selecting the crisp values for the multi-choice parameters are: 


[lz >> (l- “12 Les (l- zi \(1- Zz?) ll Z 


i=1,i#i, iy=2 i=l i=1,iFi, ,i, 
- in>iy 
P P P P 
i iy iy i 
tit DD. Do) d-zijd-z?)..d-zi) [] 2 
ij=d ig y=d-1 i=l i=l,i#i,,...i4 


lip 1) ld-l>id-2 


i i i ‘ . 4 
where, p-dsz; +2; tcc ZF 2p Vd Sas < i, 


If k #0, the first k terms will be added with the above function through the formula: 


(I-z)(-z?)...d-2)d—zi') [] 2, 4+0-24)d-z?)..d-2z4)d-z#) [J] 2 


i=1,i#i,,. i=l,i#i,,. 
volg slat 


sol ohd42 
+...4(1-24)(1—z?)..—2#)-z?) [] 2, +0-z))d-2?)..d-zi" )d-z#") [J] z 
i=1,i#i,,. , i=l Fi, Pe 
volg skp volgs1olas2 
+(1—2')(1—z?)...d—z')d—z#*) [] zo +..4-ziee dz?) d-zejd-z?) [] 
i=l,i#i,. i#iy a> 
soldi j i 


Tp-dsl rtp 


If, i) <i, <...<i7, and the k* term occurs at iy U5 5++51/),;,80 the restrictions are 


i i i ; i i i F er + f ee 5 ro, 
p- (d+ SZ, +77 +..427 Spy 274277 +..4 2 SUV b HUyhy = byyeeglg = las by 2 lay > lays 


i, in ae iat a ey ° ow a ne, 
Zp+Zi +.nt Zi 21, VE Hts =hyvslgy Hg tp 2ly Oly 


UT b last , 
Zp te bute LOVE pe hy, 


a oS g ce l AG Bf a ars ees 
Let, C, = ))(term)*| CZ (1-4") |+C3 , i=1,2,,..,m; 7=1,2,....n 
=1 


where, (term)*, Vg =1, 2, ..., £ are the numbers in the form of binary variables. Similarly, 
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P I & u & 
a’, = ¥ (term)! aj a—a% ) + ag IS PDs cn GIS, cg): 
g=l 


~ 4 1 gs. ] u g 
and b! =) (term)! | og (1-Aa") |+b8" 2", @=1,2,,....m). 


gol 


3.2. Conversion process for IVNN 

The PP problem is expressed in terms of IVTN numbers. To demonstrate, assume the 
right-hand side of the multi-objective PP model constraints is IVIN numbers. The following is a 
step-by-step procedure shown to convert in crisp form. 


Step 1: Discuss the problems in terms of VIN numbers. 
Step 2: The score function transforms the IVTN numbers problem into an interval-valued problem. 
Step 3: The a —cut approach is used to transform an interval-valued ina crisp form. For [a,b| 


aat+(l-a)b 


3.3 Methodologies 
The multi-objective Model: 
Maximize (Minimize) Z(x) = {Z, (x), Z,(X), .., Z, (x)} 


Subject to 


g(x) <0 
xeX 
In solving the multi-objective optimization challenge, each objective function is 

independently solved to find the best solution, ignoring the other objectives of the Model. The 
process will be repeated until the optimal solutions for each objective are obtained, and a payoff 
matrix is generated. The lower and upper bounds for each goal function are identified U, and L, 
Vk =1,2,...,K from the payoff matrix. For the solution of a multi-objective PP problem, we used 
the IFP approach. 


Intuitionistic Fuzzy Programming 


Maximized type objective: The membership and non-membership functions are defined as follows: 


0, L, > Z,(x) 
Z(x)-L 
uh (Ze) =4 AO Z.(@)€[L,.U,) a) 
U, ~ oF 
if U, <Z,(x) 
1, Z, (x)< R, 
U,-Z 
v™ (Z, (9) = 4 Cee Z,(x) €[R,,U;] (2) 
U; a K, 
0, Z,(x)>U, 


where, R, < L, <U, 


Minimized type objective: The membership and non-membership functions are defined as follows: 


Ahteshamul Haq, Mohd Arif Khan and Aquil Ahmed Author(s), Multi-objective Production Planning Problem: 
Interval-valued Trapezoidal Neutrosophic and Multi-Choice Parameters 


Neutrosophic Sets and Systems, Vol. 50, 2022 216 


1, Ly > LZ (x) 
—Z 
ul (Z, (0) {E47 wel, U;] @) 
U;, = Ll, 
0, U, < Zt (x) 
0, Z, (x) < L, 
Z —-L 
Pid VAG) ot oe ALA (4) 
W, ta: L 
L Z,(x)>W, 


where, L, <U, <W, 


The above-defined Eqns [1-4] are used in solving the multi-objective optimization problem. As 
follows: 
Max Ms Min vp 
Subject to 


for maximization problem 


M _ 2-2 mM _ Ug Ze) 


Hy ? 


R, <L,<U 
aad k k 
U,-Ly UpaR, 


for minimization problem 


U,—Z,(x) VAN Cen 
ue ie ie seer es SE ee, 
U,-L W,-L 
kook kk 
M NM 
My Sys Ve Vp, Me ZVy, Le +, SI, 
H,, 0, €[0,1], Vk =I, 2,...,K 


g(x) <0, VxeXxX 
Therefore, we can write 
ax [4 —v ) 
ieivk 


Subject to 


for maximization problem 


M _ Zi (x) — Ly »NM 7 U;, —Z, (x) 


R,<L,<U 
k wk 2k TK k 
ae Oy 
for minimization problem 
U, -Z,(x) Z,(x)-L 
ust = k k “pe Ee EU ew: 


age Ny 
M NM 
Mp < Myr Of 2 Up, My 2U,; My + Oy <1, 
My» Op e€[0,1], VA=1, 2,...,K 


g(x) <0, VxeXx 
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4. Mathematical Model 

The PP challenge has selected various machinery types for the manufacturing process: lathe, 
milling machine, grinder, jigsaw, band saw, and drill press. The main objective of the production 
industry is to make profit so that the company runs smoothly. It is always advisable for a company 
to prepare a production plan based on scientific methods to get a clear direction for how the 
production process should be carried out. The main objective of this study is to optimize the profit, 
product liability, quality, and satisfaction of workers. The input information such as, the available 
facilities and resource information, the units of machine available for the manufacturing items, and 
the number of hours spent using the machine to produce the product, including production 
machinery is required to formulate the problem,. The PP and control model is shown in Figure 1. 


Fig. 1: Model for PP and control 
The following principles and drawbacks are essential for an organization's industrial planning 


model: 
> We maximize the industry's profit, productivity, product liability, and worker satisfaction. 
The multi-item output model is taken into account. 
A single unit is running a single task at a time on a machine. 
It is not likely to have a shortage of products in the manufacturing process. 
Final products demand only. 
> Inany case, it cannot reach the maximum level of the machine timing. 
Kamal et al. [21] have discussed the mathematical model of the industrial programming problem as 
follows: 


VVV WV 


3 


Max Z,=)>°Px, (Profit) 


1 


Max Z, = ——— (Overall Product Reliability) 


optimize x 
Max Z,= > Q,x, (Quality of the product) 


Max Z, = DW, x, (Worker’s satisfaction) 
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3 
by m,x, <M _ (for Milling machine) 
iF 
3 
ay I.x,<L (for Lathe machine) 
iF 
3 


> gjX,<G@ (for Grinder machine) 
constraints 4 7 
s,x,<8 (for Jig saw machine) 


= 
3 
> d x5 D (for Drill press machine) 


bx,<B (for Band saw machine) 


In real-life problems, the parameters of the optimization are 


218 


commonly unknown. The 


coefficients of objective functions and constraints are represented in the form of interval 
multi-choice. There are several options in such a case, and the decision-maker is perplexed on one of 
the problem's criteria to choose. The multi-choice interval form deals with the problem's complexity 
in the Model. The right-hand sides of the constraint are in the form of an IVTN number type. Then, 


the industrial programming problem is as follows: 


Ty MC ry MC ry MC 7 MC 7 MC 7 MC 
Max Z,= PO °x,+ BP, x,+P, x,, Max Z,=(L, x, +L, x, +L, “x,)/(%,+%, +x;) 


Max Z, = OM x, +0 x, +0 ~x,, 
Subject to the constraints 

mc x,+ mc x ee Mee hag ~ a ae % ay Bi x, ee pv™ 
oe + oy, < (Cue Sie? + 5x, < givin 

Ct ep, Beta be eR 


Mis dns ry =. 0 


5. Numerical Illustration 


77 MC 77 MC 77 MC 
Max Z,=W x, +W, x, +W, x, 


Zeleny [47] considered six types of machines, i.e. Lathe, milling machine, jig saw, band saw, 
drill press, grinder for the PP problem and used the deterministic parameters in the formulation. 


The available capacities of each machine are in the form of an IVTN number, i.e. given in Table 2. 


Table 2: Capacity of machines 


Right Side of the Constraints 
Interval-valued neutrosophic form Interval-valued form 
M"™ _1900,1350,1500,1600; [0.7,0.91, [0.10.3], [0.5,0.7] PAE ee 
L"™ -300,1000,1200,1400; [0.5,0.7], [0.3,0.5], [0.4,0.6] Bae Dende ee 
GC" _1650,1800,1950,2050; [0.7,1.0], [0.2,0.3], [0.2,0.5] 60,1029! 
S"™ _1995,1290,1340,1425; [0.3,0.71, [0.1,0.4], [0.3,0.7] Leen teed eel 
D"™ _700,900,1100,1300; [0.6,0.8], [0.3,0.6], [0.20.4] bene e100 
B’™ 1075,1275,1475,1675; [0.5,0.9], [0.1,0.3], [0.3,0.6] Po eee! 
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The coefficients of objective functions are given in Table 3. 


Table 3: Coefficients of objective functions 
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P™ =(40,50] or [50,60] or 
[60,70] 


P““ =[90,100] or [100,110] or 
[110,120] 


P© =[16.5,17.5] or [17.5,18.5] 


LY =[0.70,0.72] or [0.72,0.74] 
or [0.74,0.76] 


LX =[0.81,0.85] or [0.85,0.89] 


LM =[0.75,0.78] or [0.78,0.81] 
or [0.81,0.84] or [0.84,0.87] 


QM _189 92] or [92,102] OM 165,75] or 175,85] or | OM" =140,50] or [50,60] or 
[85,95] or [95,105] [60,70] 

WM =[15,25] or [25,35] W,! =[90,100] or [100,110] or | W," =[65,75] or [75,85] 
[110,120] or [120,130] 


The left side’s coefficients of the constraints are given in Table 4. 


Table 4: 


Coefficients of left side of the constraints 


mi =[10,12] or [12,14] 


my =[15,17] or [17,19] or [19,21] 


1 13,5] or [5,7] 1° 17 9] or [9,11] or [11,13] 1 -16,8] or [8,10] 
&"° =[8,10] or [10,12] &° =[13,15] or [15,17] &V° =[15,17] or [17,19] 
or [12,14] 


5° =[4,6] or [6,8] 


§"° =[12,14] or [14,16] or 


[16,18] 


di =[10,12] or [12,14] 


ae =[5,7] or [7,9] or 
[9,11] 


BM =[9.5,11.5] or [11.5,13.5] 


bs =[9.5,11.5] or [11.5,13.5] 


be =(4,6] or [6,8] or 


[8,10] or [10,12] 


The membership and non-membership of the intuitionistic function of the problem are as follows: 


The objective membership of the problem will be 


0, Z, $ 6152.5 0, 


0.89 


0.89 


Le Fd. 
Z, 61525 Z,=O¢7 2 
H(Z,) = ; 6152.5 <Z, <12348 ie J ———, 0.72Z ,< 
12348 — 6152.5 0.8% 0.72 
L, Z, > 12348 ie ZS O89 
0, Z, < 7035 0, Z, $7330 
Z, — 7035 Z, — 7330 
BZ =) 7035 <Z, < 16006 LZ) =4 — ——— 5" 1830625 13710 
16006 — 7035 13710 — 7330 
1, Z, > 16006 1, Z, > 13710 
The objective non-membership of the problem will be 
1, Z, < 6772.05 A, Z,< 0.75 
12348 — Z, 0.89-Z, 
v(Z,) = » 6772.05 <Z, <12348 DZ j= 5 0.78Z ,s 
12348 — 6772.05 0289: 0.75 
0, Z, > 12348 0, Z,.> 0,89 
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1, Ye P| 1, Z,< 7968 
16006 — Z, 13710—-Z, 
v,(Z,) = ; 7932.1<Z, < 16006 v,(Z ) =) ———_ 7968 <Z ,<13710 
16006 — 7932.1 13710 — 7968 
0, Z, > 16006 0, Z, > 13710 
The intuitionistic formulation of the problem is 
Max (u = v) 
Subject to constraints 
Z, - 6152.5 12348 — Z, _ 0.89 -Z, 
H(Z,) 2 ————__,, 0, (Z,) $ ————__, B, (Z,) 2 » U,(Z,) 5 
12348 — 6152.5 12348 — 6772.05 0.89 — 0.72 0.89-0.75 
Z, - 1035 16006 - Z, Z, - 7330 13710 -Z, 
LZ) 2— Z,)s—_____ ij2 


» U(4;)5 » M,(Z4) 2 » U4) S 
16006 — 7035 16006 — 7932.1 13710 — 7330 13710 — 7968 
DMC ry MC PMC 7MC 7 MC 7MC 
Lat RPE aE By LoL, Kobh, eed, x) ee) 
Ls = Oe + ON*x, + ee Z, = Wx, + ees + Wx, 


~ MC ~ MC IVIN 7 MC 7 MC TMC yIVIN 
Mh, toe, & SM. 1 eh Ea ASL 


ex + ex <a, Mx + 5x < S™ 

d, had, £2, beth eab wR” 
X5X)5X, 20, u,(Z,)+0,(Z,)<1,V w(Z,) & vo (Z,) € [0,1] 
us H(Z,),v > U(Z,), >v, j=l, 2, 3,4. 


We get the following compromise solution using the IFP technique, which is given below in Table 5. 
Table 5: Compromise optimal solution 
Result 


F =11852, F, = 0.8652414, F, = 12320, F, = 13321.67,x, =15,x, = 78,x, = 52 


The graphical representations of compromise optimal solution through IFP for both models are 
shown in Figure 2. The Membership and non-membership values are shown in Figure 3. 


Compromise Solution 


12320 13321.67 


0.8652414 


Profit —— 
Product 


reliability 


Quality of 


product Worker's 


satisfaction 


Fig. 2: Compromise solution through IFP for both models 
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| 
0.9 
0.8 | 
0.7 
0.6 
O5 
04 
03 
0.2 
01.) =e 
0 


! 


ot) a 


| 


a J 
‘ 
| Profit | Product Quality of Worker's 
i | reliability | product | satisfaction 
| = Membership | 0.9199419 | 0.8543611 | 0.5891205 | 0.9391327 
| 


0.4565328 | 0.06763033° 


# Non-membership| 0.08895345 | 0.1768473 


Fig. 3: Membership and non-membership value for the Model I 
The comparison of the IFP with fuzzy goal programming (FGP) and bi-level fuzzy goal 
programming (BL-FGP) are shown in Table 6. 
Table 6: Comparison IFP with BL-FGP and FGP 


Model Methods | Profit Product Quality of | Worker's Decision Variable's 
Reliability | the Product | Satisfaction | Values 

Kamal et | BL-FGP 5697.5 0.80734 12307 10000 x, =71, x, =3, x, =95 

al. (2019) | FGP 11894 | 0.812350 10989 11000 x, =42, x, =59, x, =54 

[21] 

Discussed | IFP 11852 | 0.8652414 12320 13321.67 x, =15,x, =78,x, =52 

Model 


From the solutions of Table 6, it can be observed that discussed Model gives the more optimal 
solution than Kamal et al. [21] Model for profit, product reliability and worker's satisfaction, but for 
product quality, the BL-FGP Model has the more improved solution. 


6. Motivation and Contribution 
This study is motivated by an Intuitionistic programming research area with the potential to capture 
decision-makers. The following are the contributions of the study: 


i. It serves as an additional contribution to the literature of PP. 
ii. A case study is provided in which solution procedures for multi-objective multi-product 
problem formulation is reported. 
iii. In this study, a new approach based on intuitionistic has been applied. 
iv. The approach is compared with BL-FGP and FGP, and the result proves to be better. 
v. The applicability of Interval-valued Neutrosophic and multi-choice parameters have also been 


discussed and reported. 


Conclusion 


The Model for the PP problem with rational expectations was explored in this article. The 
optimization problem is represented with multi-choice type parameters in the objective's coefficient 
and the left-hand side of the constraints, and it is transformed into the deterministic form using the 
binary variable transformation technique. Some parameters are IVIN number types that are 
transformed into deterministic forms using the score function. In determining the optimum quantity 
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of products, the industrial PP problem is solved using intuitionistic fuzzy IFP. The comparison of the 
IFP with BL-FGP and FGP are shown in Table 6. 


Furthermore, it can be observed that the discussed model gives a more compromise solution 
than BL-FGP and FGP for profit, product reliability and worker's satisfaction, but for product 
quality, the BL-FGP model has the more improved solution. This paper presents a detailed 
investigation into IFP approaches for solving multi-objective optimization problems in the presence 
of multi-choice and neutrosophic environments. It will help solve and understand the 
production-related problems by the IFP approach. The IFP approach will help in solving the other 
complex production-related problems. The complex PP challenge will be considered with several 
new solutions based on fuzzy logic. 
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Abstract 
Background: 

The notion of single valued pentapartitioned neutrosophic set is the extension of single valued 
neutrosophic set and quadripartitioned single valued neutrosophic set. The single valued 
pentapartitioned neutrosophic set is a powerful mathematical tool that comprehensively deals 
with indeterminacy by splitting it into three independent components, namely, unknown, 
contradiction, ignorance. We apply the concept of single valued pentapartitioned neutrosophic 
set to graph theory. 

Findings: 

We develop the notions of Single-Valued Pentapartitioned Neutrosophic graph (SVPN-graph) as 
an extension of single valued neutrosophic graph theory. Besides, we introduce the notions of 
degree, size and order of an SVPN-graph. Further, we furnish a few suitable examples on 
SVPN-graph. Single valued pentapartitioned neutrosophic set. 

Limitations: 

Pentapartitioned neutrosophic graph is proposed in this model which is based on 
pentapartitioned neutrosophic sets. A few studies on pentapartitioned neutrosophic sets are 
reported in the literature. 

Future directions: 

In future, the single valued pentapartitioned neutrosophic graph can be extended to regular 
and irregular single valued pentapartitioned neutrosophic graph, single-valued 
pentapartitioned neutrosophic intersection graphs, single-valued pentapartitioned 
neutrosophic hypergraphs, and so on. The single-valued pentapartitioned neutrosophic graph 
can be employed in modeling the computer networks, expert systems, image processing, 
social network , and telecommunication. 


Keywords: Neutrosophic Set; Pentapartitioned NS; Neutrosophic Graph; SVPN-Graph. 
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Graph theory [1] is generally used as a tool to deal with the combinatorial problems in number 
theory, geometry, topology, algebra, etc. Euler presented the concept of graph theory [2] in 1736. 
When there exists uncertainty in the description of a graph, traditional graph theory fails to deal 
with the problem. To deal with such situation, Rosenfeld [3] developed the Fuzzy Graph (FG) by 
considering fuzzy relation [4] on Fuzzy Set (FS) [5]. Sunitha and Mathew [6] presented a survey of 
fuzzy graph in 2013. Shannon and Atanassov [7] developed intuitionistic FG based on Intuitionistic 
FS (IFS) [8]. Intuitionistic FGs have been further studied in [ 9-15]. 

To deal with inconsistency and indeterminacy, Smarandache [16] developed the Neutrosophic 
Set (NS) in 1998. The Neutrosophic Graphs (NGs) using the NSs were developed by several 
authors[17-19]. Akram [20] presented the Single Valued Neutrosophic (SVN) planar graph. NGs 
have been further studied in [21-24]. Broumi et al. [25] presented interval NGs, which have been 
further studied in [26-27]. NGs have been further studied in different hybrid environment such as 
neutrosophic soft graph [28], bipolar SVN graphs [29], rough neutrosophic diagraph [30], 
neutrosophic soft rough graph [31], etc. Recent trends in graph theory have been depicted in [32] in 
different environments. 

Recently, Mallick and Pramanik [33] defined Pentapartitioned Neutrosophic Set (PNS) using the 
n-valued logic [34]. PNS is a powerful mathematical tool, which is capable of dealing with 
uncertainty and indeterminacy comprehensively as indeterminacy is divided into three independent 
components, namely, unknown, contradiction, and ignorance. 

In this study, we procure the Single Valued Pentapartitioned Neutrosophic (SVPN) graph and 
establish some basic its properties. 

Research Gap: No investigation on SVPN-graph has been reported in the literature. 

Motivation: To fill the research gap, we present the concept of SVPN-graph. 


The rest of the article has been organized into four sections: 

In section 2, we recall some relevant definitions on PNS those are relevant to the main results of 
this article. In section 3, we procure the notion of SVPN-graph, and investigate some properties of 
different types of degree, size and order of an SVPN-graph. Section 4 presents results and 


discussion section. Section 5 concludes the paper with stating the future scope of research. 


2. Some Relevant Definitions: 

In this section, we present some existing definitions those are relevant to the main results of this 
article. 
Definition 2.1.[33] Suppose that Q be a fixed set. Then, a Single Valued Pentapartitioned 
Neutrosophic Set (SVPN-set) P over Q is defined by: 

P={(1c, Tp(«), Cr(«), Re(ic), Ur(ic), Fr(is)) : «Ee Q}. 

Here, Tr, Cr, Re, Ur and FP are the truth, contradiction, ignorance, unknown and falsity membership 
functions respectively from Q to [0, 1]. So, 0 < Te(k) + Cr(ic) + Re() + Up(ic) + Fr(k) < 5, for all keQ. 
Definition 2.2.[33] Suppose that X={(«, Tx(), Cx(k), Rx(c), Ux(k), Fx(is)) : s€Q} and Y={(«, Ty(k), Cy(&), 
Ry(ic), Uy(k), Fy(«)) : «eQ} be two SVPN-sets over Q. Then, an SVPN-set X is said to be a subset of a 
SVPN-set Y (i.e., XCY) if and only if Tx(k) < Ty(«), Cx(ic) < Cy(k), Rx(k) 2 Ry(k), Ux(k) 2 Uy(«), Fx(k) = 
Fy(), VKeQ. 
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Definition 2.3.[33] Suppose that X={(, Tx(), Cx(k), Rx(c), Ux(k), Fx(is)) : e€eQ} and Y={(, Ty(k), Cy(k), 
Ry(i), Uy(k), Fy(k)) : keQ} be two SVPN-sets over Q. Then, union of X and Y is defined by XUY={(k, 
max{Tx(i), Ty(i)}, max{Cx(k), Cy(«)}, min{Rx(«), Rx(«c)}, min{Ux(«), Ux(ic)}, min{Fx(«), Fx(ic)}) : Ke O}. 
Definition 2.4.[33] Suppose that X={(, Tx(), Cx(k), Rx(c), Ux(k), Fx(is)) : e€EQ} and Y={(«, Ty(«), Cy(k), 
Ry(1k), Uy(ic), Fy(«)) : keQ} be any two SVPN-sets over Q. Then, the complement of X is defined by 
X={(«, Fx(1c), Ux(k), 1-Rx(k), Cx(k), Tx(k)) : KE Q}. 
Definition 2.5.[33] Suppose that X={(«, Tx(), Cx(k), Rx(c), Ux(k), Fx(ic)) : s€Q} and Y={(, Ty(k), Cy(k), 
Ry(), Uy(k), Fy()) : keQ} be two SVPN-sets over Q. Then, intersection of X and Y is defined by 
XNY={(«K, min{Tx(«), Ty(«)}, min{Cx(«), Cy(1c)}, max{Rx(«), Rx(«)}, max{Ux(«), Ux(«)}, max{Fx(), Fx()}) 
:KEQ}. 
Definition 2.6.[18] Suppose that V be a fixed set of n vertex. Assume that E be the set of edges 
between the vertices. Then, G=(P, Q) is called a single valued neutrosophic graph (in short 
SVN-graph), where (i) Te, Ir, Fe : V->[0, 1] denotes the truth, indeterminacy and false membership 
functions of a vertex Kie V respectively, such that 0 < Tr(ki) + Ir(ki) + Fr(ki) < 3 (vkieV, i=1, 2, ...., n). 
(ii) Ta, Ila, Fo : Ec VxV-[0, 1] defined by To(ki, kj) < min{Te(ki), Tr(kj)}, lo(ki, kj) 2 max{Ir(ki), Ir(ki)}, 
Fo(ki, kj) 2 max{Fr(ki), Fr(kj)} denotes the truth, indeterminac y and false membership functions of the 
edge (ki, kj) <€E respectively, such that 0 < To(ki, kj) + Io(ki, kj) + Fo(ki, kj) <3 (V(ki, ki)eE, i=1, 2, ...., n). 
Here, P is said to be the SVN vertex set of V and Q is said to be the SVN edge set of E, 


respectively. 


3. Single-Valued Pentapartitioned Neutrosophic-Graph 

Here, we introduce the notions of degree, size, and order of SVPN-graph and present few 
illustrative examples. 
Definition 3.1. Suppose that V={ki: i=1, 2, ..., n} be a fixed set of vertices and E={(ki, kj): i, j=1, 2, ..., n} 
be the set of edges between the vertices of V. An SVPN-graph of G’=(V, E) is defined by G=(P, Q), 
where (i) Tr: V->[0, 1], Ce: V-[0, 1], Re: V-[0, 1], Ur: V-[0, 1] and Fr: V->[0, 1] denotes the truth, 
contradiction, ignorance, unknown and false membership functions of the vertices kieV 
respectively, such that 0 < Tr(ki) + Cp(ki) + Re(ki) + Ur(ki) + Fe(ki) <5, VkieV (i=1, 2, ..., n); 
(ii) To: EcVxV->[0, 1], Ca: EcVxV->[0, 1], Roe: EcVxV->[0, 1], Ua: EcVxV->[0, 1] and Fo: 
EcVxV->[0, 1] defined by To(ki, kj) < min{Tr(ki), Tr(kj)}, Ca(ki, kj) < min{Cr(ki), Cr(kj)}, Ro(ki, kj) = 
max{Rp(ki), Re(kj)}, Ua(ki, kj) = max{Ur(ki), Ur(kj)}, and Fo (ki, kj) = max{Fr(ki), Fr(kj)}, indicates the 
truth, contradiction, ignorance, unknown and false-membership functions from EcVxV to [0, 1], 
respectively, such that 0 < Tr(ki) + Cpr(ki) + Re(ki) + Ur(ki) + Fe(ki) < 5, V(ki, ki)eE (i,j = 1, 2, ...., n). 


Here, P is the SVN vertex set of V and Q is the SVN edge set of E respectively. Therefore, G=(P, Q) 
is an SVPN-graph of G=(V, E) if and only if To(ki, kj) < min{Te(ki), Tr(kj)}; Co(ki, kj) < min{Cr(ki), 
Cr(kj)}; Ro(ki, kj) = max{Re(ki), Re(kj)}; Ua(ki, kj) = max{Ur(ki), Ur(kj)}; and Fo (ki, kj) = max{Fr(ki), Fr(kj)}. 

Clearly, both P and Q are the SVPN-set over V and E respectively. 

Example 3.1. Assume that G=(V, E) is a graph, where V={k1, kz, ks, ka} and E={(k1, k2), (kz, ks), (ks, ka), 
(ks, ki)}. Suppose that P is an SVPN vertex set of V and Q is an SVPN edge set of E defined by the 
Table 1 and Table 2:: 
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Table 1. Tabular representation of Example 3.1 Table 2. Tabular representation of Example 3.1 


ki | ke ks ka | ks (ki, kz) | (kz, ks) | (ks, ka) | (Ka, ks) | (ks, ki) 
Te [04 |0.3 | 0.4 | 0.5 | 0.2 Te |03 0.2 0.2 0.1 0.2 
Ce} 05/05 | 05 | 05/05 Ce | 04 0.4 0.3 0.5 0.2 
Re | 0.3 | 0.4 | 0.5 | 0.3 | 0.4 Re | 0.5 0.7 0.8 0.6 0.5 
Ur | 0.4 | 0.3 | 0.6 | 0.6 | 0.3 Ur | 04 0.8 0.9 0.7 0.5 
Fr | 0.4 |0.5 | 05 | 04 | 0.5 Fr | 0.6 0.6 0.9 0.8 0.8 


The graph of Example 3.1 is presented in Figure 1. 


ML ODOS HF OR 


Figure 1: SPVN graph for Example 3.1 


Therefore, G= (P, Q) is an SVPN-graph of G*=(V, E). 
Remark 3.1. Assume that G=(P, Q) is an SVPN-graph. Then, the edge (ki, kj) is said to be incident at ki 
and kj. 
Definition 3.2. Suppose that G=(P, Q) be an SVPN-graph. Then, 
(i) (ki, Tr(ki), Cr(ki), Re(ki), Ur(ki), Fr(ki)) is called a Single Valued Pentapartitioned Neutrosophic 
(SVPN) vertex (in short SVPN-vertex). 
(ii) ((ki, kj), To((ki, kj), Ca((ki, kj)), Ra((ki, kj)), Ua((ki, kj)), Fa((ki, kj))) is called an SVPN edge (in short 
SVPN-edge). 
Definition 3.3. Suppose that G=(P, Q) be an SVPN-graph. Then, H=(P’, Q’) is called an SVPN 
sub-graph (SVPN-sub-graph) of G=(P, Q) if H=(P’, Q’) is also an SVPN-graph such that: 
(i) P’cP i.e. T’pi < Tri, C’ri < Cri, R'pi => Rei, U'Pi > Uri, and F'ri > Fri, VkieV; 
(ii) Q'cO ie. T’ai < Tai, C’ai < Cai, R’ai = Rai, U'ai = Uai, and F’ai > Fai, V(ki, kj) €E. 
Example 3.2. Assume that G=(P, Q) be an SVPN-graph as shown in Example 3.1. Then, H=(P’, Q’), 
where V'={k1, kz, ks}, E’={(k1, k2), (ki, ks)} defined by the Table 3 and Table 4: 

Table 3. Tabular representation of Example 3.2. Table 4. Tabular representation of Example 3.2 


ki ke ks (ki, kz) | (ki, ks) 
Tr 0.3 0.2 0.2 Tr 0.1 0.1 
Cr 0.3 0.4 0.2 Cr: 0.3 0.2 
Re’ 0.5 0.6 0.5 Re 0.8 0.6 
Up’ 0.6 0.4 0.4 Up: 0.6 0.8 
Fp’ 0.6 0.6 0.8 Fp 0.8 0.9 
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Then, the graph H=(P’, Q’) is represented in Figure 2. 
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Figure 2: Graph of Example 3.2 

Here, H=(P’, Q') is an SVPN-sub-graph of G=(P, Q). 
Definition 3.4. Suppose that G=(P, Q) be an SVPN-graph of G*=(V, E). Then, the complement of 
G=(P, Q) is an SVPN-graph G of G*=(V, E), where 
(ii) Te(ki)= Tr(ki), Cr(ki)=Cr(ki), Rr(ki)=Rr(ki), Up(ki)=Ur(ki), Fe(ki)=Fr(ki), Vkie V; 
(iii) To(ki, kj) = min{Tr(ki), Tr(kj)} - To(ki, kj), Co(ki, kj) = min{Cr(ki), Cr(kj)} - Co(ki, kj), Ro(ki, kj) = 
max{Rp(ki), Re(kj)} - Ro(ki, kj), Uo(ki, kj) = max{Ur(ki), Ur(kj)} - Uo(ki, kj) and Fo(ki, kj) = max{Fr(ki), 
Fe(kj)} - Fo(ki, kj), V(ki, kj)eE. 
Definition 3.5. Suppose that G=(P, Q) be an SVPN-graph. Then, the vertices ki and kj are called 
adjacent in G=(P, Q) if and only if To(ki, kj) = min{Tp(ki), Te(kj)}, Co(ki, kj) = min{Cr(ki), Cr(kj)}, Ro(ki, kj) 
= max{Rp(ki), Rre(kj)}, Uo(ki, kj) = max{Up(ki), Up(kj)} and Fo(ki, kj) = max{Fr(ki), Fr(kj)}. 
Example 3.3. Assume that G=(P, Q) be an SVPN-graph, which is defined in Table 5 and Table 6. 

Table 5. Tabular representation of Example 3.3 Table 6. Tabular representation of Example 3.3 


ki ke ks (ka, kz) | (ko, ks) | (ks, ki) 
Te 0.3 0.2 0.3 Tp 0.2 0.1 0.3 
Cp 0.3 0.8 0.4 Cp 0.3 0.4 0.3 
Re 0.5 0.6 0.6 Re 0.6 0.8 0.6 
Up 0.6 0.5 0.7 Up 0.6 0.7 0.7 
Fp 0.6 0.5 0.8 Fp 0.6 0.9 0.8 


The representation of the graph of Example 3 is shown in Figure-3. 
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Figure 3: Graph of Example 3.3 
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Here, the vertices ki and kz are adjacent in the SVPN-graph G=(P, Q). Similarly, the vertices ks 
and ki are adjacent in the SVPN-graph G=(P, Q). But, the vertices kz and ks are not adjacent in the 
SVPN-graph G=(P, Q). 

Definition 3.6. In an SVPN-graph GP, Q), a vertex kjeV is called an isolated vertex if there exists 
no edge incident at kj. 
Example 3.4. Suppose that G=(P, Q) be an SVPN-graph, which is defined in Table 7 and Table 8. 


Table 7. Tabular representation of Example 3.4 Table 8. Tabular representation of Example 3.4 
ki ko ks ka (ki, kz) | (ke, ka) | (ks, ki) 
Tp 0.3 0.2 0.5 0.3 Tp 0.3 0.1 0.3 
Cr 0.3 0.8 0.6 0.4 Cp 0.3 0.4 0.3 
Re 0.5 0.6 1.0 0.6 Rp 0.6 0.7 0.6 
Up 0.6 0.5 0.8 0.7 Up 0.7 0.8 0.7 
Fp 0.6 0.5 0.8 0.8 Fp 0.8 0.8 0.8 


The graph of Example 3.4 is represented in Figure 4. 


(G.3, 0.3, 0.6, 0.7, 0.8) 


p “0 ws) 
gA.0-7-8 
ws 


Figure 4: Graph of Example 3.4 


In the above SVPN-graph G=(P, Q), the vertex ks is an isolated vertex. 

Definition 3.7. Suppose that G=(P, Q) is an SVPN-graph. Assume that ko and knbe two vertices in 
G=(P, Q). Then, an SVPN path P(ko, kn) in an SVPN-graph G=(P, Q) is a sequence of distinct vertices 
ko, ki, ke, ks, ...., kn such that To(ki-, ki) > 0, Ca(ki, ki) > 0, Ro(ki-, ki) > 0, Uatki-a, ki) > 0 and Fo(ki-, ki) > 
0, where 0 <i<n. Here, n (2 1) is called the length of the path P(ko, kn). The consecutive pairs (ki-1, ki) 
(0 <i <n) are called the edges of the path P(ko, kn). The path P(ko, kn) is called a cycle if ko= kn, where 
n>3. 

Definition 3.8. Suppose that G=(P, Q) be an SVPN-graph. Then, G=(P, Q) is said to be an SVPN 
Connected graph (in short SVPN-C-graph) if there exists at least one SVPN-path between two 


vertices. 
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Remark 3.2. If an SVPN-graph G=(P, Q) is not an SVPN-C-graph, then it is called an SVPN 
Dis-Connected graph (in short SVPN-DC-graph). 

Definition 3.9. Assume that G=(P, Q) be an SVPN-graph. Then, a vertex having exactly one edge 
incident on it is called a pendent vertex. If a vertex is not a pendent vertex, then it is called a 
non-pendent vertex. 

Remark 3.3. (i) If an edge is incident with a pendent vertex, then the edge is said to be a pendent 
edge. Otherwise, it is called a non-pendent edge. 

(ii) If a vertex is adjacent to a pendent vertex, then the vertex is said to be a support of that pendent 
edge. 

Example 3.5. Let G=(P, Q) be an SVPN-graph, which is defined by Table 9 and Table 10. 


Table 9. Tabular representation of Example 3.5 Table 10. Tabular representation of Example 3.5 


ki ke ks ka (k:, kz) | (kz, ks) | (ks, ka) 
Te (03 |0.2 |0.5 | 0.3 Tr | 0.1 0.2 0.3 
Ce |03 |0.8 | 0.6 | 0.4 Ce | 0.2 0.5 0.4 
Re |0.5 | 0.6 | 1.0 | 0.6 Re | 0.7 1.0 1.0 
Up | 06 | 0.5 | 0.8 | 0.7 Up | 0.7 0.9 0.8 
Fe |06 |0.5 | 0.8 | 0.8 Fp | 0.7 0.8 0.8 


The representation of the graph for Example 3.5 is presented in Figure 5. 


(1.4, Og Or (0.3.0.4, 1.0.0.5. 0.8) 5 0% 
> 


Figure 5: Graph for Example 3.5 


In the above SVPN-graph G=(P, Q), the vertices ki and ks are the pendent vertices. But the 
vertices kz and ks are the non-pendent vertices. Similarly, the edges (ki, kz) and (ks, ks) are the 
pendent edges. But the edge (kz, ks) is a non-pendent edge. The vertex ks is support of the pendent 
edge (ks, ka). But kz is not the support of the pendent edge (kz, k2). 

Definition 3.10. A SVPN-graph G=(P, Q) of G’=(V, E) is said to be a complete SVPN-graph if 
To(ki, kj)= min{Tr(ki), Tr(kj)}; 

Co(ki, kj)= min{Cr(ki), Cr(kj)}; 

Ro(ki, k))= max{Rr(ki), Re(kj)}; 

Uo(ki, kj)= max{Ur(ki), Up(kj)}; 

and Fo(ki, kj)= max{Fpr(ki), Fe(kj)}, Vki, keV. 
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Example 3.6. Assume that CHV, E) is a graph, where V = {k1, kz, ks} and E = {(k1, kz), (kz, ks), (ks, ki)}. 


Suppose that G=(P, Q) is an SVPN-graph defined by Table 11 and Table 12. 
Table 11. Tabular representation of Example 3.6 Table 12. Tabular representation of Example 3.6 
ki | ko | ks (k:, kz) | (kz, ks) | (ks, ks) 
Te | 0.4 | 0.3 | 0.4 Tp 0.3 0.3 0.4 
Ce | 0.5 | 0.5 | 0.5 Cr 0.5 0.5 0.5 
Re | 0.3 | 0.4 | 0.5 Re 0.4 0.5 0.5 
Up | 0.4 | 0.3 | 0.6 Up 0.4 0.6 0.6 
Fe | 0.4 | 0.5 | 0.5 Fp 0.5 0.5 0.5 


The representation of the graph for Example 3.6 is presented in Figure 6. 


Figure 6: Graph of Example 3.6. 


Here, the above SVPN-graph is a complete SVPN-graph. 

Definition 3.11. An SVPN-graph G=(P, Q) of CHV, E) is called a bipartite SVPN-graph if the graph 
G=V, E) is a bipartite graph. 

Example 3.7. Assume that GH, E) be a graph, where V= {k1, kz, ks, ka, ks, ko} and E={(k1, kz), (kz, ks), 
(ks, k1)}. Suppose that G=(P, Q) be an SVPN-graph defined by Table 13 and Table 14. 

Table 13. Tabular representation of Example 3.7 Table 14. Tabular representation of Example 3.7 


ki | ko | ks | ka | ks | ko ‘S| “| el we] =] Sl ws sl se 
“| YJ vl] v| 4) wl vw] | w 
Te | 0.4 | 0.3 | 0.4 | 0.6 | 0.9 | 0.8 
Te | ea} op] wl +f oo] ol +] ©] « 
So] & oO 


Ce | 0.5 | 0.5 | 0.5 | 0.3 | 0.8 | 0.4 
Re | 0.3 | 0.4 | 0.5 | 0.5 | 0.5 | 0.3 
Up | 0.4 | 0.3 | 0.6 | 0.8 | 0.7 | 0.6 


is) 
0.4 


0 
0 
0.4 
0 
0 
0 
0.3 
0 


Rp Te} 
Fe | 0.4 | 0.5 | 0.5 | 0.4 | 0.8 | 0.5 Sl Se at Se Se) Se 
Up st+/| ol] wf] wo] ae] wo] wo] @ 
S|} S}| S| OS] S]| cS} SS] So] So 
Fe 


0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.5 
0.8 


The representation of the graph of Example 3.7 is presented in Figure 7. 
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(0.4, 0.5, 0.3, 0.4, 0.4) 


(0.8, 0.4, 0.3, 0.6, 0.5) 


Figure 7: Graph of Example 3.7 


Here, the crisp graph G’=(V, E) is a bipartite graph and G=(P, Q) is a SVPN-graph of G*=(V, E). Hence 
G=(P, Q) is a bipartite SVPN-graph. 

Definition 3.12. Suppose that G=(P, Q) be an SVPN-graph. Then, the degree of the vertex k is 
defined by d(k)=(dr(k), dc(k), dr(k), du(k), dr(k)), 

where, dt(k) = degree of the truth-membership vertex = sum of the truth-membership of all edges 


those are incident on the vertex k = Yiys_ To(u, k); 
dc(k) = degree of the contradiction-membership vertex = sum of the contradiction-membership of all 


edges those are incident on the vertex k = Yinsx Ca(u, k); 
dr(k) = degree of the ignorance-membership vertex = sum of the ignorance-membership of all edges 


those are incident on the vertex k= Yiu Ro(u, k); 
du(k) = degree of the unknown-membership vertex = sum of the unknown-membership of all edges 


those are incident on the vertex k= Yiyz~ Uo(u, k); 
dr(k) = degree of the falsity-membership vertex = sum of the false-membership of all edges those are 


incident on the vertex k = Musk Fo(u, k). 
Example 3.8. Assume that G=(P, Q) be an SVPN-graph of G’=(V, E) defined by Table 15, Table 16. 


Table 15. Tabular representation of example 3.8 Table 16. Tabular representation of example 3.8 


ki | ko | ks | ka = > = = _~ => 
re tee |) ae | ee Pe ee 

Te | 0.3] 0.2 | 0.5) 0.3 Te |0.1 | 02 |0.3 | 0.2 | 01 | 0.1 
Cr | 0.3 | 0.8 | 0.6 | 0.4 Ce }0.2 (05 |04 |0.3 |04 | 03 
Re | 0.5 | 0.6 | 1.0 | 0.6 Re | 0.7 )1.0 |} 1.0 | 0.8 | 1.0 | 0.7 
Up | 0.6 | 0.5 | 0.8 | 0.7 Ur | 0.7 |09 | 0.8 | 0.8 | 0.9 | 0.9 
Fe | 0.6 | 0.5 | 0.8 | 0.8 Fr | 0.7 |08 | 0.8 | 0.9 | 0.8 | 0.9 


Suman Das, Rakhal Das and Surapati Pramanik, Single Valued Pentapartitioned Neutrosophic Graphs 


Neutrosophic Sets and Systems, Vol. 50, 2022 234 


The representation of the graph of example 3.8 is shown in Figure 8. 


(0.2, 0.2, 0,7,0.7,0.7) 


10.204 (0.3.0.4. t.0, 0.8, 0.8) 
“fo> Ox 
“) 


Figure 8: Graph of Example 3.8 


Then, d(k:) = (0.3, 0.5, 1.5, 1.5, 1.6), d(k2) = (0.5, 1.4, 3.4, 3.4, 3.2), d(ks)= (0.6, 1.3, 3.0, 2.6, 2.4), and d(ks)= 
(0.6, 1.0, 2.5, 2.5, 2.6). 

Definition 3.13. Suppose that G=(P, Q) is an SVPN-graph of G’=(V, E). Then, G=(P, Q) is called a 
constant SVPN-graph if degree of each vertex is same i.e., d(k) = (y1, yz, y3, Y4, ys), VkeV. 

Example 3.9. Assume that G=(P, Q) be an SVPN-graph, which is defined by Table 17 and Table 18. 


Table 17. Tabular representation of example 3.9 Table 18. Tabular representation of example 3.9 


ki ke ks ks (ki, kz) (ko, ks) (ks, ka) (ks, kx) 
Tr 0.4 0.2 0.4 0.3 Te 0.2 0.1 0.2 0.1 
Cp 0.3 0.4 0.6 0.5 Cp 0.2 03 0.2 0.3 
Rp 0.6 0.6 0.7 0.6 Rp 0.7 0.9 0.7 0.9 
Up 0.7 0.6 0.7 0.7 Up 0.8 0.8 0.8 0.8 
Fp 0.7 0.4 0.8 0.7 Fp 0.9 0.9 0.9 0.9 


The representation of the graph for Example 3.9 is shown in Figure 9. 


(0.2, 0.2, 0.7, 0.8, 0.9) 


(0.1.0.3.09,08,0.9) 


= 0%) 
02.0 2.0.7, 0.8.0.9) 01 ° 
0.7, oe He. 


Figure 9: Graph of Example 3.9 
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In the above SVPN-graph G= (P, Q), the degree of the vertices k1, kz, ks, and ks are d(k1) = (0.3, 0.5, 
1.6, 1.6, 1.8), d(k2) = (0.3, 0.5, 1.6, 1.6, 1.8), d(ks) = (0.3, 0.5, 1.6, 1.6, 1.8) and d(ka) = (0.3, 0.5, 1.6, 1.6, 1.8). 
Hence, G= (P, Q) is a constant SVPN-graph. 

Definition 3.14. Assume that G= (P, Q) be a SVPN-graph. Then, the order of G= (P, Q), denoted by 
O(G) is defined by O(G)= (Or(G), Oc(G), Ox(G), Ou(G), Or(G)), where 

é )= Yixev Tp denotes the T-order of G= (P, Q); 

Oc(G)= Yxey Cp denotes the C-order of G= (P, Q) 
) 


Or(G)= Dxev Fp denotes the F-order of G= (P, Q). 

Example 3.10. Assume that G= (P, Q) is an SVPN-graph of G= (V, E) as shown in Example 3.6. Then, 
order of the SVPN-graph G= (P, Q) is O(G)= (1.3, 2.1, 2.7, 2.6, 2.7). 

Definition 3.15. Suppose that G= (P, Q) is an SVPN-graph. Then, the size of G= (P, Q), denoted by 
S(G) is defined by S(G)= (St(G), Sc(G), Sr(G), Su(G), Sr(G)), where 

S1(G)=Xuzk To(u, k) denotes the T-size of G= (P, Q); 

Sc(G)=Yuex Co(u, k) denotes the C-size of G= (P, Q); 

)=Nuzk Ro(u, k) denotes the R-size of G= (P, Q); 

)=Xuex Uo(u, k) denotes the U-size of G= (P, Q); 

Sr(G)= Yuzk Fo(u, k) denotes the F-size of G= (P, Q). 

Example 3.11. Assume that G= (P, Q) is an SVPN-graph of G= (V, E) as shown in Example 3.6. Then, 
size of the SVPN-graph G= (P, Q) is $(G) = (1.0, 2.1, 5.2, 5, 4.9). 


G 
G 


4. Result and discussion 

Graph theory is utilized to deal with many real- problems in operations research. In real-life 
situation, however, indeterminacy and uncertainty may exist in almost every graph theoretic 
problem. SVPN-graph is a useful graph theory to model uncertainty and indeterminacy in 
convincing way based on pentapartitioned neutrosophic set which is an extension of neutrosophic 
set. So, there is a possibility that SVPN-graph will be more successful in dealing with graph 
theoretic problems having indeterminacy in the form of three independent components, namely, 


unknown, contradiction, and ignorance. 


5. Conclusions 

In this article, we have presented the notions of SVPN-graph. Also, we have defined the degree, 
order, size of a SVPN-graph and investigated some properties of them. By defining degree, order, 
size of SVPN-graphs, we formulate some results on SVPN-graphs. Further, we give few examples to 


justify the definitions and results. We hope that the approach presented in this paper will open up 
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new avenues of research on SVPN-graph for its application in real life problems in the current 
neutrosophic area. 

In future study, the single valued pentapartitioned neutrosophic graph can be extended to 
regular and irregular single valued pentapartitioned neutrosophic graph. The proposed single 
valued pentapartitioned graph can be extended to single-valued pentapartitioned neutrosophic 
intersection graphs, single-valued pentapartitioned neutrosophic hypergraphs, and so on. The 
single-valued pentapartitioned neutrosophic graph can be employed to model the computer 


networks, expert systems, image processing, social network , and telecommunication. 
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Abstract. This study utilizes some ideas of a-closed and semi-o-closed sets in neutrosophic crisp topological 
space to state roughly innovative categories of weakly neutrosophic crisp closed functions such as; 
neutrosophic crisp a*-closed functions, neutrosophic crisp a**-closed functions, neutrosophic crisp 
semi-a-closed functions, neutrosophic crisp semi-a*-closed and neutrosophic crisp semi-c**-closed functions. 
Moreover, the interactions among these kinds of feebly neutrosophic crisp closed functions and the suggestions 


for crisp closed functions are described. Furthermore, some theorems, properties, and remarks are debated. 


Keywords: Neutrosophic crisp a*-closed, neutrosophic crisp a**-closed, neutrosophic crisp semi-a-closed, 


neutrosophic crisp semi-a*-closed and neutrosophic crisp semi-a**-closed functions. 
1. Introduction 


Smarandache [1,2] extended the view of sets by defending neutrosophic sets as a generality of 
Zadeh's fuzzy set concept, which states there is no accurate meaning for the set [3]. Soon after, the 
intuitionistic fuzzy set theory was submitted by Atanassov, such that he suggested that some 
elements have the degree of non-membership in the set [4]. The recently exhibited notions fascinated 
numerous scholars of conventional mathematics. Perhaps, fuzzy topology was set up by Chang [5] 
and Lowen [6] by redirecting the constructs from fuzzy sets to the traditional topological spaces. 
Additionally, the extraction of neutrosophic crisp topological space (shortly, NCTS) was announced 
by A. A. Salama et al. [7]. M. Abdel-Basset et al. [8-13] provided a new neutrosophic technique. The 
interpretation of neutrosophic crisp semi-a-closed sets was tendered by R. K. Al-Hamido et al. [14]. 
Some views of ags continuity and ags irresolute functions was examined by V. Banupriya et al. [15]. 
Some principles of neutrosophic a™-continuity was demonstrated by R. Dhavaseelan et al. [16]. The 
gb-closed sets then gb-continuity was directed by C. Maheswari et al. [17]. The homeomorphism in 
neutrosophic topological spaces was generalized by M. H. PAGE et al. [18]. A weakly neutrosophic 
crisp continuity was established by Q. H. Imran et al. [19,20]. Recently, new types of open mappings 
in weakly neutrosophic crisp topology was defined by Al-Obaidi et al. [21]. 

The target of the study is to submit different categories of neutrosophic crisp closed functions in 
weakly forms, such as; neutrosophic crisp a*-closed, neutrosophic crisp a**-closed, neutrosophic 
crisp semi-a-closed, neutrosophic crisp semi-a*-closed and neutrosophic crisp semi-a**-closed 
functions. Additionally, the connections concerning these kinds of weakly neutrosophic crisp closed 
functions are illuminated, corresponding to the thoughts of neutrosophic crisp closed functions. As 


Well, some theorems, properties and remarks are demonstrated. 
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2. Preliminaries 


Through this paper, (J,¢),(J,n) and (K,y) (or in short J,J and K) constantly imply 

NCTSs. Assume that £ be aneutrosophic crisp set ina NCTS J, then 

e L°=J—E signifies the neutrosophic crisp complement of L. 

e NC-cl(L) refers to the neutrosophic crisp closure of L. 

e NC-int(L) speaks of the neutrosophic crisp interior of L. 
Definition 2.1 [7]: Assume non-empty fixed set £ is sample space. The object with form N = 
(N,, Nz, N3) is called a neutrosophic crisp set, for short NC-set such that N,N, and N3 are subsets 
of £ with the mutually disjoint property. 
Definition 2.2: Let £ be a NC-subset of a NCTS J, then we have the following 
i. NCa-CS is denoted as a neutrosophic crisp a-closed set [18] if NC-cl(NC-int(NC-cl(L))) & L. 
ii. NCa-OSs is signified as a neutrosophic crisp a-open set (the complement of a NCa-CS) in J. 
iii. NCaC(J) (resp. NCaO(J)) is represented as the collection of each NCa-CSs (resp. NCa-OSs) of J. 
iv. NCSa-CS is indicated as a neutrosophic crisp semi-a-closed set [14] if 

NC-int(NC-cl(NC-int(NC-cl(L£)))) SL 
or regularly if there exists a NCa-CS D in J such that NC-int(D) SLED. 

v. NCSa-OS is designated as a neutrosophic crisp semi-a-open set (the complement of a NCSa-CS) 
in J. 
NCSaC(J) (resp. NCSaO(J)) is shown as the collection of each NCSa-CSs (resp. NCSa-OSs) of 
J. 
Remark 2.3 [14,20]: In a NCTS J, the resulting declarations hang on, and the reverse of each 


we. 


Vi. 


declaration is a fallacy: 

i. Each NC-CS is a NCa-CS and NCSa-CS. 

ii. Each NCa-CS is a NCSa-CS. 

Theorem 2.4 [18]: For any NC-subset £ of a NCTS J, LE NCaC(J) iff there exists a NC-CS D such 

that NC-cl(NC-int(D)) © LED. 

Definition 2.5: A function w:J — J is called: 

i. Neutrosophic crisp closed (briefly NC-closed) [7] iff for each NC-CS £ in J, then p(L) isa 
NC-CS in J. 

ii. Neutrosophic crisp a-closed (briefly NCa-closed) [19] iff foreach NC-CS £ in J, then p(L) isa 
NCa-CS in J. 

Theorem 2.6 [7]: 

i. A function p:J — J is NC-closed iff NC-cl@p(L)) S W(NC-cl(L)), for every £GJ. 

ii. A function w:J — J is neutrosophic crisp continuous (shortly NC-continuous) iff for each 
NC-CS £ in J, then w71(L) isa NC-CS in J. 

iii. A function w:J — J is NC-continuous iff NC-int@p(L)) S W(NC-int(L)), for every LEI. 


3. Weakly Neutrosophic Crisp Closed Functions 


Definition 3.1: Assume w:J — J isa function, then wp is named as the following: 
i. Neutrosophic crisp a*-closed (briefly NCa*-closed) iff for each NCa-CS £ in J, then p(L) isa 
NCa-CS in J. 
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ii. Neutrosophic crisp a**-closed (briefly NCa**-closed) iff foreach £ NCa-CS in J, then p(L) isa 
NC-CS_ in J. 
Definition 3.2: A function w:J — J is called: 
i. Neutrosophic crisp semi-a-closed (briefly NCSa-closed) iff for each £ NC-CS in J, then w(£) is 
a NCSa-CS in J. 
ii. Neutrosophic crisp semi-a*-closed (briefly NCSa*-closed) iff for each £ NCSa-CS in J, then 
W(L) isa NCSa-CSin J. 
iii. Neutrosophic crisp semi-a**-closed (briefly NCSa**-closed) iff for each £ NCSa-CS in J, then 

W(L) isaNC-CSin J. 
Theorem 3.3; A _ function ww:J—J is NCSo-closed iff for every LEI , 
NC-int(NC-cl(NC-int(NC-cl((L))))) & W(NC-cl(L)). 
Proof: 
Necessity: For any £& J, w(NC-cl(L)) is NCSa-CSin J this implies that 

NC-int(NC-cl(NC-int (W(NC-cl(L))))) © W(NC-cl(L)). 


Hence, we have 
NC-int(NC-cl(NC-int(NC-cl(W(L))))) & W(NC-cl(L)). 
Sufficiency: For any £ J, we have by hypothesis 
NC-int(NC-cl(NC-int(NC-cl(W(L))))) & W(NC-cl(L)). 

So p(£) is NCSa-CS in J and then we get that the function wy isa NCSa-closed. ™ 

Theorem 3.4: 

i. Any function NC-closed is NCa-closed, then it is NCSa-closed. Nonetheless, the inverse is 
generally a fallacy. 

ii. Any function NCa-closed is NCSa-closed. Nonetheless, the inverse is generally a fallacy. 

Proof: 

i. Assume W:J — J isa NC-closed function, and £ isa NC-CS in J. Then w(L) isa NC-CSin J. 
Because NC-CS is NCa-CS (NCSa-CS), w(L) isa NCa-CS (NCSa-CS) in J. Thus, the function w 
is NCa-closed (NCSa-closed). 

ii. Assume w:J — J is a NCa-closed function and £ is a NC-CS in J. Then w(L) is a NCa-CS in 
J. Because NCa-CS is NCSa-CS, w(L) is a NCSa-CS in J. Thus, the function y is 
NCSa-closed. 

Example 3.5: Assume J = {p1,P2,P3,P4}. Then 

67 = {bn, ({p3h, b b), (fp, Ph, bb), {Pr Po, P3h, bh), In} 

is a NCTS. The collection of every NC-CSs of J is: 

NC-C(J) = {Iy, ({P1,P2, Pat, &, &), {D2 Pat, bb), ({P43, Ob), On}. 

The collection of every NCa-CSs (NCSa-CSs) of J is: 

NCSaC(J) = NCaC(J) = NC-C(I)UL({p1, Da}, GP), (1 Po}, Bb), ({(D2h, bb), ({P13, B, H)3. 

Define a function w:J — J by 

PUtpi3, 6, &)) = (ft, bb) WU lP2h, bb) = ({p4}, $, >), 

W({ps}, b, b)) = ({p3h, bb), WCU tpah, & &)) = ({p2}, d, O). 
We observe w is a NCa-closed. It is NCSa-closed; nonetheless, it is not a NC-closed function 
because of ({p,},¢,@) is NC-CSin J and W(({p,},¢, 6)) = ({p2},¢, @) isnot a NC-CS in J. 
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Example 3.6: Let J = {p,, p2, p3, Pa}. Then 
6 = {by {D1}, 0, >), (P23, b, 6), ({P1, P23, b), {Pr Po P3h, Pb), In} 

is a NCTS. The collection of every NC-CSs of J is: 

NC-C(J) = (In, ({P2,P3, Pah, P,P), {Pr Ps, Pad, & P), (Pz, Pah, DD), ({pah, bP), Pwt- 

The collection of every NCa-CSs of J is: 

NCaC(J) = NC-C(J)UL {ps}, &, H)}. 

The collection of every NCSa-CSs of J is: 

NCSaC(J) = NCaC(I)UL({P2, P43, b, b), ({P2, D3}, &, b), ({P1, Pat, , H), ({P1, Pah, bP), (Dah, bb), (P13; , H)}- 

Define a function w:J — J by 

WU {pih, bb) = (tp13, 6b), WU lP2}, 6, P) = {2h b >), 
PU{p3h bb) = WU lah, & )) = (tp4h, d, O). 

We observe that the function wy is a NCSa-closed. Furthermore, it is not NCa-closed function 

because of ({p1,P3,Pa},6,6) is NC-CS in J and w(({p1,P3, P43, 0,6) = ({p1,P4},0,) is not a 

NCa-CS in J. 

Remark 3.7: There is no relation between the ideas of NC-closed and NCa*-closed functions, as the 

next two examples are displayed below. 

Example 3.8: The function wy in Example (3.5) is a NCa*-closed. Nonetheless, it is not NC-closed. 

Example 3.9: Assume that J = {p,, p2, D3, p4} is a set. Then 

67 = {bn {D1}, b), ({P25, bb), {1 P23, b, b), {Pr D2 P3h,b, b), In} 

is a NCTS. The collection of each NC-CSs of J is: 

NC-CJ) = (I, ({P2, Ps, Pah, P,P), (Pr, Pz, Pad, P, &), ({D3, Pad, Bb), (Pah, bb), Oy} 

The family of all NCa-CSs of J is: NCaC(J) = NC-C(J)U{({p3},¢,6)}. The collection of each 

NCSa-CSs of J is: 

NCSaC(J) = NCaC(I)U{({p2, pat, $b), ({p2, P3h, bb), {or Pah bb), ({p1, 3h, bb), ({p2}, bb), {pi}, &, b)} 

Define a function w:J — J by 

PC tr1h 6,6) = PU tes, bb) = (frit, , ¢), 
W(({p3}, 6, b)) = {2h bb), PU tps}, & &)) = (fs), d, 0). 

We observe that the w is a NC-closed. Furthermore, it is not NCa*-closed function because of 

({p3}, 6,6) is NCa-CS in J and wW(({p3}, ¢, 6)) = ({p2}, 6, 6) is not a NCa-CS in J. 

Proposition 3.10: 

i. A function w:J — J is NC-closed and NC-continuous, then this function is NCa*-closed. 

ii. A function p:J > J isa NCo*-closed iff w:(J,NCa0(J)) — (J, NCaO(J)) is NC-closed. 

Proof: 

i. Assume that a function w:J — J is NC-closed and NC-continuous. To verify the function w is 
NCa*-closed, we suppose that £€ NCaC(J), then for some sets like NC-CS WN with this fact 
NC-cI(NC-int(V)) GLEN (by theorem (2.4)). Hence p(NC-cl(NC-int(NV))) S W(L) S P(V) 
but NC-cl(W(NC-int(W))) S W(NC-cl(NC-int(NV)))) (because the function w is NC-closed). Then 
NC-cl(W(NC-int(W))) S W(NC-cl(NC-int(W))) € W(L) S WW). But NC-cl(NC-int(p(W))) S 
NC -cl(W(NC -int(V))) (because the function wy is NC-continuous). Consequently, we get 
NC-cl(NC-int(w(W))) S W(L) S W(W). However, W(N) is a NC-CS in J (because the function 
w is NC-closed). Hence w(L) € NCaC(J) (it is clear from theorem (2.4)). Thus, the function w is 
NCa*-closed. 
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ii. Part (ii) is clear for proof. ™ 
Remark 3.11: It is understood that every function is defined as NCa*-closed, then it is NCa-closed as 
well as NCSa-closed. Nonetheless, the inverse is generally a fallacy, as the next example is displayed 
below. 
Example 3.12: It is clear to note that the function w is a NCa-closed and NCSa-closed in Example 
(3.12). However, it is not NCa*-closed. 
Remark 3.13: There is no relation between the ideas of NC-closed and NCSa*-closed functions, as 
the next two examples are displayed below. 
Example 3.14: The function wy in Example (3.5) is a NCSa*-closed. However, it is not NC-closed. 
Example 3.15: Let J = {p,,p2,p3}. Then [ = {hy, ({p1}, 6, 6), Jy} is a NCTS. The collection of each 
NC-CSs of J is NC-C(J) = (Jy, ({p2, 23}, 6,0), Oy}. The collection of each NCa-CSs (NCSa-CSs) of J 
is: 
NCaC(J) = NCSaC(J) = NC-C(J) UL {p3}, 6, f), ({p23, b, H)}.- 

Let J = (41, 42,943,943. Then 7 = {oy, ({91}, b, $), {42,93}, b &) (E41, 92,933, 0,6), In} is a NCTS. 
The collection of each NC-CSs of J is: 

NC-C(J) = (In, (£2, 93, Gah, BP) (E41, dah, bb) (hah,  h), On}. 
The collection of each NCa-CSs of J is: NCaC(J) = NC-C(J). The family of all NCSa-CSs of J is: 

NCSaC(J) = NCaC(J)UL({q1}, , P)}- 
Define a function w:J — J by 
Wp}, 6 b)) = (lar3, bb), Wl}, bb) = (la2h b>), Wt}, 6, 6)) = ({a3}, & &). 
Clearly, we can realize that the function w~ is a NC-closed; nonetheless, this function doesn't 
represent NCSa*-closed because of ({p3},¢,¢) € NCSaC(J) and wW(({p3},¢,)) = ({q3}, 6, b) € 
NCSaC(J). 
Proposition 3.16: A function w:J > J is a NCSa*-closed iff this function w:(J,NCSa0(J)) > 
(J, NCSa0(J)) is a NC-closed. 
Proof: Understandable. ™ 
Remark 3.17: There is no relation between the ideas of NCa*-closed and NCSa*-closed functions, as 
the next two examples are displayed below. 
Example 3.18: The function wy in Example (3.9) is a NCSa*-closed. However, it is not NCa*-closed. 
Example 3.19: Assume that the set J = {p,,p2,p3,p4}. Then 
& = thn, ({Pih, ob), ({p2, Dah, bP), (Pr P2, Pah, & b), In} 

is a NCTS. The collection of each NC-CSs of J is: 

NC-C(J) = (wy, ({P2, P3, P43, P, &), ({P1,P3h, Bb), {D3}, P,P), Oy}. 
Assume that the set J = (41, 92,93,44}. Then 

n = {bn {a3 6b), C42, 44h, bb) (L192, 943, Pb), In} 

is a NCTS. The collection of each NC-CSs of J is 

NC-C(J) = (dn, (£42) 93, dah, b, &) (£41, 93h, b, b), (L933, bh), Od: 
Define a function w:J — J by 

WC{p1h, 6, 6)) = (fai3, o, o), 
Wtp2h, 6, 6) = WUtps3, & 6) = (tat, bb), 
W{pah, , O)) = (f443, bo). 


Clearly, we can note that the function wy is NCa*-closed. However, it is not NCSa*-closed. 
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Theorem 3.20: If a function w:J — J is NCa*-closed and NC-continuous, then it is NCSa*-closed. 
Proof: Assume that the function y:J — J is NCa*-closed as well as NC-continuous. Moreover, 
suppose £ is NCSa-CS in J. Then for some sets, like NCa-CS N with this fact NC-int(N) GLE 
N. Consequently, we have 

NC-int(W(M)) € W(NC-int(W)) © W(L) € WIV) 
(this is because the function w is NC-continuous). However, the set ~(W) € NCaC(J) because the 
function Ww is NCa*-closed). Thus, the set NC -int@((W)) © W(L) S WWW). Therefore, p(L) € 
NCSaC(J). Thus, w is a NCSa*-closed function. 
Theorem 3.21: The two functions w,:J — J and 2:J — K are satisfying the following 

i. If a function yw, is NC-closed and a function w. is NCa-closed, then a function wp, °wW,:J 
K is NCa-closed. 

ii. Ifafunction w, is NCa-closed and a function w. is NCa*-closed, then a function wp, °wW4:J 
K is NCa-closed. 

iii. If functions Ww, and wz are NCa*-closed, then a function wz °wW,:I — K is NCa*-closed. 

iv. If functions w,; and w, are NCSa*-closed, then a function 2° ,:I — K is NCSa*-closed. 

v. Iffunctions wy, and w. are NCa**-closed, then a function wo W4:I — K is NCa**-closed. 

vi. If functions w,; and wz are NCSa**-closed, then a function 2 °y~,:J — K is NCSa**-closed. 

vii. If a function w~, is NCa**-closed and a function wz is NCa*-closed, then a function wp ° 
W4:I — K is NCa*-closed. 

viii. If a function ~, is NCa-closed and a function w, is NCa**-closed, then a function wp, ° 
W4:I — K is NC-closed. 

ix. If a function w, is NCa**-closed and a function wy, is NCa-closed, then a function yw, o 
W4:I — K is NCa*-closed. 

x. Ifafunction Ww, is NCa**-closed and a function yw, is NC-closed, then a function w, °y,:J 
K isa NCa**-closed. 

Proof: 

i. Let L beaNC-CSin J. Since w, isa NC-closed function, w,(£) isa NC-CSin J. Since wz isa 
Na-closed function, Pz °W,(L) = W2(W,(L)) isa NCa-CS in K. Thus, a function pz ° y4:JI > 
K is Na-closed. 

ii. Let £L bea NC-CSin J. Since w, isa NCa-closed function, y,(£L) isa NCa-CS in J. Since wy, 
is a NCa*-closed function, w, ° W,(L) = W2(W,(L)) isa NCa-CS in K. Thus, a function wp, © 
W4:I — K is NCa-closed. 

iii. Let £L bea NCa-CSin J. Since yw, is a NCa*-closed function, y,(L£L) isa NCa-CS in J. Since 
wW. isa NCa*-closed function, wz ° W,(L) = W2(W,(L)) isa NCa-CSin K. Thus, a function 
W.°W4:I— K is NCa*-closed. 

iv. Let £L be aNCSa-CS in J. Since w, isa NCSa*-closed function, w,(L) isa NCSa-CSin J. 
Since w. isa NCSa*-closed function, Wz ° W,(L) = W2(~,(L)) isa NCSa-CS in K. Thus, a 
function wz °y,:IJ — K is NCSa*-closed. 

v. Let L beaNCoa-CSin J. Since wp, is a NCa**-closed function, y,(L) isa NC-CS in J. Since 
any NC-CS is NCa-CS, w,(£) isa NCa-CS in J. Since wz isa NCa**-closed function, wo 
W1(L) = W2(,(L)) isa NC-CS in K. Thus, a function wz °W,:I — K is NCa**-closed. 
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vi. Let £L be aNCSa-CS in J. Since w, is a NCSa**-closed function, y,(£) isa NC-CS in J. Since 
any NC-CS is NCSa-CS, ,(£) isa NCSa-CS in J. Since 2 is a NCSa**-closed function, w2 ° 
Wi(L) = W2(W,(L)) isa NC-CS in K. Thus, a function wz °~,:I — K is NCSa**-closed. 

vii. Let £ be aNCa-CS in J. Since wy, is a NCa**-closed function, w,(L) isa NC-CS in J. Since 
any NC-CS is NCa-CS, w,(£) isa NCa-CS in J. Since pz isa NCa*-closed function, wz ° 
Wi(L) = W2(W,(L)) isa NCa-CS in K. Thus, a function 2 ° W4:I — K is NCa*-closed. 

viii. Let £ bea NC-CSin J. Since w, isa NCa-closed function, y,(£) isa NCa-CS in J. Since w, 
is a NCa**-closed function, 2 ° W,(L) = w2(W,(L)) isa NC-CS in J. Thus, a function wp ° 
W1:I— K is NC-closed. 

ix. Let £L bea NCa-CSin J. Since w, is a NCa**-closed function, w,(£) isa NC-CSin J. Since 
w. isa NCa-closed function, W ° p,(L) = W2(,(L)) isa NCa-CS in J. Thus, a function wp 
W4:I — K isa NCa*-closed. 

x. Let £LbeaNCa-CSin J. Since wy, is a NCa**-closed function, y,(L) isa NC-CSin J. Since 
wW. isa NC-closed function, Wz ° W,(L) = W2(,(L)) isa NC-CSin L. Thus, a function wy ° 
W143: — K is NCa**-closed. @ 


Remark 3.22: The following diagram on the next page explains the relationship between weakly 


NCSa**-closed 
NCa**-closed 


w is a NC-continuous 


NC-closed 


NC-closed functions. 


NCa-closed 


NCSa-closed 


w is a NC-continuous 


NCa’*-closed NCSa*-closed 


Fig. 3.1 


4. Conclusion 


We utilize the ideas of NCa-CSs and NCSa-CSs to identify some different kinds of weakly 
NC-closed functions, for instance; NCa*-closed, NCa**-closed, NCSa-closed, NCSa*-closed and 
NCSa**-closed functions. The most significant results are that the neutrosophic crisp 


semi-a**-closed maps are neutrosophic crisp a**-closed, neutrosophic crisp a*-closed and 
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neutrosophic crisp semi-a*-closed. Moreover, neutrosophic crisp a**-closed map is neutrosophic 
crisp a*-closed and neutrosophic crisp closed. However, the neutrosophic crisp closed map is not 
neutrosophic crisp a*-closed and the latter is not neutrosophic crisp semi-a*-closed unless they are 
NC-continuous maps. Furthermore, neutrosophic crisp a*-closed and neutrosophic crisp closed 
maps are neutrosophic crisp a-closed and neutrosophic crisp semi-a-closed because crisp a-closed 
map is neutrosophic crisp semi-a-closed. Finally, neutrosophic crisp semi-a*-closed map is 
neutrosophic crisp semi-a-closed. As future works, the NCa-CSs and NCSa-CSs can be used to 
derive some neutrosophic crisp separation axioms, and we can generalize our results from the 


multivalued neutrosophic crisp closed. 
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Abstract: Yager et. al. defined a q-rung orthopair fuzzy sets as a new general class of Pythagorean 
fuzzy set in which the sum of the qth power of the support for and support against is bonded by one. 
Tapan et. al. extended the concept of intuitionistic fuzzy sets as 3-rung orthopair fuzzy sets or 
Fermatean fuzzy sets (FFSs). Later C. Antony et. al. introduced the concept of Fermatean 
Neutrosophic Sets. In this work, we define Fermatean neutrosophic graphs and present some 
operations on Fermatean neutrosophic graphs. Further, we introduce the concepts of regular 
Fermatean neutrosophic graphs, strong Fermatean neutrosophic graphs, Cartesian, Composition, 
Lexicographic product of Fermatean neutrosophic graphs. Finally, we give the applications of 


Fermatean neutrosophic graphs. 


Keywords: Pythagorean Fuzzy sets, Fermatean Fuzzy sets, Fermatean Neutrosophic sets, Fermatean 
Neutrosophic graphs 


1. Introduction 


Mohamed [1, 2] introduced the concept of strong interval-valued Pythagorean fuzzy graphs and 
established some algebraic operations. Sangeetha et al. [3] defined the concept of Pythagorean Fuzzy 
Digraph (PyFDG), and PyFDG's score function in addition they proposed an algorithm for 
Pythagorean shortest path in package delivery robots. Peng et al. [4] introduced the concept of 
interval-valued Pythagorean fuzzy sets (IVPFSs) which is a generalization of Pythagorean Fuzzy Set 
(PFS) and interval-valued intuitionistic fuzzy set. Mohanta et al. [5] introduced the idea of Dombi 
picture fuzzy graph and develope some dombi picture graph operations. Akram et al. [6] proposed 
a new generalization of fuzzy graph, called Simplified Interval-Valued Pythagorean Fuzzy Graph 
(SIVPFGs), to describe uncertain information in graph theory. Then, they developed a series of 
operations on two SIVPFGs and investigated their properties and introduced new multi-agent 
decision-making approach based on SIVPFG. By integrating the concepts Pythagorean Neutrosophic 
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Fuzzy Graph (PNDFG) and Dombi operator, Ajay et al. [7] defined a new concept Pythagorean 
Neutrosophic Graphs by applying the concepts of Pythagorean Neutrosophic Set to fuzzy graph and 
defined some of its basic definitions and properties. Ajay et al. [8, 9] proposed Pythagorean 
Neutrosophic fuzzy graphs using Dombi operator called Pythagorean Neutrosophic Dombi Fuzzy 
Graphs and solved a decision-making problem involving the selection of the best money-transfer 
applications. Recently, they developed anew Multi Criteria Decision Making (MCDM) method using 
the Pythagorean Neutrosophic graphs. Jun et al. [10] introduced Neutrosophic Cubic Sets as the 
combination of cubic sets with Neutrosophic sets. They also defined different operations of such sets. 
Muhammad et al. [11] applied Cubic Neutrosophic Set concept on graphs and introduced the notion 
of Cubic Neutrosophic Graphs. 

Senapati et al. [12, 13] proposed a new concept known as the Fermatean fuzzy set, in which the 
restrictions are that the total of the third powers of the membership grades and non-membership 
grades be less than one. By expanding the spatial extent of membership and non-membership grade, 
FFSs have a greater potential to support uncertain information. Later, they develop some Fermatean 
Fuzzy Sets operations. An extensively study of Fermatean Fuzzy Set and its applications is illustrated 
in [ 14 - 30]. Thamizhendhi et al. [31] defined the concept of Fermatean Fuzzy Hyper- Graphs 
(FFHGs) and developed some definition and properties. Operations on single valued Neutrosophic 
graphs are studied in [32] Further, the operations on Neutrosophic vague graphs are discussed in 
[33]. In [34], the authors extensively studied about the concept of single valued Neutrosophic graphs. 
Moreover, in [35], bipolar single valued Neutrosophic graphs are investigated with its related 
properties. R. Sundareswaran et. al. introduced and studied the vulnerability parameters in 
Neutrosophic environment in [36, 37]. 

Recently, Antony and Jansi [38] proposed a new emerging concept of Fermatean neutrosophic by 
blending the concept of Neutrosophic sets and Fermatean fuzzy sets. By employing the concept of 
Fermatean Neutrosophic Sets (FNSs), this paper presents the Fermatean neutrosophic graphs. 
Motivated by the above-mentioned works, to the best of the authors’ knowledge, there is no work 
reported on the concepts of Fermatean neutrosophic graphs with the application. The major 
contributions in this work are explained as follows: 

1) The notions of Fermatean Neutrosophic Graphs (FNGs) are introduced. This study makes 
the first attempt in the literature about the concept in Fermatean Neutrosophic graphs. 

2) The importance of this new class of graphs and distinguishing this class with other existing 
classes are studied. 

3) In addition, the complete and strong FNG are defined. The operations like a Cartesian 
product, lexicographic product, composition, union and the join of FNGs with their 
properties are discussed. 

4) The optimum selection of a power plant among various power plants are identified by using 


FNG is made. 


The layout of this article is arranged systematically as follows: Section 2 provides some basic concepts 


Pythagorean Fuzzy Sets (PFS), Fermatean Fuzzy Set (FFS), Pythagorean Neutrosophic Set (PNS), 
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Fermatean Neutrosophic Set (FNS) and Pythagorean Neutrosophic Fuzzy Graph (PNFG) and we 
present the geometrical interpretation of Fermatean Neutrosophic Set and illustrated in subsection 
2.1. In section 3, we introduce a new class of Neutrosophic graphs called Fermatean Neutrosophic 
Graphs with an illustration. In Section 4, we present the idea of Size and Types of degrees in 
Fermatean Neutrosophic Graphs. Finally, we discuss different types of Fermatean Neutrosophic 


Graphs in Section 5. The conclusion of this research work is summarized in the last Section. 
2. Preliminaries 


In this section, we provide the basic concepts and definitions in of PFS, PFN, FFS, FNS, FFR, PFR and 
PNFG. In 1999, Smarandache, F. introduced the following definition for Neutrosophic Sets [NS]. 


Definition 2.1 [39] 
A fuzzy set (class) A in X is characterized by a membership (characteristic) function f,(x) which 
associates with each point in X a real number in the interval [0,1], with the value of f(x) at x 


representing the "grade of membership" of x in A. 


Definition 2.2 [40] 

Let Xbe a non-empty set. An intuitionistic fuzzy set A in X is an object having the form A= 
{(x, Ha (x), va(x)): x © X} where the functions p1,(x), va(x) : X > [0,1] define respectively, the degree of 
membership and degree of non-membership of the element x € X to the set A and for every element 
x € X,0 < ug(x) + va(X) $1. 


Definition 2.3 [41] 

Let X be the universe. A Neutrosophic set (NS) A in X is characterized by a truth membership function 
Ta , an indeterminacy membership function I,, and a falsity membership function F, where Ta, I, 
and F, are real standard elements of [0,1]. It can be written as A = {(x, (T, (x), Iq (x), Fa(X)): x € 
X,Ta,1,,F, € ]O7 ,1* [}. There is no restriction on the sum of T,(x),I,(x) and Fa(x) and so 07 < 
Ta (x) + I, (x) + Fa(x) < 37. 


Definition 2.4 [42] 
A Pythagorean fuzzy set (PFS) A ona universe of discourse X is a structure having the form as 

A= {(x, T(x), Fa(x))| x € X} 
where T,(x):X — [0,1] indicates the degree of membership and F,(x):X — [0,1] indicates the degree 
of non-membership of every element x €X to the set A, respectively, with the constraints: 0 < 
(T4(x)) +(FaQO) <1. 


Definition 2.5 [7] 
A Pythagorean neutrosophic set (PN — set) A on a universe of discourse X is a structure having the 
form as 


A= {(x, Ty), 1a (20), Fa ))| & € X} 
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where T,(x):X — [0,1] indicates the degree of membership, I,(x):X — [0,1] indicates the degree of 
indeterminacy-membership, and F,(x):X — [0,1] indicates the degree of non-membership of every 
element x € X to the set A, respectively, with the constraints: 0 < (T, (x))+(Fy(x)) <l andO< 
(14(x))° <1 then 0 < (Ta(x)) +(I4@)) +(Ta(x)) <2. 


Here, T,(x) and F,(x) are dependent component and I(x) is independent component. 


Definition 2.6 [12, 13] 
A Fermatean fuzzy set (FF — set) A ona universe of discourse X is a structure having the form as: 
A= {(x, Ty (x), Fa(x))| x € X} 
where T,(x):X — [0,1] indicates the degree of membership, and F,(x):X — [0,1] indicates the degree 
of non-membership of the element x € X to the set A, respectively, with the constraints : 
0 <(T,(x)) +(Fy(x))° <1 
Antony et al. [36] proposed the concept of Fermatean neutrosophic set considering more possible 


types of uncertainty including the measure of neutral membership. These are defined below 


Definition 2.7 [36] 
Fermatean neutrosophic set (FN — set) A ona universe of discourse X is a structure having the form 
as: 

A= {(x, Ty (x), La), Fa (x))| x € X} 
where T,(x):X — [0,1] indicates the degree of membership, I,(x):X — [0,1] indicates the degree of 
indeterminacy-membership, and F,(x):X — [0,1] indicates the degree of non-membership of the 
element x € X to the set A, respectively, with the constraints : 0 < (Ty (x) +(Fa(x))” <l and0< 
(14(x))” <1 then 0 < (Ty(x)) +(Ia@x)) +(Ta(x)) <2 VE X. 


Here, T,(x) and F,(x) are dependent component and I,(x) is independent component. 


Definition 2.8 [43] 
Let G=(V,E) be a graph which is an ordered pair a set of vertices (nodes or points) and a 


set of edges (links or lines), which an edge is associated with two distinct vertices. 


Definition 2.9 [44, 45] 
Any fuzzy relation pu: S x S > [0,1] can be regarded as defining a weighted graph, or fuzzy graph, 
where the arc (x,y) € S X S, for all x,y in S has weight w(X,Y) € [0,1]. 


Definition 2.10 [46] 
An intuitionistic fuzzy graph is defined as G = (V,E,p,v ), where 
(i) V = {¥1,V2,V3,..Vn} (non-empty set) such that 1, :V— [0,1], v;:V — [0,1] denote the 
degree of membership and non-membership of the element v; € V respectively and 0 < 


(vi) + v1 (vi) S 1 for every vy, E V,i=1,2...,n 
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(ii) EC V x Vwhere p,:V xV >[0,1Jand vz:V xV > [0,1]are such that  u,(vi,v;) < 
min{p, (vj), us(v;)} 1V2(vip v;) < max{ v1 (vi), v1 (v;)} and O0<u, (vi, vj) + v2(vi, V;) <1,0< 
Lo (vi, V;),V2(viv;), t(vi, v;) <1 where n(Vv;, v;) =1- Uo (vi, V)) = v2(vi, v;) for every (vi, vj) E 
E,i= 1,2,...,n 


Definition 2.11 [47] 
A Neutrosophic graph is of the form G* = (V,o, ) where o = (T,, 11, Fy) & u = (To, Ia, Fo) 

(1) V = {v, 02,03, ..Up} such that T,:V— [0,1], 4:V — [0,1] and F,:V > [0,1] denote the 
degree of truth-membership function, indeterminacy —membership function and falsity- 
membership function of the vertex v,; €V_ respectively and 0<T7,(v) +1(v) + FW) < 
3,Vv,EV (i=1,2,3,...n). 

(ii) T2 ?V xV = [0,1], b:V xV > [0,1] and FV xV = [0,1] where T2(v;,v;),12(vi,¥j) and 
F,(v;,v;) denote the degree of truth-membership function , indeterminacy —membership 
function and falsity-membership function of the edge (v;, v;) respectively such that for every 
edge (vj, ¥;), 

To (v;, ¥;) < min{ T,(v;),T1(y)}, 
I, (vi, v;) < min{ LW), 1 (v;)} : 
F, (vj, ;) < max{F,(v;), F,(y,)}, 
and T,(v;,v;) + 12(vj, vj) + Fo(v;, vj) < 3. 


Definition 2. 12 [1, 2] 
A Pythagorean Fuzzy Graph on a universal set X is a pair G=(P,Q) where P is Pythagorean fuzzy 


set on X and Q is a pythagorean fuzzy relation on X such that: 


Tg(u,v) < min{Tp(u), Tp(v)} 
ie (u,v) = max{Fp(u), Fp(v)} 


and 0 < Tj(u,v) + Fj(u,v) <1 for allu,v € X, where, Tg: X x X > [0,1]. Fy:X x X > [0,1] indicates 


degree of membership, and degree of non-membership of Q, correspondingly. 


Definition 2. 13 [31] 
A Fermatean fuzzy Graph (FFG) on a universal set X is a pair G=(P, Q) where P is Fermatean fuzzy 


set on X and Q is a Fermatean fuzzy relation on X such that : 


Tg(u,v) < min{Tp(u), Tp(v)} 
a (u,v) = max{Fp(u), Fp(v)} 


and 0< T§(u,v) + Fg(u,v) <1 forallu,v € X, where, Tg:X x X > [0,1], Fg:X x X > [0,1] indicates 
degree of membership and degree of non-membership of Q, correspondingly. Here P is the 


Fermatean fuzzy vertex set of G and Q is the Fermatean fuzzy edge set of G. 


Definition 2. 14 [7] 
Pythagorean Neutrosophic Fuzzy Graph (PNFG) is of the form G*=(V,0,u) where o = 
(Th, Fy) & w= (Tp, Ia, Fr) 
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(1) V = {v1}, 02,03, ..Un} such that T, :V — [0,1], 4:V — [0,1] and F,:V > [0,1] denote the 
degree of truth-membership function , indeterminacy —membership function and falsity- 
membership function of the vertex v; € V respectively and 0 < 7;(v)* + 1,(v)? + F;(v)? < 
2,Vv,EV (i=1,2,3,...n). 

(ii) T,: V xV = [0,1], b:V xV — [0,1] and F,:V xV > [0,1] where T,(v;, ¥%;), (viv) and 
Fy (v;, ¥;) denote the degree of truth-membership function , indeterminacy —membership 
function and falsity-membership function of the edge (v;, v;) respectively such that for every 
edge (vj, ¥;), 

To (v;, ;) < min{ T,(v;),T1(y)}, 
I, (vi, v;) < min{ LW), 1 (v;)} F 
F, (vi, v;) < max{F,(v;), F,(v,)}, 
and T,(v;,v;) + 1n(v;,v;) + Fo(v, vj) < 3. 


2.1 Merits and De-merits of uncertainty sets 


Several researchers have been introduced different kinds of sets based on the uncertainty situations. 


Each time, a new set is introduced, it gives an information about the limitations and advantages of 


the new set with a comparison of an existing one. In this section, we have listed out such discussions. 


Sets Advantages Limitations 
Fuzzy Problems with uncertainty can be solved by fuzzy | Decision makers can be used only 
- Zadeh (1965) sets with membership values. membership degree 0 <u < 1. 


Intuitionistic Fuzzy — 
Atanassov (1986) 


The concept of fuzzy sets is inconclusive because the 
exclusion of non-membership function. The IFS 
incorporates both membership function, » and 
nonmembership function, v with hesitation margin, 
1 (that is, neither membership nor nonmembership 
functions), such that wp +v < landu+vt+nr= 
1. 


Intuitionistic fuzzy sets can only 
handle incomplete information not 
the indeterminate information and 
inconsistent information which exists 
For 
example, when we ask the opinion of 


commonly in belief system. 


an expert about certain statement, he 
or she may that the possibility that the 
statement is true is 0.6 and the 
statement is false is 0.5 and the degree 
that he or she is not sure is 0.1 


Neutrosophic 
— Smarandache(2019) 


In Neutrosophic set, indeterminacy is quantified 
explicitly and truth-membership, indeterminacy 
membership and falsity-membership are 
independent. Neutrosophy was introduced by 
Smarandache in 1995. “It is a branch of philosophy 
which studies the origin, nature and scope of 
neutralities, as well as_ their 
different ideational spectra”. 


interactions with 


A Neutrosophic set A in X is 
characterized by a truth-membership 
function Ty, an indeterminacy 
membership function J, and a falsity- 
membership function F4.T4(x), la) 
and F,(x) are real standard or non- 
standard subsets of ]0- ,1+ [. That is 
Ta:X > ]0- ,1[ 

y:X >]0o- 14+ [ 


Fy:X >]0—,1+[ There is no 
restriction on the sum of T,(x),14(x) 
and Fy(x), so O-—<supT,(x) + 
sup I(x) + supFy(x) $3 +. 
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Single valued 
Neutrosophic 


The set theoretic operators on an instance of 
Neutrosophic set is single valued Neutrosophic set 
(SVNS). 


A Single Valued Neutrosophic Set 
(SVNS) A in X is characterized by 
truth-membership function Ta, 
indeterminacy-membership function 
I, and falsity-membership function 
Fy. For each point x _ in 
X, Tax), 1a(x), Fa) € [0,1]. 


0< Ta(x) + I,(x) + F,(x) <3 


Pythagorean fuzzy 
-Yager (2014) 


FFS is firstly proposed by Senapati and Yager (2020) 
as a special case of q-rung orthopair fuzzy sets (q- 
ROFS). The theory of g-ROFS which is developed by 
Yager (2017) requires the sum of the q't power of 
membership (e.g., support for an idea) and non- 
membership (e.g., support against an idea) degrees 
should be equal to or smaller than 1. It is obvious that 
when q increases the space of acceptable orthopairs 
will increase and this geometric area supplies more 
independence to users or decision-makers while 
declaring their preferences, ideas, and claims. By 
setting q = 2, Yager (2014) rename the q-ROFS as 
Pythagorean fuzzy sets (PFS) and developed basic 
operations on them. It deals with vagueness 
considering the membership grade, pw and 
nonmembership grade, v satisfying the conditions 
ut+v < loru + v = 1, and, it follows that py? + 
v? + m* = 1,where z is the Pythagorean fuzzy set 
index. 


Fermatean Fuzzy 


- Sanapati(2019) 


Senapati and Yager (2019) set q =3 and this novel q- 
ROFS is called Fermatean fuzzy sets (FFS). Under this 
new concept, the decision-makers have more 
freedom since they can specify their ideas about 
agreeing (membership) and/or disagreeing (non- 
membership) regarding the state of a subject. It deals 
with vagueness considering the membership grade, 
tt and non-membership grade, v satisfying the 
conditions u+v < lor + v = 1, and, it follows 
that u? + v? + 2? = 1,where z is the Pythagorean 
fuzzy set index. 


In a voting process, a judgement may 
give based on a candidate satisfies his 
expectations with a possibility of 0.80 
and this candidate dissatisfies the 
expectations with a possibility of 0.75. 
But their sum is 1.55 (>1) and their 
square sum is 1.20 (>1). the sum of the 
cubes is equal to 0.93 (<1). 


Pythagorean 
Neutrosophic 


Pythagorean fuzzy sets has limitation that their 
square sum is less than or equal to 1. In neutrosophic 
set, if truth membership and falsity membership are 
100% dependent and indeterminacy is 100% 
independent, that is 0 < T,4(x) + I4(x) + Fu(x) S 
2. Sometimes in real life, we face many problems 
which cannot be handled by using neutrosophic 
when T,(x) + I4(x) + F4(x) > 2. In such condition, a 
neutrosophic set has no ability to obtain any 
satisfactory result. In Pythagorean neutrosophic set 
with T and F are dependent neutrosophic 
components [PNS] of condition is as their square sum 
does not exceeds 2. Here, T and F are dependent 
neutrosophic components and we make T,4(x), F4(x) 
as Pythagorean, then (T(x) + (Fa(x))” < 1 with 


In a voting process, a judgement may 
give based on a candidate satisfies his 
expectations with a possibility of 0.80 
and this candidate dissatisfies the 
expectations with a possibility of 0.95 
and neutrally give 0.85 But their 
sum is 2.80 (>2) and their square sum 
is 2.265 (<2). the sum of the cubes is 
equal to 1.9835 (<2). 
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T,(x), Fa(x) in [0,1]. If I4(x) is an Independent from 
them, then 0 <JI,(x) < 1. Then 0 < ((T4(x))” + 


(Fa(x))” + (In) s 
2_,with T, (x), [a(x), F(x) in [0,1]. 


Fermatean neutrosophic sets, then (T, (x))° + 

3 F . : 
er en (Fa(x)) < 1 with Ty (x), Fa(x) in [0,1]. If I4(x) is an 
Neutrosophic sets Independent from them, then 0 < I4(x) < 1.Then 


0 < (%)) + (Fa) + (a4) < 
2, with T(x), I4(x), F4(x) in [0,1]. 


2.2 Flow chart of literature survey of uncertainty sets 


2.3 Geometrical interpretation 


The Graphical representation of sets which deal with uncertain may be useful to the reader to 


understand the flow of the T, F and I values. In this section, we give a graphical representation of 


membership, non-membership, and indeterminacy grades for all fuzzy sets and Neutrosophic 


sets. 


Intuitionistic fuzzy set 


Pythagorean fuzzy set 


Fermatean fuzzy Set (Benchmark 
of IFS, PFS, and FFS) 
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3. Fermatean neutrosophic graphs 
In this section, we propose the new class of graph namely, Fermatean Neutrosophic Graph which is 


associated with Fermatean Neutrosophic Set (FNS). 


Definition 3.1: Let X be a universal set. A mapping P = (Tp, Ip,Fp):X x X > [0,1] is called a 


Fermatean Neutrosophic relation on X such that Tp(u, v), Ip(u, v), Fp(u, v) € [0,1] for all u,v € X. 


Definition 3.2: Let P = (Tp, Ip, Fp) and Q = (Ty, 10, Fo) be Fermatean Neutrosophic sets on X if Q is 
Fermatean Neutrosophic relation on X, then Q is called a Fermatean Neutrosophic relation on P if 
To(u,v) < min{Tp(u), Tp(v)} 
Ig (u,v) = max{Ip(u), Ip (v)} 
Fo(u,v) = max{Fp(u), Fp(v)} 
if Tp(u, v), Ip(u,v), Fp(u, v) € [0,1] for allu,v € X. 
Definition 3.3: A Fermatean neutrosophic graph on a universal set X is a pair G=(P,Q) where P is 
Fermatean Neutrosophic set on X and Q is a Fermatean Neutrosophic relation on X such that: 
To(u,v) < min{Tp(u), Tp(v)} 


Ig(u,v) = max{Ip(u), Ip (v)} 
Fo(u, v) = max{Fp(u), Fp(v)} 
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and 0< Tj(u,v)+1g(uv)+Fo(u,v) <2 forall u,v €X, where , Tg:X x X > [0,1], Ip:X XX > 
[0,1] and Fg:X x X — [0,1] indicates degree of membership, degree of indeterminacy-membership 
and degree of non-membership of Q, correspondingly. 

Here, P is the Fermatean Neutrosophic vertex set of G and Q is the Fermatean Neutrosophic edge 
set of G. 

An example of Fermatean Neutrosophic graph is given below. 

Example 3.1 Consider a Fermatean neutrosophic graph G=(P, Q) defined on G = (V, E), where P be 
a Fermatean Neutrosophic set on V and Q be a Fermatean Neutrosophic relation on V, defined by 
P={ (v1,(0.6, 1,0.7)),( v2,(0.5, 0.8,0.4)),( v3,(0.7, 0.5,0.3))} 

and 


Q={ (v,V>, (0.4, 1,0.8)), (V5 V3, (0.4, 0.9,0.6)), (v1 V3, (0.5, 1,0.8))} 


(0.6, 1, 0.7) 


(0.5, 0.8, 0.4) (0.7, 0.5, 0.3) 


Figure 1. Fermatean Neutrosophic graph 
Definition 3.4 Let G=(P, Q) be A Fermatean neutrosophic graph FNG on G=( V, E). The complement 
of Fermatean Neutrosophic graph is FNG G=(P, Q) where P = (Tp, Ip, Fp) and Q = (To, Ig, Fo), defined 
by 


(1) P=P 

(i1) Tp (u)= Tp (u), Ip(u)= Ip (u), Fp(u) = Fp(u) Vue V 

(iti) Tg (uv) = |Tp(u) A Tp(v) — To(uv)|, To (uv) = |Ip(u) V Ip(v) — Ig (uv)| and 
(iV)To (uv) = |Fp(u) V Fp(v) — Fo(uv)|, for all u,v EV 


Note: In the below example, T, I and F values are very close to 1. This situation will happen in the 
most of real time problems. But 0 < T? + I? + F? £2.S0, we adopt 0 < T? + I? + F? <2. Hence, 


we can model this situation by Fermatean Neutrosophic graphs. 


V1 (0.8, .85, 0.9) 


{0.8, 0.75, 0.9) (0.7, 0.85, 0.9) 


V2 (0.7, .85, 0.9) V3 
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4. Size and Types of degrees in Fermatean Neutrosophic graphs 
The concept of regularity has been explored by many academics on fuzzy graphs and several of its 
generalizations. We will now propose a description on regularity of Fermatean Neutrosophic graphs 
(FNG). First, we introduce few definitions in this context. 
Definition 4.1 Let G=(P,Q) be a Fermatean Neutrosophic graph (FNG) defined on G = (V, E). The 
order of Gis symbolized by O(G) and defined as 

O(G)= Que v Tp), Lue v lp), Lue v Fe(u)) 
Definition 4.2 Let G=(P, Q) be a Fermatean Neutrosophic graph (FNG) defined on G = (V, E). The 
size of G is symbolized by S(G) and defined as 

S(G)= (Lwve # To (Uv) ,Zawe # luv) , Luve e Fo(uv)) 

Example 4.1 Consider a Fermatean Neutrosophic graph G=(P, Q) defined on G = (V, E), where P be 
a Fermatean Neutrosophic set on V and Q be a Fermatean Neutrosophic relation on V, defined by 
P={ (v,,(0.6, 1,0.7)),( v2,(0.5, 0.8,0.4)), v3,(0.7, 0.5,0.3))} and 
O={ (v1 V2, (0.4, 1,0.8)), (v.03, (0.4, 0.9,0.6)), (v1 V3, (0.5, 1,0.8))} 
The order and size of Fermatean Neutrosophic graph displayed in Fig. 1 are 
O(G) = (1.8, 2.3, 1.4) and S(G)= (1.3, 2.9, 2.2), respectively. 


Definition 4.3 Let G=(P,Q) be a Fermatean Neutrosophic graph FNG defined on G= (V, E). The 
degree of a vertex u of Gis symbolized by dg(u) = (dy(u), d;(u), dg(u)) and defined as 

dg(U)=(Qhusv Tp), Lusv lp (U) , Lusv Fp(u)) for uv € EB. 
Definition 4.4 G=(P,Q) is a Fermatean Neutrosophic graph FNG defined on G= (V, E). The total 
degree of a vertex u of Gis symbolized by tdg(u) = (tdy(u), td;(u), tdp(u)) and defined as 


tdg(u)=(Suev To (Uv) + Tp), Duev lo (Uv) + Ip(U), Duev Fo(uv) + Fp(u)) for uv € E. 


Example 4.2. For the Fermatean Neutrosophic graph G in Figure 1, the degree and the total degree 
of the vertices are 

dg (V1) = (1.2, 1.3, 0.7) and tdg (v,)= (1.5, 2.8, 1.8) ; 

dg (V2) = (1.3, 1.5, 1.0) and tdg (v2)= (1.8, 2.5, 1.8) ; 

dg (v3) = (1.1, 1.8, 1.1) and tdg (v3)= (1.5, 2.8, 1.8), respectively. 

The following theorem is developed to demonstrate an interesting fact regarding degree of vertices 
of FNGs. 

Theorem 4.1 For any Fermatean Neutrosophic graph G=(P,Q) defined on V={u,,uz,...,Un}, the 


following relation for degree of vertices of G must holds: 
yet d g(uj)= 2( set To (uju;) 7 yet Ig (uju;) jeu Fo (x) for all 1 <i<n. 
i>j i>j i>j 
Proof : Let V={u,, uz, ...,U,}, and G=(P, Q) be a Fermatean neutrosophic graph defined on G = (V, E) 
dja1 4 (uj )=Lja (dr(u)), d,(u;), dp(uj)) 


= (dp (uy), d; (Uy), dp (Uy))+ (dp Uz), dy (Uz), dp (Uz))+....+(d (Un), d; Un), dp (Un)) 
=[(Ty (U,Uz), Ig (U1 Uz), Fo (u,u2)) ae (To (u, U3), 19 (UUs), Fo (u,uz)) +... 
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+(To(urUn), Io (Urn), Fo(UrUn))| 
+[(To(uzu1), Ig(UgUy), Fo (uztts)) + (To (Uzt), Ig (U2U2), Fo(uzU2)) pias 
+(To(uzUn), Ip (U2Un), Fo(U2Un))]| 
+[(To (UnU,), Ig (UnUz), Fg (UnUy)) + (To (UnU2), Ig (UnUz), Fg (UnUz)) +... 
+(Tg (UnUn—1), Ig (UnUn_-1), Fo (UnUn—1))| 
=2[ (To (Uy U2), Ig (U1 U2), Fo (u,U2)) + (To (u,U3), Ig (uz U3), Fo(u,u3)) +... 
+(To(uUrUn), Ip (Urn), Fo (Ur Un))| 
+ 2[ (To (uzts), Ig(uzUs), Fo(uzus)) ee 
+Tg(UzgUn), Ig (U2Un), Fo (uzUn)| Peas 
+2(Ty (Un-1Un), Ig (Un-1Un), Fo Gb) | 
=2 (222 To(ujus), Ljat lo(ujui), Da Fo(uu)) 
i>j i>j i>j 
Hence proved. 
Theorem 4.2 For any Fermatean Neutrosophic graph G=(P,Q) defined on V={u,,uz,...,Un}, the 
following relation for total degree of vertices of G must holds: 


dia td g(uy)= (2 Dist To(ujuy) + Lar Te (uj), 2 L7H Io (ujug) + Xfea Ip (uy), 2 Dr Fo(uju,) + 
i>j 


i>j i>j 
oP He Fo(u,)) ,forall1 <i<n. 


Proof : The proof directly follows from Theorem 4.1 and Definition 4.4. 
Definition 4.5. A Fermatean Neutrosophic graph is complete if 
To(u, v= min{Tp(u), Tp(v)} 
Io(u, v)= max{Ip(u), Ip(v)} 
Fo(u, v)= max{Fp(u), Fp(v)} 
We illustrate it by giving an example. 
Example 4.3. Let the vertex set V = {v,, v2, v3} and the edge sets E={v, V2, v2 V3, Vv, V3} in G'=(V, E). Take 
the Fermatean Neutrosophic set P = (Tp,Ip,Fp) in V and the Fermatean Neutrosophic edge sets in 
E& Vx V defined by 
(Tp (V1), Ip (1), Fp(v1)) = (0.6, 1, 0.7) 
(Tp (v2), Ip (V2), Fp (V2)) = (0.5, 0.8, 0.4) 
(Tp (v3), Ip (V3), Fp (V3) = (0.7, 0.5, 0.3) 
and 
(To (V,V2), 19 (¥1V2), Fo(V1V2)) = (0.5, 1, 0.7) 
(Tp (v203), lp (V2V3), Fp (v2V3)) = (0.5, 0.8, 0.4) 
(Tp (v1.03), 1p (V1 03), Fp (¥1V3)) = (0.6, 1, 0.7) 
Then, it is a complete FNG. 
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(0.6, 1, 0.7) 


(0.5, 0.8, 0.4) (0.7, 0.5, 0.3) 


Vo V3 


Figure 2. Complete Fermatean Neutrosophic graph 

Definition 4.6: The minimum degree of Fermatean Neutrosophic graph FNG, G=(P, Q) is designated 
as 6(G)=(57(G), 5;(G), 6-(G)) where, 

67(G)=min{d;(u)|u € V}; is minimum T-degree of G 

§;(G)=min{d,;(u)|u € V}; is minimum I-degree of G 

6-(G)=min{d;(u)|u € V}; is minimum F-degree of G 
Definition 4.7: The maximum degree of Fermatean Neutrosophic graph FNG, G=(P, Q) is designated 
as A(G)=(A7(G), A;(G), Ar(G)) where, 

A,(G)=max{d;(u)|u € V}; is maximum T-degree of G 

A;(G)=max{d;(u)|u € V}; is maximum I-degree of G 

Ar (G)=max{d;(u)|u € V}; is maximum F-degree of G 
Example 4.4. Let the vertex set V = {v,,v2,v3,,} and the edge sets E={v, v2, 203, V3V4,V,V4} in 
G'=(V,E). Take the Fermatean Neutrosophic set P = (Tp,lp,Fp) in WV and the Fermatean 
Neutrosophic edge sets in E& V x V defined by 
(Tp (V1), Ip (1%), Fp(¥%1)) = (0.3, 0.7, 0.5) 
(Tp (v2), Ip (V2), Fp (V2)) = (0.6, 0.5, 0.7) 
(Tp(v3), Ip (v3), Fp(v3)) = (0.8, 0.3, 0.7) 
(Tp (4), Ip (V4), Fp (V4) = (0.7, 0.2, 0.4) 
and 
(To. (V,V2), 19 (¥1V2), Fo(V1V2)) = (0.3, 0.7, 0.7) 
(Tp(¥2V3), Ip (V2V3), Fp (V2V3)) = (0.4, 0.6, 0.7) 
(Tp(v3¥4), lp (V3 04), Fp(v3¥4)) = (0.6, 0.5, 0.8) 
(Tp (v1.04), Ip (V1 V4), Fp (Vi ¥%4)) = (0.3, 0.8, 0.6) 
Then, it is FNG. 


(0.3, 0.7, 0.5) (0.6, 0.5, 0.7) 


(0.3, 0.7, 0.7) 

Vv; V2 
= > 
oa - 
So > 
sa a 
S > 
9 3 
V4 Vy 


(0.7,0.2.0.4) (0.6, 0.5, 0.8) (0.8. 0.3. 0.7) 
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Figure 3. Minimum and maximum degree of a Fermatean Neutrosophic graph 


8(G)=(0.6,1.1,1.3); A(G)=(1,1.5,1.5) 


Next, the definition of effective edge of FNG are 
Definition 4.9. The edge e = (u, v) of G=(P, Q) be a FNG is called an effective edge of G is defined as 
To (u, v)= min{Tp(u), Tp(v)} 
Io(u, v)= max{Ip(u), Ip(v)} 
Fo(u,v)= max{Fp(u), Fp(v)} 
In Fig. 3, v,v2 is an effective edge of FNG. 
Definition 4.10. The effective degree of a vertex u of FNG, G=(P,Q) is defined by 
de(u)=(d¢,(u), de,(u),de,(u)) Vu € €; here d¢,(u) is the sum of the T-values of the effective edges 
of FNG incident with u, d¢,(u)is the sum of the I-values of the effective edges of FNG incident with 
u and de¢,,(u) is the sum of the F-values of the effective edges of FNG incident with u. 
Definition 4.11. The minimum effective degree of G=(P, Q) in FNG is designated as 
6e(G) =(8e,(G), 5¢,(G), 5¢,(G)) where, 
5e,(G)=A{de, (u)|u € P}; 
5¢(G)=A{de,(u)|u € P}; 
5¢,(G) =A{d¢e,(u)|u € P} 
Definition 4.12. The maximum effective degree of G=(P, Q) in FNG is designated as 
Ag (G) =(Ag,(G), Ag, (G), Ag, (G)) where, 
Ac, (G)=V{de,(u)|u € P} 
Ag, (G)=V{de,(u)|u € P}; 
A¢,.(G) =V{d¢e,(u)|u € P} 
Example 4.6. Let the vertex set V = {v,,v2,v3,v,} and the edge sets E={v, v2, 203, V3V4,V,V4} in 
G'=(V,E).Take the Fermatean Neutrosophic set P = (Tp,Ip,Fp) in WV and the Fermatean 
Neutrosophic edge sets in E & V x V defined by 
(Tp(V1), Ip (V1), Fp (v1)) = (0.3, 0.7, 0.5) 
(Tp (V2), Ip (V2), Fp (V2)) = (0.6, 0.5, 0.7 
(Tp (V3), Ip (V3), Fp (V3) = (0.8, 0.3, 0.7 
(Tp (V4), Ip (V4), Fp (V4) = (0.7, 0.2, 0.4) 
and 
(To (v1.02), Ig (¥1V2), Fo(V1¥2)) = (0.3, 0.7, 0.7) 
(Tp(v2V3), Ip (23), Fp(v2v3)) = (0.6, 0.5, 0.7) 
(Tp(¥3V4), 1p (V3 04), Fp(V304)) = (0.7, 0.3, 0.7) 
(Tp(V104), Ip (V1 04), Fp (V1 4) = (0.3, 0.8, 0.6) 
Then, it is FNG. 


) 
) 
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0.3, 0.7, 0.5 eae 0.6, 0.5, 0.7 
i »  03.0.7,0.77 * , 
Vv; V2 
oe = 
Fa in 
> a 
V4 V3 
(0.7,0.2,0.4) (0-7, 0.3, 0.7) (0.8, 0.3, 0.7) 


Figure 4. Fermatean Neutrosophic graph 


In Fig. 4, v,v2,V2V3,V3V4 are the effective edges of FNG. 


de(v,)=( 1.3,0.7,1.1) 5¢(G) =(0.8,0.3,0.7) 
de(v2)=( 1.1,1.0,1.2) 
de(v3)=( 1.3,0.7,1.1) Ag(G) =(1.3,1.0,1.2) 
de(v4)=( 0.8,0.3,0.7) 


Definition 4.13. The neighborhood of any vertex u in G=(P,Q)of a FNG is designated as 
N (u)=(Nz(u), Ni (u), Ne (u)) where, 
Nr(u) = {v € P:To(u,v) = Tp(u)ATp(v)} ; 
N;(u) = {v € P:Ig(u,v) = Ip(u)VIp(v)}; 
Ny (u) = {v € P: Fo(u,v) = Fp(u)VFp(v)} 
And N[u]=N (wu) U u is called the closed neighbourhood of u. 
Definition 4.14. The neighborhood degree of a vertex u in G=(P,Q)of a FNG is designated as 
dy (u)=(dyv,,(u), dy, (u), dy,,(u)) where, 
dy) = Luew(p) Tew), 
dy, (4) = Yuen py lp), 
dw, (u) duen(p) Fp(u) 
Definition 4.15. The minimum neighborhood degree of G=(P,Q) in FNG is designated as 
8-(G)-(B(G), 877; (G), 8yy,(G)) where, 
Syp(G)=A{dy,(u)|u € P}; 
dy (G@)=A{dy,(u)|u € P}; 
dyv,(G) =A{dy,,(u)|u € P} 
Definition 4.16. The maximum neighborhood degree of G=(P,Q) in FNG is designated as 
Ay(G)=(Ay,(G), Any, (G), Anvg(G)) where, 
Ayp(G)=V{dyy,(u)|u € P} ; 
Ay, (G)=V{dy,(u)|u € P}; 
Ay,,(G) =V{dy,(u)|u € P} 
Example 4.7. 
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Let the vertex set V = {v, v2, v3, v,} and the edge sets E={v, v2, 023, V3V4, V,V4} in G’'=(V, E). Take the 
Fermatean Neutrosophic set P = (Tp, 1p, Fp) in V and the Fermatean Neutrosophic edge sets in E © 
V x V defined by 

(Tp (v1), Ip (V1), Fp (v1) = (0.3, 0.7, 0.5) 

(Tp (V2), Ip (V2), Fp (V2)) = (0.6, 0.5, 0.7) 

(Tp (V3), Ip (V3), Fp (V3) = (0.8, 0.3, 0.7) 

(Tp(v4), 1p (v4), Fp(v4)) = (0.7, 0.2, 0.4) 

and 

(To (v1.02), Ig (¥1V2), Fo(V1¥2)) = (0.2, 0.7, 0.8) 

(Tp(¥2V3), Ip(V2V3), Fp (V2V3)) = (0.6, 0.5, 0.7) 

(Tp(V3V4), 1p (V3 04), Fp(V304)) = (0.7, 0.3, 0.7) 

(Tp(¥1V4), Ip (V1 V4), Fp (V1¥%4)) = (0.3, 0.8, 0.6) 

Then, it is FNG. 


(0.3, 0.7, 0.5 ee 0.6, 0.5, 0.7 
‘ »  (0.4.0.7,0.7) ) 
Vy v2 
us > 
x ia 
2 Res 
V4 V3 
7 2 7 
(0.7, 0.2.0.4) (0-7, 0.3, 0.7) (0.8, 0.3, 0.7) 


Figure 5. Fermatean Neutrosophic graph 


V1 V2, V2V3,V3V4 are the effective edges of FNG 


N(v1)=(Nr (01), N11), Ne (M1)) dy-(v,) = (0.6, 0.5, 0.7) 
Nr (1) = {v2}; M1) = {v2} Ned = {v2} 

N (v2)=(Nr (V2), Ni (V2), Ne W2)) dy-(v2) = (1.1,1.0,1.2) 
Nr (v2) = (v1, V3}; M2) = (V1, 03}; Ne(2) = (v1, v3} 

N (v3)=(N7 (v3), Nj (V3), Ne (v3) dy (v3) = (1.3,0.7,1.1) 
Nr (V3) = (V2, v4}3 Nj (V3) = {V2, V4}; Np (V3) = (V2, V4} 

N (V4 )=(Nr (V4), Ni (V4), Ne (V4) dy(v4) = (0.8,0.3,0.7) 

Nr (v4) = {3}; Ni (v4) = {v3};Np (v4) = {v3} 


dy (G) = = (0.6,0.3,0.7); Ay(G) = (1.3,1.0,1.2) 
Definition 4.17. The closed neighborhood degree of a vertex u of G=(P, Q)in a FNG is designated as 
doy ful=(doy, Lu], doy, LU, doy 2) 
where, 
dy, lu] = Yvew cm Te) + Te(u), 
dy, lu] Xvew py lp) + Ip), 
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dy plu] Uvew(py Fp (v) + Fp(u), 


Definition 4.18. The minimum closed neighborhood degree of G=(P, Q)in a FNG is designated as 
SvlG](Sy,1G], 6, [G], 6-,[G]) where, 

Sy,[GI=A{dy,(u)|u € P}; 

dy, [GI=A{dy,(u)|u € P}; 

dy, LG] =A{dy,(u)|u € P}; 


Definition 4.19. The maximum closed neighborhood degree of G=(P,Q)in a FNG is designated as 
Ay [G]=(Ay, [G], Ay, [G], Anz [G]) where, 

Av, [GI-A{dy,(u)|u € P}; 

Ay [GI=A{dy,(u)|u € P}; 

Ay, [G] =A{dy,(u)|u € P}; 


Example 4.8. 
From Fig. 5, 
N [v1 )-(Nr [M1], Ni[v1], Nev) dy [v1] = (0.9, 1.2, 1.2) 
Nr[vy] = {¥1, v2}; M[vi] = {v1 v2}; 5 Ne[vs] = {v1 v2} 
N [v2 )-(Nr[v2], Mi [v2], Ve[v2]) dy (v2) = (1.7,1.5,1.9) 
Nr[v2] = {01, V2, V3 }; Ni[V2] = {V1, V2, V3 }; Ne[V2] = 
{v1, V2, V3} 
N[v3)—(Nr[v3], Mi [v3], Ve[v3]) dy (v3) = (2.1,1.0,1.8) 
Nr[v3] = (V2, V3, V4}; Mi[v3] = {v2, V3, Va}; Ne[vs] = (V2, V3, V4} 
N [v4 ]=NVr [V4], Ni [V4], Ne[v4]) dy (v4) = (1.5,0.5,1.1) 


Nz [v4] = {v3, v4}; Mi [v4] = {v3, V4}; Ne[vs] = {v3, V4} 


dy[G] = = (0.9,0.5,1.2); Ay [G] = (2.1,1.5,1.8) 


5. Types of Fermatean neutrosophic graphs 
In this section, we introduce different types of Fermatean Neutrosophic graphs based on the 
degree of each node in FNG such as regular, totally regular and uniform FNGs with suitable 


examples. 


Definition 5.1 Let G=(P, Q) be A Fermatean Neutrosophic graph FNG defined on G = (V, E). If each 
vertex of G has same degree, that is 

dg(u)=(l, l,l) VueVv 
Then G is called ( 1,, lz, l3) - regular FNG. 
Example 5.2 Consider a Fermatean Neutrosophic graph G=(P, Q) defined on G = (V, E), where P be 
a Fermatean Neutrosophic set on V and Q be a Fermatean Neutrosophic relation on V, defined by 
P={ (v4, (0.6, 1,0.7)), (v2, (0.5, 0.8,0.4)), (73, (0.7, 0.5,0.3)) } 
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And Q={ (v1 v2, (0.4, 1,0.8)), (v2V3, (0.4, 1,0.8)), (v3, (0.4, 1,0.8)) } 


(0.6, 1, 0.7) 


(0.6, 1, 0.7) (0.6. 1.0.7) 


Figure 6. Regular Fermatean Neutrosophic graph 
We see that the degree of each vertex in G is dg(v,) = dg(v2) = dg(v3) = (1.2, 2,1.4). Hence the 
Fermatean Neutrosophic graph, displayed in Fig. 6, is (1.2, 2,1.4) — regular. 


Definition 5.3. A Fermatean Neutrosophic graph FNG G=(P,Q) is called Strong Fermatean 
Neutrosophic graph if the following conditions are satisfied: 
To(u, v)= min{Tp(u), Tp(v)} 
Io(u,v)= max{Ip(u), Ip (v)} 
Fo(u, v)= max{Fp(u), Fp(v)} forall u,v € E 
That is , all the edges in a Fermatean Neutrosophic graph are effective edges. 


An example of a Strong Fermatean neutrosophic graph is shown in Figure 7. 


Example 5.4 

Consider a graph G=(V, E) where the vertex set V={v,,v2,v3,v,} and the edge se 
E={U,V2,V2V3, V3V4,V,V4}. Let G=(P,Q)be a Fermatean Neutrosophic graph on V as shown in Figure 
7, defined by P={ (v4, (0.3, 0.7,0.5)), (v2, (0.4, 0.6,0.7)), (v3, (0.8, 0.3,0.7)), (v4, (0.7, 0.2,0.4))} and 
Q={ (v1.05, (0.3, 0.7,0.7)), (v213, (0.6, 0.5,0.7)), (304, (0.7, 0.3,0.7)), (v1 04, (0.3, 0.7,0.5))}. 


(0.3.0.7, 0.5) 03°0.7.0.7) (0.6.0.5, 0.7) 
= 3,0.7,0.7 ea 


w 


(c0°L0°¢°0) 
(£0 6090) 


V4 V3 


(0.7,0.2,0.4) (97,0.3,0.7) (9. 0.3.0.7) 


Figure 7. Strong Fermatean Neutrosophic graph 
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Following and extending the idea of uniform single valued neutrosophic graphs by Broumiet al. [32], 
we describe the concept of regularity of uniform single valued neutrosophic graphs under Fermatean 
neutrosophic environment. 

Definition 5.5 Let G=(P,Q) be a Fermatean Neutrosophic graph FNG defined on G= (V, E), where 
P = (Tp, Ip, Fp) is a Fermatean Neutrosophic sets on V and Q = (To, 1g, Fo) is a Fermatean 
Neutrosophic relation on V. G is called uniform Fermtean Neutrosophic of level (k,,k2,k3) if 
Tg (u, v)= ky, Ig(u, v)= kz and Fo(u, v)= k3, V (u,v) € VX V and Tp(u)= ky, Ip(u)= kz and Fp(u)= k3 V 
u € V, where, 0< ky, k2,k3 < 1. 


Example 5.5 : The following figure is an uniform Fermatean Neutrosophic graph G=(P, Q). 


0.3.0.7,0.5 3.0.7, 0.5 
' (0.3.0.7, 0.5) itm, 0.5) 
vy v2 
x = 
a : 

V4 V3 
(0.3.0.7, 0.5) (0.3,0.7.0.5) (0.3.0.7, 0.5) 


Figure 8. Uniform Fermatean Neutrosophic graph 
Theorem 5.6 Every uniform Fermatean Neutrosophic graph is perfectly regular Fermatean 
Neutrosophic. 
Proof. Let G=(P,Q) be a Fermatean Neutrosophic graph NG defined on G= (V, E) with 
V={uy, Uz, «., Un}, then Tg (u, v)= ky, Io (u, v)= kz and Fo(u, v)= kz, V (u,v) € V X Vand Tp(u)= ky, Ip (u)= 
kz and Fp(u)= k3 V (u,v) € Vx V, where 0 < ky, k2,k3 < 1. 


Then for each wu in V, 
dg(u)= (dru), d;(u), dp(u)) 
=(Luve e To(UV) , Lave z lo (uv), Lae zs Fo(uv)) 
=((n — 1)ky, (n— 1)ka, (n — 1k) 
This shows that G is ((n — 1)ky, (n — 1)kz, (n — 1)k3) regular FNG. Moreover for each vertex u in V, 
tdg(u)= (tdy(u), td; (u), tdp(u)) 


= (Save E Tg (uv) + Tp (u), Diuve E Ig (uv) + Ip (u), Dive E Fg (uv) + Fp (u)) 


=((n mH 1)k, + ky, (n = 1)k, + Kp, (n = 1)k; + k3) 
= (nk,,nk,,nk3) 
This shows that G is (nk,,nkz,nk3) totally regular FNG . 


Theorem 5.7 If Gis a uniform FNG of level (kj, kz, k3) on G= (V, E), then 
a) O(G)= (nk,,nkz,nk3) where n=|V]. 
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b) S(G)= (mk,,mkz,mk3) where m=|E|. 

Proof. Let G=(P,Q) be a uniform Fermatean Neutrosophic graph FNG defined on G=(V, E) with 
V={uy, Uz, «, Un}, then Tg (u, v)= ky, Ig(u, v)= kz and Fo(u,v)= kz, V (u,v) € VX V and Tp(u)= ky, 
Ip(u)= kz and Fp(u)= kz V (u,v) € V X V, where 0 < ky, kz,k3 < 1. 


a) for each vertex uin V 


O(G)= (Yuev Tp(U) , Muev Ip (U), Yue v Fp (u)) 
=Quue vey, Due veo, due V k3) 


= (nk,,nk2,nk3) where n=|V|. 


b) for each edge uv in E 


S(G)= Giz E To (uv) , Dave E Ig (uv) , Dee E Fo (uv)) 
=(ive E ky , Snive E ky , Daive E k3) 
=(mk,,mk,,mk3) where m=|E|. 


Hence proved. 


Remark 5.8 The underlying crisp graph of complement of a Fermatean Neutrosophic graph is always 


an empty graph. 


6. Operations on Fermatean Neutrosophic Graphs 

In this section, we propose some important graph-theoretic operations over Fermatean Neutrosophic 
graphs along with various important results and illustrative examples. 

Let G,=(P;, Q,) and G,=(P2, Q,) be two Fermatean Neutrosophic graphs with references to the graphs 
G*=(V,, E,) and G*=(V2, E2), correspondingly, where P,& P, are the Fermatean Neutrosophic vertex 
sets in V,&V, corespondingly, and Q,&Q, are the the Fermatean Neutrosophic edge sets in E,& E2, 
correspondingly. 

There are many operations on two graphs G*=(V,, E,) and G*=(V2, E2),which result in a graph whose 
vertex set is the Cartesian product V,& V2. 

In the following section, we discuss a few operations on two graphs in the structure of Fermatean 


Neutrosophic sets theory and investigate their properties. 


6.1 Cartesian Product of Fermatean Neutrosophic Graphs 

Definition 6.1.1 The Cartesian product of two Fermatean Neutrosophic graphs G,and G2, denoted 
by G,Cartesian Product Gy, is defined as follows: 

Gy X Gy=(P, X P2, Qi X Q2) 


where 
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Tp, xp, (Uy U2) = min (T», (uz), Tp, (u,)) 
: Ip, py (Ua, Uz) = max (Ip, (1), I, (u2)) 


Fp,xcp, (Uy, Ug) = max (Fp, (uy), Fp, (uz) V(r, U2) € Vi x Ve 


The membership value of the edges in G, X G2 can be computed as 


To,x0,((u, U2), (ut, ¥2)) = min (Tp, (u), To, (Wa, v2)) 
Io,x0,((u, Ua), (u, V2) = max (Ip, (u), lo, (U2, v2)) 


Fo, xo,((u, Uz), (u, v2)) = max (Fp,(u), Fo, (uz, v2)) Vu € Vj, (uy, V2) € Ep 


To,xo,((us¥), (VY) = min (To, (uy, 04), Te, (Y)), 
Io,x0,((Ur¥), VY) = max (Io, (Uy, 04), Ip, (Y)) 
Fo,x0,((uvy), Yr 7)) = max (Fo, (uy, 11), Fp, (7)) VY € Vo, (Uy, v4) € Ey 


Theorem 6.1.2 The Cartesian Product of two Fermatean Neutrosophic graphs is a Fermatean 
Neutrosophic graph. 


Proof suppose u € V,, (uz, v2) € E,. Then, 


To,x0,((u, U2), (u, 2) = min (Tp, (W), To, (U2, ¥2)), 


< min (T», (uw), min (T, (uz), Tp, (v2))), 


min (min (Tp, (u), Tp, (uz)) »min (Tp, (u), Tp, (v»))), 
= min (Tp, xP, (U, U2), Tp, xp, (U, v2) 


1,02 ((Us U2), (U, ¥2)) = max (Ip, (U), 1p, (U2, ¥2)), 
> max (i>, (u), max (Ip, (uz), Ip, (v2))), 
= max (max (I, (u), Ip, (u,)) , max (Ip, (u), Ip, (v2))), 


= max (Ip, xP, (U,Uz), Ip, xp, (U, V2) 
and 


Fo,x0( (us Ua), (u, ¥2)) = max (Fp, (u), Fo, (U2, ¥2)), 
> max (F», (u), max (Fp, (uz), Fe, (v2))), 


= max (max (Fr, (u), Fp, (u2)) ,max (Fp, (u), Fp, (v2))), 


= max (Fp, XPp (u, U2), Fp, xP, (u, V2) 
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Again, let Vy € V2, (u,,1,) € £,, then we have 


To,xo,((us ¥), (VY) = min (To, (uy, V1), Tr, (Y)), 


IA 


min (min (Tp, (ts), Tp, (v1),T,(0))), 


= min (min (>, (uy), Tp, (”)) ,min (T, (v1), Tp, @)), 
= min(Tp, xp, (U,V), Tp, xp, V1, y)) : 


logxo,((un¥), (HY) = max (Io, (ur, ¥1), Ip, (YD), 
> max (max (Ip, (us), 19, (v1), ln, ))), 


= max (max (Ip, (us), 19,07) max (Jp, (01), 1,(9))), 


max(Ip, XP2 (u,Y), Ip, xP, (%4, y))- 


Fo,x0,((u¥), (v7) = max (Fo, (ur, 71), Fp, (V)), 


> max (max (Fr, (uy), Fp, (V1), Fe, ))) 


= max (max (Fp, (us), Fp, (7) max (Fr, (21), F>,(”))), 


= max (Fp, XP (u,7), Fp, xP, (%4, y)). 
Thus, in view of the definition of the Fermatean Neutrosophic, the result follows. The following 


example illustrates the above defined graph-theoretic operation. 


Example 6.3 Consider two Fermatean Neutrosophic G,and G2 as shown in the below Figure 9. 


aT 7 (0.3, 0.7, 0.5) : . (0.6, 0.5, 0.7) 
0.6, 10.7) NAW! LE 
® "1 | Vz 
e 
f \ ~ 
a/u\@ ¥ a 
ys / \ “e S i 
= / Ne Ne 
/ \ Oo cS ¢ 
ef \ A o 
S \ 4 a 
f ra \ — n ~ 
= \, &; = 
u (0.4. 1, 0.8) » Us; 
¢ ve ®v, 
aT (0.6. 1.0.7) ey rere 
{ 0o7 Av, 8 nso 
(0.6. 1.0.7) 7.0.2, 0.4) (0.7, 0.3.0.7) (0.8, 0.5, 0 


Figure 9. Fermatean Neutrosophic graphs G,and G, 
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(uy. ¢ 0.3,3,0.7) (ty, ){ 0.6,1,0,7) _ {ity ){ 0.6,1,0.7) (u,.%)( 13,107) 
— (0.61.0.7) lt, 
A 9 7 ] % " ? i 07 y ® 
/ (03.1,0.7) / (06.107) / (03,1 } / 
/ j j / 
j - = | ae / j 
| & ko | «a | wa | @ 
| os o } = mo | o - | © 
| rm = | ~ o | 4 ° ¢ 
} ia 7 | <- | «al =) i 
° > = = a >’ 


7) | (06.1.0 


04.1.0 8) 


| 
(03,1,0:7) (0.7,1,07) 


5 | ae 
(5,0 )( 0.3,1,0.7) (My, 02%, 0.6,1,0.7) (ty, y )(%.6,1,0,7) (ty, ){ 0,6,0%.7) 


Figure 10. Composition graph G, x G, 
Then, the graphs G,, G, and their composition graph G, X G, are being graphically presented in the 


above Figure 10. 


6.2 Composition of Fermatean Neutrosophic Graphs 

Definition 6.2.1 The composition of two Fermatean Neutrosophic graphs G,and G2, denoted by G, ° 
Gp, is defined as follows: 

G, ° G2=(P, ° Po, Q1 ° Q2) 


where 
Tp, <p, (Ua, Uz) = min (Tp, (uy), Tp, (U2)) 
: Ip, p,(Ua, Uz) = max (Ip, (us), I, (u2)) 


Fp,xcp, (Uy, Ug) = max (Fp, (U4), Fp, (uz) W(us, Uz) € Vi x Ve 


T,00,((B, Us), (B,¥2)) = min (Tp, (B), To, (us, ¥2)) 
: lo400,((B, U2), (B, v2) = max (Ip, (B), 1g, (U2, ¥2)) 
Fo,00,((B, U2), (B, V2) = max (Fp, (B), Fo, (2,02) VB E Vs, (uz, 2) € Ey 


T,00,( (us, ¥), (v1, ¥)) = min (To, (us, 041), To, (Y)), 
: I9,005((u,¥), (YY) = max (Ig, (us, v1), I, (7)) 
Fo ,09,((u4, y), (1, y)) = max (Fo, (uz, V1), Fp, (y)) Vy € V2, (Uy, 44) € Ey 
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T9205 on U2), (Vy, V2) = min (T, (uz), Tp, (v2), To, (uy, v,)) 
19,005 (Cu, Uz), (V4, V2) = max (Ip, (uz), Ip, (V2), Io, UH, v,)) 
F 9,005 (Qu, Uz), (Vy, V2)) = max (Fp, (Uz), Fp, (V2), Fo, U, v,)) 


V(Quy, Uz), (VY, v2)) € E°, where 
E° = {(uy, uz), (V4, V2) (Uy, 41) € Ey and uz # V2} 


Theorem 6.2.2 The composition of two Fermatean Neutrosophic graphs is a Fermatean Neutrosophic 
graph. 
Proof: Suppose B € V,, (uz,v2) € Ez. Then, 


T9005 ((B, Uz), (B, v2)) = min (T», (8), To, (U2, ¥2)), 


IA 


min (T», (8), min (Tp, (uz), Tp, (v2))), 


= min (min (Tp, (B), Tp, (u2)), min (Tp, (B), Tp, (v2))), 


= min(Tp, »p, (Bb, U2), Tp, oP, (B, v2)) : 


19,005 ((B, Uz), (B, V2) = max (Ip, (B), 1g, (U2, v2)), 


IV 


max (a (8), max (Ip, (uz), Ip, (v2))), 


max (max (In, (B), Ip, (u,)) ,max (Ip, (B), Ip, (v2))), 


max (Ip, oP, (B, uz), Ip, oP, (Bb, V2). 


F,00,((B, U2), (B,v2)) = max (Fp, (B), Fo, (uz, v2)), 


IV 


max (F», (6), max (Fp, (uz), Fp, (v2))), 


max (max (Fr, (B), Fp, (uz)) ,max (Fp, (6), Fp, (v2))), 


= max(Fp,.p,(B, Uz), Fp,.p,(B, V2). 
Again, let Vy € V2, (u,, V1) € E,, then we have 


To,20,((ur¥), (Mir) = min (To, (ur, v1), Tp, )), 


< min (min (T>, (u,), Tp, (v,), Tp, W)), 


min (min (Tp, (4), Tp, (7), min (T>,(vs),Tr,))), 


min(Tp, op, (u1,Y), T 7, oP, (Y, y)) . 
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Io,00,((UnY), WY) = max (Io, (Us, V1), Ip, (1), 


IV 


max (max (Jp, (U1), lp, (Y1),19,09)), 


max (max (Ip, (ur), 1», (7) ,max (Ip, (01), 1,(”))), 


= max (Ip,o7, (UY), Ip, oP, (Vy, y)): 


and 


Fo,03( (ux), (Yi,¥)) = max (Fo, (ur, ¥1), Fp, (V)), 


IV 


max (max (Fp, (tt), Fr, (01),F»,())), 


max (max (Fp, (U1), Fe, (y)), max (Fp, (v1), Fr,(7))), 


max (Fp, oP» (u,Y), Fp, oP, (Y, y)). 
Further, if ((uy,U2), (¥1,V2)) € E°, (u,v) € E, and uz # v2, then we have 


T9005 ((ur, Uz), (V4, v2)) = min (Tp, (uz), Tp, (v2), To, (uy, »,)) 


IA 


min (T», (uz), Tp, (v2), min (>, (uz), Tp, (v,))) 


min (Tr, (uz), Tp, (V2), min (Tp, (u,), Tp, (v,))) 
= min(Tp, op, (Up U2), Tp, p, (V1, V2) 


19,005 ((u, Uz), (M%4, V2) = max (Ip, (uz), Ip, (V2), 19, v,)) 


IV 


max (ir, (uz), Ip, (v2), max (I, (uy), Ip, (v,))) 


= max (a (uz), Ip, (V2), max (In, (u,), Ip, (v,))) 


max (Ip, op, (uz, U2), Ip, oP, (V1, V2) 


and 


FQ 1005 ((u, Uz), (V1, V2) = max (Fp, (uz), Fp, (v2), Fo, (uy, v,)) 
2 max (F», (uz), Fo, (v2),max (Fr, (u,), Fp, (v,))) 


= max (Fe, (uz), Fp, (v2), max (Fr, (uy), Fp, (v,))) 


= max(Fp, p, (U1, U2), Fp, .p, (V1, V2) 
Thus, in view of the definition of the Fermatean Neutrosophic, the result follows. The following 


example illustrates the above defined graph-theoretic operation. 
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Example 6.2.3 

Consider two Fermatean Neutrosophic G,and G2 as shown in the below Figure 11. 

Then, the graphs G,, G, and their composition graph G, ° G2 are being graphically presented in the 
below Figure 12. 


0.6, 0.5, 0.7) 
(0.3, 0.7, 0.5) ee - (0.6, 1, 0.7) 
(0.3, 0.7, 0.7) (0.5, 0.7, 0.7) _ . 
zy v (0.5, L: 0.7) 
: ¢—_____"-e 2 4, ig 
G, G, 


Figure 11. Fermatean Neutrosophic graphs G,and G, 


(ux, v,)(0.3,0.7,0.7) (u;,v2)( 0.5,0.7,0.7) 


(uz, vy )( 0.3,1,0.7) (0.3.1.0.7) (uz, ¥2)( 0.6,1,0.7) 


Figure 11. Composition graph G, ° G, 
6.3 The lexicographic product 
Definition 6.3.1 The lexicographic product of two Fermatean Neutrosophic graphs G,and Gp, 
denoted by G, - G2, is defined as follows: 
G, * G.=(P; * Py, 91°92) 


Tp,-p,(Us, Uz) = min (Tp, (ut), Tp, (u2)) 
° Ip,-p,(Ua, Uz) = max (Ip, (us), I, (u2)) 


Fp,-p, (Uy, Ug) = max (Fp, (uy), Fp, (uz) V(r Us) € Py * Py 


To,.0,((B, U2), (B, v2)) = min (Tp, (B), To, (U2, v2)) 
. Io,-05((B, Uz), (B, ¥2)) = max (Ip, (B), lo, (U2, V2)) 
FQ,-05 ((B, ua), (B,v2)) = max (Fr, (6), Fo, (uz, v2)) VB EV, (Uz, V2) € Ep 


791-05 (Cu, Uz), (U1, V2) = min (To, (uy, 14), To, (U2, v2)) , 
sd 19,-05 (Cur, Uz), (V4, V2)) = max (lo, (uy, V1), Ig, (uz, v2) 


Fo,-0,( (ur, Ua), (v4, ¥2)) = max (Fo, (uy, V1), Fo, (uz, V2) V (Uy, v4) € Ey, (uz, V2) € Ez 


Theorem 6.3.2 The lexicographic product of two Fermatean Neutrosophic graphs is also the 
Fermatean Neutrosophic graph. 
Proof: We have two cases. 


Case 1:V 6B € V,, (uz, v2) € Ez. Then, 
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To,.0,((B, Us), (B, ¥2)) = min (Tp, (B), To, (U2, v2), 


IA 


min (T», (6), min (Tp, (uz), Tp, (v2))), 


min (min (T», (B), Te, (uz)) ,min (Tp, (B), Tp, (v2))), 
= min(Tp,.p,(B, U2), Tr, 7, (B, V2) - 


194-02 ((B, U2), (B, V2) = max (I, (B), Ig, (uz, v2)), 
> max (i>, (6), max (Ip, (uz), Ip, (v2))), 


= max (max (Ip, (B), Ip, (uz)) ,max (Ip, (B), Ip, (v.))), 


= max(Ip, op, (8, U2); Ip, p, (B, V2)). 
and 


Fo1-0> ((B, Up), (B, V2) = max (Fr, (B), Fo, (uz, v2)), 
> max (Fe, (6), max (Fp, (uz), Fp, (v2))), 


= max (max (Fp, (8), Fp, (uz) , max (Fp, (6), Fp, (v2))), 


= max(Fp, op, (B, uz), Fp, oP, (B, V2). 
Case 2: V (u,,V,) € Ey, (Ug, v2) € Ey 


T,-9,( (U4, Uz), (V1, 2) = min (To, (uz, 01), Tg, U2, v2)) 
< min (min (To, (u1),To, (v,)) ,min (To, (uz), To, (v2))), 


= min (min (To, (u,), To, (u,)) ,min (To, (v,), T9,(v2))), 
= min(Tp,-p, (Uy, Uz), Tp,-p, (V1, V2)) ; 


194-05 (Cu, Uz), (V4, V2) = max (lo, (Uz, V4), Io, Ua, v2)) 
> max (max (lo, (uy), 10, (v,)) ,max (lo, (uz), Ig, (v2))), 


= max (max Cen (uz), Io, (uz)) ,max (lo, (Y%), Io, (v2))), 


= max (Ip, -p, (Uz, Uz), Ip,.p, (V1, v2) : 


and 


Fo,-0,( (ur Ua), (v4, ¥2)) = max (Fo, (uy, V1), Fo, (uz, Y2)) 
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IV 


max (max (Fo, (uy), Fo, (v,)) ,max (Fo, (uz), Fo, (v2))), 


max (max (Fo, (u,), Fo, (uz)) ,max (Fo, (v,), Fo, (v2))), 


= max (Fe,-p, (Uy, U2), Fp,.p, (Vi, V2)) . 
Example 6.3.3 
Consider two Fermatean neutrosophic G,and G, as shown in the below Figure 13. 


Then, lexicographic product the graphs G,, G, (G, ° G2) is graphically presented in the below Figure 14. 


(0.3, 0.7, 0.5) (0.6,0.5,0.7) (0.5. 0.7, 0.7) ; 7 (0.6, 1, 0.7) 
ies (0.3, 0.7, 0.7) = (0.5, 1, 0.7) v 
Vv, @—______ 9 2 1@—_—_—_——_ eo % 

G, G, 


Figure 13. Fermatean neutrosophic graphs G,and G, 


(uy, ¥3)( 0.3,0.7,0.7) 9 3.0,7,0.7) 7 ¥2)€0-5.0.7,0.7) 


(0.3.1.0.7) 
(0.5,1,0.7) 


(uz, ¥4)(0.3,1,0.7, (0.3.1,0.7) (uz, v2)( 0.6,1,0.7) 


Figure 14. Lexicographic product the graphs G,, G, (G, ° G,) 

6.4 Union of Fermatean Neutrosophic Graphs 
Definition 6.4.1 The union of two Fermatean Neutrosophic graphs G,and G,, denoted by G, U G,, is 
defined as follows: 
G, U Gy=(P, U Pz, 9, UQ2) 
where 

Tp, (u) ifueV, -—Vz 

Tp, (u) ifueVv,-V, 
max (T», (u), Tp, (v)) ifuEeVv, UV, 

Ip, (u) ifuEeV, -—V, 

Ip, (u) ifueVv,-V, 


° Tp, up, (u)= 


Ip, uP, (u)= 
min (I, (u), Ip, (v)) ifuEV,UV, 
Fru) if ue, -V; 
Fp, up, (U)= Fp,(u) ifuev,-VYy 


min (Fp, (u), Fp, (v)) ifuEV, UV, 


Tg, (u,v) if (u,v) € E, — Ey 
Tg, (u, v) if (u,v) € E, — E, 
max (To, (u,v), To, (u, v)) if (u,v) € FE, VE, 
Ip, v) if (u,v) € E, — E, 
Ip,ug, ( v)= Ig, (u,v) if (u,v) € E, — Ey 
min (lo, (u,v), Io, (u, v)) if (u,v) € FE, VE, 


° T9,U02 (u, we 
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Fo, (u,v) if (u,v) € E, — Ey 


F9,u02 (u, v)= Fo, (u, v) if (u, v) E E, = Ey 


min (Fo, (u, v), Fo, (u, v)) if (u,v) € FE, VE, 


6.5 Join of Fermatean Neutrosophic Graphs 


276 


Definition 6.5.1 The join of two Fermatean Neutrosophic graphs G,and G2, denoted by G,+ G,, is 


defined as follows: 


G+ G=(P; + Pz, Q, + Q2) 


where 


Tp, u) ifueV, —Vz 


°¢ Tp, +7,(u)=5 Te, (u) ifuEev,-V, 


Tp,up,(u) if uEV, UV, 


Ip,(u) ifuEeVv,-—V, 


Ip, +P, (u)= Ip, (u) if Ue Vz ~ V; 


Ip,up,(u) ifuEeVv, UV, 


Fp, (u) ifuEeVv,-—V, 


Fp, +P, (u)= Fp, (u) if Ue V, rs V; 


Fp,up,(u) if u eV, UV, 


To, (u,v) if (u,v) € E, — Ey 


° T9440, (u, v)= To, (u, v) if (u, v) E E, = Ey, 


To,uo,(uv) if (u,v) € By UE, 


Ig, (u,v) if (u,v) € E, — Ez 


Ig, +0, (U, V)= Io, (u,v) if (u,v) € E, -— E, 


In,ug,(u,v) if (u,v) € E, U Ep 


Fo, (u,v) if (u,v) € E, — E, 


Fo,405 (u, v)= Fo, (u, v) if (u, v) € E, ~ Ey 


Fo,uo,(%v) if (u,v) € FE, UE, 


T9,+0,(u Vv) = min (T», (u), Tp, (v)) if (u,v) € E’ 
¢ = Ig,49,(u, v) = max Up, (u), Ip, (v)) if (u,v) € E’ 


Fo,4+9,(u, Vv) = max (Fp, (u), Fr, (v)) if (u,v) € E’ 


where E’ denotes the set of all the edge joining the nodes of V,and V3. 


Example 6.5.2 


Consider two Fermatean Neutrosophic G,and G2 as shown in the below Figure 13. 


Then, the join of two Fermatean Neutrosophic graphs G,and G, denoted by G,+ G2, is graphically 


presented in the below Figure 14. 


ele 0.6,1,0.7 
(0.3, 0.7, 0.5) 06.05.07 05,0707) 4.4, Ov 
aN) 0 3,0.7:07) " aeaatalg ” 
Vy — V2 1@ @ ? 
G, G 
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(uy)(0.5,0.7,0.7, (0.3.0.7.0.7) (U2)(0.6,1,0.7) 


ec = 
S S 
i: o 
‘ wes 
(0.5,1,0.7) 
(v;)( 0.3,0.7,0.5) (v2)( 0.6,0.5,0.7) 


Theorem 6.5.3 The union and join of two Fermatean Neutrosophic graphs are also Fermatean 
Neutrosophic graphs. 


Proof The proof can be outlined similarly as the proof of Theorem 6.3.2. 


7. Applications of FNG 

Recent days, many researchers who have studied the decision-making problems in different sectors 
like production, manufacturing, social networking, etc. by using fuzzy, neutrosophic tools [49 — 66]. 
Sriganesh et. al. [48] investigated the selection of the best power plant among three of the major power 
plants like hydroelectric power plant, thermal power plant, and nuclear power plant using a graph- 
theoretic approach. They used digraph characteristic between the factors and cofactors in the 
selection of the power plant. The interdependency of the factors and their inheritances are identified 
and they have been represented by using numerical values in their work. Among all these decision- 
making problems, power plants play a prominent role in for all industry sectors that depend on 
exergy processes. This section reports the selection of the best power plant among six of the major 
power plants using Fermatean Neutrosophic graph-theoretic approach. A power plant or power 
generating station where electric power is generated and distributed on a mass scale. It can be 
classified into different types based on the fuel used for the generation of electricity. There are many 
power plants depend on the availability of coal, fuel, wind, and water, etc. We have considered the 
following six power plants in this case study. 

Hydroelectric power plant (P;): Electricity is produced in a hydroelectric power plant by the flow 
of water from a height that is used to drive the turbine. The fast-flowing water is converted into 
mechanical energy when the turbine rotates which is further converted into electric power by the 
generator. 

Thermal power plants (P2): It converts heat energy into electricity. The heat energy is used to convert 
fluid into gas which turns the turbine producing mechanical energy which is an intermediate in the 
process and is converted into electricity in the generators. 

A nuclear power plant (P3): It is similar to a thermal power plant but in nuclear power plants, a 
nuclear reactor acts as the heat source. In a nuclear reactor, controlled nuclear fission takes place 
which produces an enormous amount of heat. This heat is dissipated in the water, and it is converted 


into high-pressure steam which in turn runs the turbine. 
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Geothermal power plant (P,): The geothermal power plants are related to other steam turbine 
thermal power plants. In this heat from the fuel source is used to heat water or any other working 
fluid. The working fluid is then used to rotate on the turbine of a generator, for producing electricity. 
Tidal power plant (P;): Tidal power or tidal energy is a form of hydropower that converts energy 
derived from tides primarily into useful forms of electricity. Although not yet generally used, tidal 
energy has the potential to generate future electricity. 

Solar power plant (P,): A solar power plant is based on the conversion of sunlight into electricity 
either directly photovoltaics or indirectly using concentrated solar power. Concentrated solar power 


systems use lenses, mirrors and tracking systems to focus a large area of sunlight into a small beam. 


nia toa ai 
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Figure 16. Different power plants 


The identification of a site for a power plant selection depends on various factors like land, space, 
water, cost, transport, fuel, availability of cooling water, nature of the load, etc. Apart from these 


factors, there are a few sub-factors involving in this process (Figure. 17). 


Water (W) 
Distance from Load 
Machinery Cost 


Disposalo Waste Heat Exchange 
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Best Power Plant 


Transportation 
Cost 


Energy Transmission Cost 


Figure 17. Fishbone diagram representing the necessities for setting up a power plant 
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In the process of applying FNG in finding the best power plant. FNG can be represented as a matrix 
whose rows and columns are the sub-factors. Let V = { P;, Pz, P3, Py, Ps, Pe} be the six different power 
plants under the selection on the basis of wishing parameters or attributes set A = {L,W,C,F}. The 
following figures represents the Fermatean Neutrosophic graphs of location, water, cost, and fuel. 
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Figure 18. Location based Fermatean Neutrosophic graphs 
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Figure 19. Water based Fermatean Neutrosophic graphs 
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Figure 20. Cost based Fermatean Neutrosophic graphs 
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Figure 21. Fuel based Fermatean Neutrosophic graphs 


We construct the incidence matrix for P(L), P(C),P(W),P(F) listed below: 


P(L) 
(0,0,0) 
(0.95,0.85,0.80) 
(0,0,0) 
(0.95,0.82,0.83) 
(0,0,0) 
(0,0,0) 


P(W) 
(0,0,0) 
(0.91,0.82,0.80) 
(0,0,0) 
(0.75,0.85,0.83) 
(0.75,0.85,0.88) 
(0,0,0) 


P(C) 
(0,0,0) 
(0.70,0.85,0.80) 
(0,0,0) 
(0.80,0.95,0.87) 
(0.82,0.90,0.92) 
(0,0,0) 


P(F) = 
(0,0,0) 
(0,0,0) 

(0.90,0.82,0.84) 
(0.95,0.82,0.84) 
(0,0,0) 
(0.85,0.78,0.80) 


(0.95,0.85,0.80) 
(0,0,0) 
(0.90,0.85,0.80) 
(0,0,0) 
(0.87,0.85,0.88) 
(0,0,0) 


(0.75,0.85,0.80) 
(0,0,0) 
(0.91,0.82,0.80) 
(0.75,0.82,0.83) 
(0,0,0) 
(0.70,0.82,0.80) 


(0.70,0.85,0.89) 
(0,0,0) 
(0.80,0.83,0.91) 
(0,0,0) 
(0.87,0.85,0.80) 
(0,0,0) 


(0,0,0) 
(0,0,0) 
(0,0,0) 
(0,0,0) 
(0.87,0.85,0.88) 
(0.82,0.85,0.80) 


(0,0,0) 
(0.90,0.85,0.80) 
(0,0,0) 
(0,0,0) 
(0,0,0) 
(0.90,0.85,0.85) 


(0,0,0) 
(0.91,0.82,0.80) 
(0,0,0) 
(0,0,0) 
(0,0,0) 
(0.95,0.85,0.80) 


(0,0,0) 
(0.80,0.83,0.91) 
(0,0,0) 
(0,0,0) 
(0,0,0) 
(0.90,0.80,0.91) 


(0,0,0) 
(0,0,0) 
(0,0,0) 
(0.90,0.82,0.84) 
(0,0,0) 
(0,0,0) 


(0.95,0.82,0.83) 
(0,0,0) 
(0,0,0) 
(0,0,0) 

(0.87,0.85,0.8) 
(0,0,0) 


(0.75,0.85,0.83) 
(0.75,0.82,0.83) 
(0,0,0) 
(0,0,0) 
(0.77,0.85,0.88) 
(0,0,00) 


(0.80,0.95,0.87) 
(0,0,0) 
(0,0,0) 
(0,0,0) 

(0.80,0.95,0.92) 
(0,0,0) 


(0.95,0.85,0.80) 
(0,0,0) 
(0,0,0) 
(0,0,0) 
(0,0,0) 
(0,0,0) 


(0,0,0) 
(0.87,0.85,0.88) 
(0,0,0) 
(0.87,0.85,0.8) 
(0,0,0) 
(0.87,0.85,0.88) 


(0.75,0.85,0.88) 
(0,0,0) 
(0,0,0) 

(0.95,0.85,0.80) 
(0,0,0) 

(0.70,0.85,0.88) 


(0.95,0.85,0.80) 
(0.87,0.90,0.92) 
(0,0,0) 
(0.80,0.95,0.92) 
(0,0,0) 
(0.87,0.90,0.92) 


(0,0,0) 
(0.87,0.85,0.88) 
(0,0,0) 
(0,0,0) 
(0,0,0) 
(0,0,0) 
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(0,0,0) 
(0, 0,0) 
(0.90,0.85,0.85) 
(0,0,0) 
(0.87,0.85,0.88) 
(0,0,0) 


(0,0,0) 
(0.70,0.82,0.80) 
(0.70,0.82,0.80) 

(0,0,0) 
(0.70,0.85,0.88) 

(0,0,0) 


(0,0,0) 
(0,0,0) 
(0.87,0.90,0.92) 
(0,0,0) 
(0.87,0.90,0.92) 
(0,0,0) 


(0.85,0.78,0.80) 
(0.82,0.85,0.80) 
(0,0,0) 
(0,0,0) 
(0,0,0) 
(0,0,0) 
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The incidence matrix of resultant FNG is obtained from the combination of all attributes for each 


power plant 


P, P, P3 Py P; Pe Overall 
P, 0.333333 0.32 0.333333 0.61 0.323333 0.326667 2.246667 
P, 0.35 0.333333 0.333333 0.33 0.326667 0.35 2.023333 


P; 0.326667 0.313333 0.333333 0.333333 0.343333 0.326667 1.976667 


P, 0.61 0.333333 0.326667 0.333333 0.343333 0.333333 2.28 
Ps 0.326667 0.323333 0.333333 0.343333 0.333333 0.326667 1.986667 
Pe 0.326667 0.313333 0.313333 0.333333 0.326667 0.333333 1.946667 


P(with respect all attributes) 


(0,0,0) (0,0.85,0.89)  (0,0,0) —(0.75,0.95,0.87) (0,0.85,0.88) (0,0.78,0.80) 

(0,0.85,0.80) (0,0,0) (0,0,0) (0,0.82,0.83)  (0,0.90,0.92) (0,0.85,0.80) 

_ | (0,0.82,0.84) —(0,0.85,0.91) _—_(0,0,0) (0,0,0) (0,0,0)  (0,0.90,0.92) 
(0.75,0.95,0.87)  (0,0,0) —_(0,0.82,0.84) (0,0,0) (0,0.95,0.92)  (0,0,0) 

(0,0.90,0.92)  (0,0.85,0.88) (00,0) (0,0.95,0.92) (0,0,0)  (0,0.90,0.92) 
(0,0.78,0.80)  (0,0.85,0.80) (0,0.85,0.91) (0,0,0) (0,0.90,0.92)  (0,0,0) 


Tabular representation of score values of incidence matrix of resultant FNG with average score 


T+I+1—-F 
3 ; 


function S = 


Clearly, the maximum score value is 2.28, scored by the plant P,. According the data Geothermal 


power plant is the beast choice. 


8. Conclusion 

Fuzzy theory plays a vital role in uncertainty situations. The extension of fuzzy sets are the popular 
Intuitionistic fuzzy sets and then Smarandache introduced the most general concept called the 
Neutrosophic sets. There are many variants of NS are available in the literature like Pythagorean 
Neutrosophic, Single Valued Neutrosophic, Bipolar Neutrosophic sets. In the list, we have 
introduced a new class of set namely, Fermatean Neutrosophic sets in this work. We have discussed 
various types of Fermatean Neutrosophic graphs and the properties of these graphs in this paper. We 
also apply this new type of graph in a decision making problem. We are extending our research on 
this new concept to introduce Fermatean Neutrosophic number and Fermatean triangle and 


trapezoidal Neutrosophic number and its applications in our future work. 
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1. Introduction 


Fuzzy concept has invaded almost all branches of Mathematics since its introduction by 
Zadeh[23]. Fuzzy sets have applications in many fields such as information [21] and control [22]. The 
theory of fuzzy topological spaces was introduced and developed by Chang[7] and from then 
various notions in classical topology have been extended to fuzzy topological spaces[4, 5, 6]. 
Following this concept K.Atanassov[1,2,3] in 1983 devised the idea of intuitionistic fuzzy set on a 
universe X as a generalization of fuzzy set. Here besides the degree of membership a degree of 
non-membership for each element is also defined. The topological framework of intuitionistic fuzzy 
set was initiated by D.Coker[8]. 

As a generalization of intuitionistic fuzzy sets neutrosophic set was formulated by 
Smarandache. Smarandache[16,17,18] originally gave the definition of a neutrosophic set and 
neutrosophic logic. The neutrosophic logic is a formal frame trying to measure the truth, 
indeterminacy and falsehood. In 2012 Salama and Alblowi[19,21] introduced the concept of 
neutrosophic topological spaces. Prem Kumar Singh [14,15] introduced the concept of neutrosophic 
context analysis at distinct multi-granulation using single valued neutrosophic numbers and also 
graphical representation of lattices by applying interval valued neutrosophic numbers 

The orbit in mathematics has an important role in the study of dynamical systems, an orbit is 
a collection of points associated by the evolution function of the dynamical system. One of the 
objectives of the modern theory of dynamical systems is using topological methods to 
understanding the properties of dynamical systems[12]. The concept of the fuzzy orbit set was 


introduced by R.Malathi and M.K.Uma[13] in 2017, as a generalization to the concept of the orbit 
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point in general metric space[9]. Also, R.Malathi and M.K.Uma[13] introduced the concept of fuzzy 


orbit open sets and fuzzy orbit continuous mappings. 

In this paper various novel concepts of neutrosophic orbit open set, almost-neutrosophic orbit 
continuous, weakly-neutrosophic orbit continuous, neutrosophic orbit” continuous are created 
which paves way to discuss. Some of its interesting properties and characterizations. Also 
neutrosophic orbit’ continuous mappings are discussed with necessary examples and 
counterexamples. 


2. Preliminaries 


2.1 Definition [13] Let X be a non empty set. A neutrosophic set (NS for short) A is an object having 
the form A = <x,A7,AlAf> where AT,AlAF represent the degree of membership , the degree of 
indeterminacy and the degree of non-membership respectively of each element x€X to the set A. 

2.2 Definition [13] Let X be a non empty set, A = <x,AT,AAF> and B = <x,B™,B!,BF> be neutrosophic 


sets on X, and let {Ai: i€ J} be an arbitrary family of neutrosophic sets in X, where Ai=<x,A™, Al, Af> 


(i) A ©& Bifand only if A= B', A= Bland A= BF 
(ii) A=BifandonlyifA = BandB = A. 

(iii) A=<x,AR1-A,AD 

(iv) ANB=<x,ATABT,AIVBI, AFVBF> 

(v) AUBE<x,A™VBT,AIABI, AFABF> 

(vi) UAi=<x, VAI, AAi, AA 

(vii) NAi=<x, AA, VAi, VAF> 


(viii) A-B=A A B. 


(ix) On =<x,0,1,1>; In = <x,1,0,0>. 
2.3 Definition [18] A neutrosophic topology (NT for short) on a nonempty set X is a family 7 of 
neutrosophic set in X satisfying the following axioms: 
(i) ON, INET. 
(ii) GWG € t for any G1,G2E T. 
(iii) WGie t for any arbitrary family {Gi :ieJ} & t. 
In this case the pair (X, Tt) is called a neutrosophic topological space (NTS for short) and any 
neutrosophic set in t is called a neutrosophic open set(NOS for short) in X. The complement A of a 
neutrosophic open set A is called a neutrosophic closed set (NCS for short) in X. 
2.4 Definition [18] Let (X, t) be a neutrosophic topological space and A=<X,AT,ALA>bea_ set in X. 
Then the closure and interior of A are defined by 
Ncl(A) = A{K: K is a neutrosophic closed set in X and A = Kj}, 
Nint(A) = V{G: Gis a neutrosophic open set in X and G = A}. 
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It can be also shown that Ncl(A) is a neutrosophic closed set and Nint(A) is a neutrosophic open set 
in X, and A is a neutrosophic closed set in X iff Ncl(A) = A; and A is a neutrosophic open set in X iff 
Nint(A) = A. 

2.5 Definition [9] Orbit of a point x in X under the mapping f is Or(x)={x, f(x), f 2(x),...} 

2.6 Definition [10] A neutrosophic set A=<x, AT, A, AF> in a neutrosophic topological space (X, T) is 


said to be a neutrosophic neighbourhood of a neutrosophic point x:ts, xEX, if there exists a 


neutrosophic open set B=<x, BT, B!, B'> with xn B & A. 


2.7 Corollary [11] Let A, Ai(iE J ) be neutrosophic sets in X, B, BiiE FE) be neutrosophic sets in Y and 


f: X — Y a function. Then 


(a) AiS=A2 f(A) & f(A2), 

(b) BiSB2 >£2(A1) S (Ad), 

(c) A&F-(f(A)){If £ is injective, then A= f-(f(A))}, 
(d) £4(£ (B))EBIIE f is surjective, then f-(f (B))= B}, 
(e) f(A) Cc f(A), if fis surjective, 

() f'(B)=f"(B). 


3. Properties and characterization of neutrosophic orbit continuous Mappings 


3.1 Definition A neutrosophic set A in a neutrosophic topological space (X, t) isa neighbourhood 
of a neutrosophic set B, if there exists a neutrosophic open set O such that B= 0 © A. 

3.2 Definition Let (X, T) and (Y, @) be any two neutrosophic topological spaces. Let f: (X, TF) — (Y, 
@) is said to be almost neutrosophic continuous, if for every neutrosophic set @ and every 
neutrosophic open set with f (a) <= wt, there exists a neutrosophic open set O with @& =o 
such that f(a) = int(el()). 

3.3 Definition Let (X, T) and (Y, @) be any two neutrosophic topological spaces. Let f: (X, T) — (Y, 
@) is said to be weakly neutrosophic continuous, if for every neutrosophic set @ and every 


neutrosophic open set # with f(@) =, there exists a neutrosophic open set ® with @ =@ 
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such that f(a) < el(y). 

3.4 Definition Let (X, T) and (Y, @) be any two neutrosophic topological spaces. Let f: (X, T) — (Y, 
@) is said to be slightly neutrosophic continuous, if for every neutrosophic set @ and every 
neutrosophic open set # with f(@) =m, there exists a neutrosophic open set G with @ =o 
such that f(a) = mw. 

3.5 Definition Let X be a nonempty set and f : X — X be any mapping. Let & be any neutrosophic set 
in X. The neutrosophic orbit Oi @) of @ under the mapping f is defined as On(@) = 


{ Gt, f1(@e), £2(@@),....£9(@E)}, On(@t) = { CE, £1(@L),£2(@e),...f-(GL)}, Our(G) = { OL f1(@e), f2(@),...f(@2)} for @ EX and 


né Z. 
3.6 Definition Let X be a nonempty set and let f : X— X be any mapping. The neutrosophic orbit set 


of @& under the mapping f is defined as NOi(@) = < @,Orr(@),On(@),Ore(@)> for @ € X, where Orr(@)= 
{ @Af(@) Af a) A... Af(@)}, On @)= { AVE @) VF @) VV... Vi a@)}, Onl & )= 
{@ Vfi(@) VF2(@) V... Vinca}. 

3.7 Example Let X={a, b,c}. Define a neutrosophic set @ where a’ :X— “0 1*| 

a! :x|-0, 1*| 

a’ -X— | “O 1*| as follows 


a™ (a) = 0.5, a! (a) = 0.4, a" (a) = 0.5, a" (b) = 0.6, a’ (b) = 0.5, a* (b) = 0.4, a7 (c) = 
0.7, a' (c) = 0.6, a" (c) = 0.3 


Define f : X— X as f(a)=b, f(b)=c, f(c)=a. The neutrosophic orbit set of @ under the mapping f is 
defined as NO(@) = @ Mf1(ae) Nf2(@r) 11... Nf(a@r) 


NO;(@)(a)=<x, 0.7, 0.6, 0.3>, NOx(@)(b)=<x, 0.5, 0.4, 0.5>, NOx(@)(c)=<x, 0.6, 0.5, 0.4> 
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3.8 Definition Let (X, T) be a neutrosophic topological space. Let f : X — X be any mapping. The 


neutrosophic orbit set under the mapping f which is in neutrosophic topology T is called 


neutrosophic orbit open set under the mapping f. Its complement is called a neutrosophic orbit 


closed set under the mapping f. 


3.9 Example Let X={a, b, c}=Y. Define T = {On, 1n, & ¥ }where i, y': , mit 1*| 
ay’ =X =| “2 1*| 


ay" : x3|-0. 1*| 
are defined as 


a’ (a) = 0.3, a' (a) = 0.5, a* (a) = 0.6, a’ (b) = 0.4, a (b) = 0.6, 

a(b) = 08, a" (c) = 0.1, 

a (c) = 03, a" (c) = 0.7 

y’ (a) = 03,y'(a) = 0.5,y" (a) = 0.6,y" (b) = 0,y'(b) = 0,7" (6) = 1, 

¥’ (c) =G,y'(c)=0,y*(c) =1. 

Define f : X— X as f(a)=a, f(b)=a, f(c)=a. The neutrosophic orbit set of @ under the mapping f is 


defined as NO;(@) = a@ Mf1(ar) Nar) 1... Mf(a@e), NO(@)=¥. Then ¥ is a neutrosophic orbit open 


set under the mapping f. 


3.10 Definition Let (X, T) be a neutrosophic topological space. Let f : X — X be any mapping. The 


neutrosophic orbit under the mapping f in a neutrosophic topological space (X, T) is said to be 
neutrosophic orbit clopen set under the mapping f, if it is both neutrosophic orbit open and 


neutrosophic orbit closed under the mapping f. 


3.11 Definition A neutrosophic set & in a neutrosophic topological space (X, T) is a neutrosophic 
orbit neighborhood, or NOnbhd for short, of a neutrosophic set , if there exists a neutrosophic 
orbit open set 4 such that # CAC @. 


3.12 Definition Let (X, t) be a neutrosophic topological space and & =<xX, ai a a> bea _ setin 
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X. Then the closure and interior of @ are defined by 

Nel(@) = A\{ B:B is a neutrosophic orbit closed set in X and @ = Bp 1 

Nint(@) = V{ B:B is a neutrosophic orbit open set in X and BP <a}. 

3.13 Definition Let (X, T) and (Y, @) be any two neutrosophic topological spaces. Let f: X — X bea 
mapping. A mapping g: (X, T) — (Y, @) is said to be neutrosophic orbit continuous, if the inverse 
image of every neutrosophic open set in (Y, @) is neutrosophic orbit open set under the mapping f in 
(X, F). 

3.14 Proposition Let (X, T) and (Y, @) be any two neutrosophic topological spaces. Let g : (X, T) > 


(Y,@) and fi : X > X be any two mappings. Then the following are equivalent 


(i) | gis neutrosophic orbit continuous mapping 


(ii) inverse image of every neutrosophic closed set in (Y, @) is a neutrosophic orbit closed set 
under the mapping f: in (X, T). 
Proof: (i) => (ii): Assume that g is a neutrosophic orbit continuous mapping. Let 4 be any 
neutrosophic closed set in (Y, @). Then 1 —Aisa neutrosophic open set in in (Y, @). Thus by 
assumption, g (1 —A) is a neutrosophic orbit open set under the mapping fi in (X, T). Now, 
g *(4—a) =1—g* (A). So, g * (A) is a neutrosophic orbit closed set under the mapping f1 


in (X, F). 
(ii) => (i): The proof is similar to (i) > (ii). 
3.15 Proposition Let (X, T) and (Y, @) be any two neutrosophic topological spaces. Let g : (X, T) > 


(Y,@) and fi: X — X and f2: Y > Y be any two mappings. Then the following are equivalent 


(i) gis neutrosophic orbit continuous mapping 


(ii) for each neutrosophic set A of X and every neutrosophic neighbourhood A of 
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g(A),g *(A) is a neutrosophic orbit neighbourhood of ¥ 
(iii) for each neutrosophic set A of X and every neutrosophic neighbourhood A of g (A), 
there exists a neutrosophic orbit neighbourhood / of ¥ such that g(u) <A. 
Proof:(i) > (ii): Let ¥ be a neutrosophic set of X. Let A bea neutrosophic neighbourhood of g(y)- 
Then there exists a neutrosophic open set # such __ that gy) <p=da. Now 
i (g (y)) <g*(u) <g"(4). By hypothesis, g ‘(u) isa neutrosophic orbit open set under 
the mapping fi in (X, T). But, ¥S g *(9(y)) _ Thus g (A) is a neutrosophic orbit 
neighbourhood of Y- 
(ii) => (iii): Let ¥ be a neutrosophic set of X. Let Abea neutrosophic neighborhood of g(y). By 
hypothesis, g (A) is a neutrosophic orbit neighbourhood of ¥ in (X, Tf) such that 
g*(9(4)) <4 
(iii) => (i): Let ¥ be a neutrosophic set of X such that ¥ = g *(A). Let A bea neutrosophic orbit 
open set under the mapping f2 in (Y, ®). Since every neutrosophic orbit open set is a neutrosophic 
neighborhood, 4 is a neutrosophic neighbourhood of g(6) in (Y, @). Then by hypothesis, 
gt (A) is a neutrosophic orbit neighbourhood of ¥ in (X, T). Since every neutrosophic orbit 
neighborhood set is a neutrosophic orbit open set, g (A) isa neutrosophic orbit open set under 
the mapping f: in (X, T). Thus g is neutrosophic orbit continuous. 
3.16 Proposition Let (X, T), (Y, ®) and (Z, 9) be any three neutrosophic topological spaces. Let f1 : 
X — X be any mappings. Let g : (X, T) > (Y,@) be neutrosophic orbit continuous and h: (Y, @) > 


(Z, 9) be neutrosophic continuous mappings, then their composition ho g is neutrosophic orbit 


continuous. 
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Proof: Let 4 be a open set of (Z, ]). By Definition, i (A) is a neutrosophic open set of (Y, @). 
Since f is neutrosophic orbit continuous, g '(h*(A)) isa neutrosophic orbit open set under the 


mapping fi of (X, T). But g h*(a)) = (hog) (A). Then hog is neutrosophic orbit 
continuous. 


3.17 Definition Let (X, T) and (Y, @) be any two neutrosophic topological spaces. Let fi: X — X 
and f2: Y > Y be any two mappings. A mapping g: (X, T) — (Y, @) is said to be neutrosophic orbit* 
continuous, if for every neutrosophic set & and every neutrosophic orbit open set #f under the 
mapping f2 with g(@) = #, there exists a neutrosophic orbit open set 4 under the mapping fi with 
a@ = A such that g(A) < mw. 


3.18 Example Let X={a, b, c]=Y. Define T = {On, In, 4,4 Jand G= {On, 1n, Ms My} where 


ay ul us +X >|-0, 1*| 


HAs uu sx >|-0. 1*| 


aay uF uy? xX > |-0, 1*| 
are such that 


a (a) = 0, a’ (a) = 1, 2° (a) = 1,27 (b) = 0,4 (6) = 1,4" (6) = 1, F (c) = 06, 

A (c) = 0.5,a" (c) = 0.4 

4,7 (a) = 0.5,4,'(a) = 04,4," (a) = 0.3, A," (b) = 0.7, A,'(b) = 0.5, A,* (b) = 06, 
4,7 (© = 06,4,'(c) = 05, 4,"(2) = 04 

yu (a) = 0.7, w"(a) = 0.6," (a) = 0.5, uw" (b) = 0.7, p'(b) = 0.6, u* (b) = 0.5, 

uw (c) = 0.7, p! (c) = 0.6, p* (c) = 0.5 

#4" (a) = 0.9, p,'(a) = 0.5, u:," (a) = 0.4, w,7 (b) = 0.7, w,"(b) = 0.4,n,"(b) = 0.3, 


ua? (€) = 08, u4'(c) = 04,44,"(€)= 02 
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Clearly (¥,T) and (¥,@) are neutrosophic topological spaces. 


Define g : (X, T) > (Y, @), fi: X > X and f2: Y> Y as g(a) =b, g(b) =c, g(c) =a, f(a) = ¢, f(b) =c, fi(c) = 


c and f2(a) = b, f2(b) =c, fo(c) =a. 


Let a :X 3 mit 1*| 
a’ :x]-0, 1*| 
a*:xX 3 “0, 1*| be any neutrosophic set such that 


a’ (a) = 0, a'(a) = 0.8, a* (a) = 0.9, a" (b) = 0, a’ (b) = 1, * (Bb) = 1,7 (c) = 
0, a’ (c) = 1,@"(c)=1 


For the neutrosophic orbit open set # under the mapping f2 in (Y, @), ¢(@) = M. Now, A isa 


neutrosophic orbit open set under the mapping f: in (X, T) with @ = A such that g(A) = M. Hence 


g is neutrosophic orbit continuous. 


3.19 Proposition Let (X, T) and (Y, @) be any two neutrosophic topological spaces. Let g : (X, T) > 


(Y,0) be a mappings. Then the following are equivalent 


(i) | gis neutrosophic orbit" continuous. 


(ii) inverse image of every neutrosophic orbit open set of (Y, ©) is neutrosophic orbit open set 
of (X, F). 
(iii) inverse image of every neutrosophic orbit clopen set of (Y, @) is neutrosophic orbit open 
set of (X, F). 
Proof:(i) > (ii): Let fi: X — X and f2: Y — Y be any two mappings. Let { be a neutrosophic orbit 
open set under the mapping f2 of (Y, ©) and any neutrosophic set @ with g(@) = #. Since g is 
neutrosophic orbit* continuous, there exists a neutrosophic orbit open set A under the mapping fi of 


(X, T) with @ = A such that 2(A) = . Hence gz (u) is a neutrosophic orbit open set. 
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(ii) => (iii): Let be a neutrosophic orbit open set under the mapping f2 of (Y, @). By (ii) g *(u) 
is a neutrosophic orbit open set under the mapping f1 of (X, T). Now 1— # is also neutrosophic 
orbit clopen set. By (ii) g (1 —4) is neutrosophic orbit open set under the mapping fi in (X, T). 
So 1—g~*(1— 4) is neutrosophic orbit closed set under the mapping fi in (X, T). This implies 
that g (yz) is neutrosophic orbit closed. Therefore, g *(u) is a neutrosophic orbit open set 
clopen set in (X, T). 

(iii) => (i): Let # be a neutrosophic orbit clopen set under the mapping fzand any fuzzy set & with 
g(@) = ft. Now g (4) is neutrosophic orbit open set under the mapping fi of (X, T) and 
g (9 *(#)) = #. Hence, g is neutrosophic orbit* continuous. 

3.20 Definition Let (X, T) and (Y, @) be any two neutrosophic topological spaces. Let fi: X — X and 
f2: Y > Y be an y two mappings. A mapping g : (X, TF) > (Y, @) is said to be almost-neutrosophic 
orbit continuous, if for every neutrosophic set & and every neutrosophic orbit open set under the 
mapping f: with g(@) = #, there exists a neutrosophic orbit open set 4 under the mapping fi with 
a@ = A such that g(A) < int (cl()). 

3.21 Definition Let (X, T) and (Y, @) be any two neutrosophic topological spaces. Let fi: X — X and 
fo: Y — Y be any two mappings. A mapping g: (X, T) — (Y, ©) is said to be weakly-neutrosophic 
orbit continuous, if for every neutrosophic set & and every neutrosophic orbit open set under the 
mapping f2 with g(@) = #, there exists a neutrosophic orbit open set 4 under the mapping f1 with 


a@ = A such that g(A) = cl(p). 


3.22 Remark 
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Figure 1. 
neutrosophic neutrosophic 


continuous continuous 


Almost neutrosophic _ orbit 


continuous 


Weakly neutrosophic orbit 


continuous 


3.23 Proposition Let (X, T) and (Y, @) be any two neutrosophic topological spaces. If g : (X, TF) > 
(Y,@) is neutrosophic orbit continuous, then g is almost neutrosophic orbit continuous. 

Proof. Let fi : X — X and fz: : Y Y be any two mappings. Let & be any neutrosophic set and / be 
any neutrosophic orbit open set under the mapping fz with ¢g (a) <u. By Corollary 2.7, 
a<=g‘(g(a))<g9"*(u). Then <G *(p) . Since g is neutrosophic orbit continuous, 
a =< g *(s) =A,Ais a neutrosophic orbit open set under the mapping fi. By Corollary 2.7, 
gg °(“) =m. Thus g(A) = gg *(#) =m. Since M is neutrosophic orbit open, / is neutrosophic 


open and hence ff © int(cl({£)) which implies that 2(A) = int(cl(#)). So g is almost-neutrosophic 


orbit continuous. 
3.24 Remark The converse of the Proposition 3.15 need not be true as shown in the following 


example. 


3.25 Example Let X={a, b, c}=Y. Define T = {On, 1n, 4,Ay and G= {On, 1N, Mr fly» My» 3} where 


xr, : ae ae oe :X- | “OQ 1*| 
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t4s ee a ae a) |e. 1*| 


Fa eT My ote tg” 2X >]-o. 1*| 


are such that 


a (a) = 0, a’ (a) = 1, 4° (a) = 1,27 (b) = 0,4 (6) = 1,4" (6) = 1,27 (©) = 03, 
A'(c) = 0.4,4" (c) = 0.4 

4,7 (a) = 0.7,4,'(a) = 0.4,4,"(a) = 0.5, 4,7 (b) = 06, A,'(b) = 03,4,"(b) = 05, 
4,7 (2 = 03,4,'(c) = 04,4,"(2) = 04 

u’ (a) = 0.6, n'(a) = 0.5, u* (a) = 0.4, nu" (b) = 0.6, u'(b) = 0.5, u* (b) = 0.4, 

pw (c) = 0.6, p’ (c) = 0.5, p* (c) = 0.4 

#,* (a) = 0.6, »,"(a) = 0.5, 4," (a) = 0.3, wx," (b) = 0.7, 2, '(b) = 0.2,n,"(b) = 03, 
#7 (c) = 08, »,‘(c) = 02, 4,"*(c) = 0.1 

us" (a) = 0.3, n,' (a) = 0.5, w,* (a) = 0.4, nw," (b) = 0.3, n,'(b) = 0.5, up," (b) = 0.4, 
uz" (c) = 0.3, u,"(c) = 0.5, 4" (c) = 0.4 

Hz" (a) = 0.3,p," (a) = 0.5, w,* (a) = 0.4, pw,” (-b) = 0.4, w,'(b) = 0.5, p,* (b) = 0.4, 
Hg” (c) = 0.5, w,'(c) = 0.5, n,* (c) = 0.4 


Clearly (¥,T) and (¥,@) are neutrosophic topological spaces. 


Define g : (X, FT) > (Y, @), fi: X > X and fh: Y— Y as g(a) =b, g(b) =¢ g(c) =a, fi(a) =¢, fi(b) =c, fi(c) = 
cand f2(a) = b, f2(b) =c, fo(c) =a. 


Let a? :X 3 |-o. 1*| 


a’: x—|-0, 1*| 
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a’:X 3 “0 1*| be any neutrosophic set such that 


a (a) = 0, 2" (a) = 1, 2" (a) = 1,7 (b) = 0, a (b) = 1,0" (b) = 1,2" (c) = 
0.2, a’ (c) = 0.5, a" (c) = 08 


For the neutrosophic orbit open set #£ under the mapping f2in (Y, ®) with g(@) = MM. 

Now the neutrosophic orbit open set 4 under the mapping fi in (X, T) with @ = A such that g(A) 
= int (cl()). Then g is almost neutrosophic orbit continuous. 

Now the neutrosophic open sets fy, /lz and yz in (Y, 0), but g ~(#y),g  *(uz) and g * (us) 


are not neutrosophic orbit open under the mapping f: in (X, T). Thus g is not neutrosophic orbit 


continuous. 


3.26 Proposition Let (X, T) and (Y, @) be any two neutrosophic topological spaces. If g : (X, T) > 
(Y,@) is neutrosophic orbit continuous, then g is weakly neutrosophic orbit continuous. 

Proof: Let fi : X — X and fz: : Y Y be any two mappings. Let @ be any neutrosophic set and ff be 
any neutrosophic orbit open set under the mapping f2 with g (a)<p. By Corollary 2.7, 
a < g *(g(a)) <g *(p). Then & <g *(u) . Since g is neutrosophic orbit continuous, 
a <= g *(s4) =A,Ais a neutrosophic orbit open set under the mapping fi. By Corollary 2.7, 


gg (#) = mM. Thus g(A) = gg *(u) < cl(z). So g is weakly neutrosophic orbit continuous. 


3.27 Remark The converse of the Proposition 3.18 need not be true as shown in the following 


example. 


3.28 Example Let X={a, b, c}=Y. Define TF = {On, 1n, A, A, jand G= {On, In, fy flys fos 3} where 
¥; Ae ae a = Xx = | “oO 1*| 
z, A; yu, Hy", Hy, H;! : Xx ad “0, 1*| 


Via ee ie he ee 12 =|-o. 1*| 


are such that 
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a (a) = 0, a’ (a) = 1, 2° (a) = 1,27 (b) = 05, a' (Bb) = 0.4, 2" (b) = 0.6, a7 (c) = 0, 
#(c) = 1,4" (c) =1 

4,7 (a) = 0.7,4,'(a) = 0.4,4,"(a) = 03, A," (b) = 05, 4,'(6) = 04,4," (5) = 06, 
4,7 (2 = 04,4,'(C) = 02,4,"( = 03 

ut (a) = 0.3, n"(a) = 0.4, u* (a) = 0.5, ux" (b) = 0.3, u'(b) = 0.4," (b) = 0.5, 

wu’ (c) = 0.3,u'(c)=0.4,n"(c)=0.5 

Hu, (a) = 0.6, w,"(a) = 0.3, u," (a) = 0.4, n,7 (b) = 08, u,'(b) = 0.2,n,"(b) = 0.4, 
uy" (c) = 0.9, w,'(c) = 0.4, pn," (c) = 03 

Ha" (a) = 0.6, 2,‘ (a) = 0.3, uw," (a) = 0.5, uw, (b) = 06, w,'(b) = 03, w,*(b) = 0.4, 
uz" (c) = 0.6, 4,"(c) = 0.4,u,"(c) = 0.3 

us" (a) = 0.3, pn," (a) = 0.4, w,* (a) = 0.5, nw,” (b) = 0.4, n,'(b) = 0.3, wp," (b) = 0.4, 
Hy? (c) = 0.5, p,'(c) = 0.4, 2," (c) = 0.5 


Clearly (¥,t) and (¥,@) are neutrosophic topological spaces. 


Define g: (X, T) > (Y, @), fi: X > X and fh: Y— Y as g(a) =b, g(b) =c, g(c) =a, fi(a) = b, fi(b) =b, fic) = 
b and f2(a) = b, f2(b) =c, fo(c) =a. 


Let a':X 3 |-o 1*| 
a’ :X> |-o. 1*| 
a*:X 3 | “QO 1* foe any neutrosophic set such that 


a” (a) = 0, 2" (a) = 1, a" (a) = 1,7 (b) = 0, a (b) = 06, 2" (b) = 08, a (c) = 
0, a’ (c) = 1,2" (c)=1 


For the neutrosophic orbit open set #{ under the mapping f2 in (Y, @) with g(@) = f. 
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Now the neutrosophic orbit open set 4 under the mapping fi in (X, T) with @ = A such that g(A) 
= cl(#). Then g is weakly neutrosophic orbit continuous. 
Now the neutrosophic open sets My, Mz and Hz in (Y, @), but g* (u,).9° *(4) and Fig (u5) 


are not neutrosophic orbit open under the mapping f: in (X, TF). Thus g is not neutrosophic orbit 


continuous. 


3.29 Proposition Let (X, T) and (Y, @) be any two neutrosophic topological spaces. If g : (X, FT) > 
(Y,@) is almost neutrosophic orbit continuous, then g is weakly neutrosophic orbit continuous. 

Proof. Let fi : X — X and f2 : Y Y be any two mappings. Let @ be any neutrosophic set and / be 
any neutrosophic orbit open set under the mapping fz with g(a) =m. Since g is almost 
neutrosophic orbit continuous, there exists a neutrosophic orbit open set 4 under the mapping fi 


with @ = A such that g(A) <= int(cl(#)), which implies that (A) < cl(f). Then g is weakly 


neutrosophic orbit continuous. 
3.30 Remark The converse of the Proposition 3.21 need not be true as shown in the following 


example. 


3.31 Example Let X={a, b, c}=Y. Define TF = {On, In, A, a, jand G= {On, 1N, fr My» fo» fs} where 
Faye My Me" Mg’ 2X > | “0, 1*| 
x, aw ay pe a = X > | “O 1*| 


Pag it oe ie ie = X > “oO 1*| 
are such that 


# (a) = 0, a’ (a) = 1, 4° (a) = 1,27 (b) = 0.4,4' (B) = 0.4, 2" (b) = 06, 2" (c) = 0, 
#(c) =1,7"(c) =1 
A," (a) = 0.6,4,'(a) = 0.4,4," (a) = 03,4," (b) = 0.4, 4,'(b) = 0.4, A," (b) = 06, 


4,7 =04,4,'(c) = 0.6,4,"(c) = 06 
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ul" (a) = 0.3, p'(a) = 0.6, u* (a) = 0.4, nx" (b) = 0.3, u'(b) = 0.6, u* (b) = 0.4, 
nu’ (c) = 03, a (c) = 0.6, u*(c) = 0.4 
T _ I —ncr,* = Teh) =) I = F = 
Hy (a) _ 0.3, Hy (a) _ 0.5, p45 (a) _ 0.4, Hy (b) ~ 0.4, py (b) ~ 0.4, uy (b) ~ 0.3, 
us? (c) = 0.5, 4,!(c) = 04,4," (c) = 02 
Ha" (a) = 0.6,u," (a) = 0.5, uy" (a) = 0.3, uy” (b) = 0.6, u,'(b) = 0.3, u,*(b) = 0.2, 
T/,-) — 1) = Fr) —, 
Hy’ (c) = 0.6, wy"(c) = 0.4, nw," (c) = 0.1 
Hy” (a) = 0.6, pn," (a) = 0.4, w," (a) = 0.2, ws" (b) = 08, w,'(b) = 0.3, uw," (b) = 0.1, 
us" (c) = 0.9, H;'(c) — 0.4, 3" (c) = 0.1 


Clearly (¥,T) and (¥,@) are neutrosophic topological spaces. 


Define g : (X, T) > (Y, @), fi: X > X and fz: Y— Y as g(a) =b, g(b) =c, g(c) =a, fi(a) = b, f(b) =b, fi(c) = 
b and f2(a) = b, f2(b) =c, fo(c) =a. 


Let @:X 3 |-o. a | 


a’: x>|-0, 1*| 


a*:X 3 |-o 1*| be any neutrosophic set such that 


a’ (a) = 0, a’ (a) = 1, a" (a) = 1,07 (b) = 0.3, a (b) = 0.7, a* (b) = 0.8," (c) = 
0, a’ (c) = 1,2" (c)=1 


For the neutrosophic orbit open set { under the mapping f2 in (Y, @) with g(@) = pM. 

Now the neutrosophic orbit open set 4 under the mapping fi in (X, T) with @ = A such that g(A) 
= cl(#). Then g is weakly neutrosophic orbit continuous. 

Now, g(@) = #. But there is no neutrosophic orbit open set 4 under the mapping fi with @ = A 


such that 2(A) = int(cl(#)).Thus g is not almost neutrosophic orbit continuous. 
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3.32 Proposition Let (X, T) and (Y, @) be any two neutrosophic topological spaces. If g : (X, T) > 
(Y,0) is neutrosophic orbit* continuous, then g is almost neutrosophic orbit continuous. 

Proof. Let fi : X — X and fz: Y Y be any two mappings. Let & be any neutrosophic set and / be 
any neutrosophic orbit open set under the mapping fz with g(a) = Ml. Since g is neutrosophic 
orbit’ continuous, there exists a neutrosophic orbit open set A under the mapping fi with @ = A 


such that 2(A) = #. Since # is neutrosophic open, which implies that 2(A) = int(cl({4)). Then g is 


almost neutrosophic orbit continuous. 
3.33 Remark The converse of the Proposition 3.24 need not be true as shown in the following 


example. 


3.34 Example Let X=(a, b, c]=Y. Define T = {On, 1x, A, Aq Jand G= {On, IN, My fly} where 
, i a ae ao |-o. 1*| 


HAs uu! sx >| 


“0, 1*| 


Fae ay 2X “Oo i*| 
are such that 


a? (a) = 0.4,2' (a) = 0.5, a* (a) = 0.5, A" (b) = 0.4, a'(b) = 0.5, 2" (b) = 0.5, A? (c) 
= 0.4, 


4(c) = 0.5,4" (c) = 0.5 

A," (a) = 0.4,4,'(a) = 0.4,4," (a) = 0.5, A," (b) = 0.5, A,'(b) = 0.5, A," (b) = 0.4, 
A,” = 0.6,4,'(c) = 0.5,4,"(c) = 04 

x (a) = 0.3, u"(a) = 0.5, u* (a) = 0.6, u" (b) = 0.3, u'(b) = 0.5, u* (b) = 0.6, 

uw (c) = 0.3, u'(c) = 0.5, u*(c) = 0.6 

#,* (a) = 0.4, w,"(a) = 0.5, 4," (a) = 0.5, w,7 (5) = 0.4, 2, "(b) = 0.5, n:,"(b) = 0.5, 


#,* (c) = 0.5, n,"(c) = 0.5,4,"*(c) =05 
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Clearly (¥,T) and (¥,@) are neutrosophic topological spaces. 


Define g : (X, T) > (Y, @), fi: X — X and fp: Y— Y as g(a) =b, g(b) =c, g(c) =a, fi(a) =b, fi(b) =c, fi(c) = 
a and f2(a) = b, f2(b) =c, f2(c) = a. 


Let a?:X = |-o. 1*| 
a’ :x]-0, 1*| 
a’:X 3 “0, 1* [be any neutrosophic set such that 


a’ (a) = 0.2, a' (a) = 0.6, a* (a) = 0.8, a’ (b) = 0.2, a (b) = 0.6, a* (b) = 0.6, a" (c) = 
0.2, a’ (c) = 0.6, a* (c) = 0.7 


For the neutrosophic orbit open set {£ under the mapping f2 in (Y, @) with g(@) = fh. 

Now the neutrosophic orbit open set 4 under the mapping fi in (X, T) with @ = A such that g(A) 
<= int(cl({)). Then gis almost neutrosophic orbit continuous. 

Now, g(@) = #. But there is no neutrosophic orbit open set 4 under the mapping fi with a = A 
such that g(A) £ Thus g is not neutrosophic orbit* continuous. 

3.35 Proposition Let (X, T) and (Y, @) be any two neutrosophic topological spaces. If g : (X, T) > 
(Y,0) is neutrosophic orbit* continuous, then g is weakly neutrosophic orbit continuous. 

Proof. Let fi : X — X and fz : Y Y be any two mappings. Let @ be any neutrosophic set and / be 
any neutrosophic orbit open set under the mapping fz with g(a) = fl. Since g is neutrosophic 
orbit’ continuous, there exists a neutrosophic orbit open set 4 under the mapping fi with @ = A 


such that g(4) <= M, which implies that g(4) < cl(f). Then g is weakly neutrosophic orbit 


continuous. 
3.36 Remark The converse of the Proposition 3.27 need not be true as shown in the following 


example. 
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3.37 Example Let X={a, b, c]=Y. Define T = {On, In, 4,44 Jand G@= {On, 1n, My My} where 


24, a 2X2 


-0, | 


¥ 4,06 t= 


-0, | 


¥ AP we uy? X= | 


-0, a 
are such that 


a (a) = 0, a' (a) = 1,2" (a) = 1,2 (Bb) = 0.7, 2'(b) = 0.7, 4°(b) = 0.7, 2 (c) = 0, 
A(c) = 1,4" (c) =1 

4,” (a) = 06,4,'(a) = 03,4,"(a) = 03, 4," (b) = 0.7, 4,'() = 0.7, 4," (b) = 07, 
a,’ =04,4,'(c)=0.1,4,"(c) = 04 

u’ (a) = 0.6, p"(a) = 0.5, uw" (a) = 0.4, uw" (b) = 0.6, p(b) = 0.5, u* (b) = 0.4, 

pw (c) = 06, pw’ (c) = 0.5, uw" (c) = 0.4 

4" (a) = 0.6, u,"(a) = 0.4,4," (a) = 0.3, uw," (b) = 0.7, w,"(b) = 0.5," (b) = 0.2, 
uy" (c) = 08, w,'(c) = 0.4, y,"(c) = 04 


Clearly (¥,T) and (¥,@) are neutrosophic topological spaces. 


Define g : (X, T) > (Y, @), fi: X > X and fz: Y— Y as g(a) =b, g(b) =c, g(c) =a, fi(a) = b, f(b) =b, fi(c) = 
b and f2(a) = b, f2(b) =c, f2(c) =a. 


Let a :X 3 }-o. 1*| 
a’: x|-0, 1*[ 
a’:X3 |-o. 1*| be any neutrosophic set such that 


a’ (a) = 0, a' (a) = 1, a" (a) = 1,07 (b) = 03, a (b) = 08, a2" (b) = 0.8, a7 (c) = 
0, a’ (c) = 1,2" (c)=1 


For the neutrosophic orbit open set #£ under the mapping f2 in (Y, @) with g(@) = f. 
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Now the neutrosophic orbit open set 4 under the mapping fi in (X, T) with @ = A such that g(A) 
= cl(#). Then g is weakly neutrosophic orbit continuous. 

Now, g(@) = #. But there is no neutrosophic orbit open set 4 under the mapping fi with @ = A 
such that g(A) £ Thus g is not neutrosophic orbit’ continuous. 

3.38 Proposition Let (X, T) and (Y, @) be any two neutrosophic topological spaces. If g : (X, T) > 
(Y,@) is neutrosophic orbit continuous, then g is neutrosophic orbit* continuous. 

Proof: Let fi: X — X and f2: Y Y be any two mappings. Let @ be any neutrosophic set and / be 
any neutrosophic orbit open set under the mapping fz with ¢g (a) <u. By Corollary 2.7, 
a<=g(g(a))<g9"(u). Then ag *(u) . Since g is neutrosophic orbit continuous, 
a<g *(u)=AAisa neutrosophic orbit open set under the mapping f1. By Corollary 2.7, 


gg ‘(“) <u. Therefore g(A) = gg *(u) <p which implies that g(A) <= m. Then g is 


neutrosophic orbit* continuous. 
3.39 Remark The converse of the Proposition 3.30 need not be true as shown in the following 


example. 


3.40 Example Let X=(a, b, c]=Y. Define T = {On, In, 4,4, Jand G= {On, 1n, Ms My} where 
¥ aul ux |-0, 1*| 
by er XxX + |-o, 1*| 


Aas uP uy? xX > |-0, 1*| 
are such that 


# (a) = 0, 4’ (a) = 1,4" (a) = 1,7 (b) = 0,4 (Bb) = 1,4" () = 1,7 (c) = 05, 
#(c) = 0.6,4" (c) = 08 
A," (a) = 0.4,4,'(a) = 0.5,4," (a) = 0.7, A," (b) = 0.6, 4,'(b) = 0.4, 4," (b) = 03, 


4,7 =0.5,4,'(c) = 0.6,4,*(c) = 04 
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x" (a) = 0.6, u"(a) = 0.5, w* (a) = 0.4, nu" (b) = 0.6, u'(b) = 0.5, u* (b) = 0.4, 

uw (c) = 0.6, pw! (c) = 0.5, w* (c) = 0.4 

#,* (a) = 0.6, w,'(a) = 0.4,4:,"(a) = 0.3, w,7 (5) = 0.7, w,"(b) = 0.5,n,"(b) = 0.2, 
Hy" (c) = 0.8, w,"(c) = 0.4, n,*(c) = 0.4 


Clearly (X,T) and (¥,@) are neutrosophic topological spaces. 


Define g : (X, T) > (Y, @), fi: X > X and f2: Y— Y as g(a) =b, g(b) =c, g(c) =a, f(a) = ¢, f(b) =c, fi(c) = 
c and f2(a) = b, f2(b) =c, fa(c) =a. 


Let @:X 3 “O a | 
a! :x]-0, 1*| 
a’:X 3 | “0 1*| be any neutrosophic set such that 


a” (a) = 0, 2'(a) = 1," (a) = 1,07 (b) = 0, a (b) = 1,0" (b) = 1, 2" (c) = 
0.2, a’ (c) = 08, a*(c) = 0.9 


For the neutrosophic orbit open set #{ under the mapping f2 in (Y, @), g(@) SH. 

Now the neutrosophic orbit open set 4 under the mapping fi in (X, T) with @ = A such that g(A) 
= MM. Then g is neutrosophic orbit’ continuous. 

Now the neutrosophic open sets {fy in (Y, @), but g (u,) is not neutrosophic orbit open under 
the mapping f: in (X, T). Thus g is not neutrosophic orbit continuous. 


4. Conclusions 


In this paper, we study the collection of neutrosophic orbit open sets under the mapping f : X > 
X. The characterization of neutrosophic orbit continuous functions are studied. Some interrelations 
are discussed with suitable examples. This paper paves way in future to introduce and study the 
family of all neutrosophic orbit open sets constructs a neutrosophic topological space. 
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Abstract: In this paper, we introduce the concept of balanced neutrosophic graphs based on 
density functions and investigate some of their properties. The necessary conditions for a 
neutrosophic graph to be a balanced neutrosophic graph are identified if graph G is a self- 
complementary, regular, complete, and strong neutrosophic graph. Some properties of complement 


neutrosophic graphs are presented here. 


Keywords: Density of a neutrosophic graphs, Balanced neutrosophic graphs. 


1. Introduction 


Euler was the first to establish the concept of graph theory in 1736. In mathematical history, Euler's 
approach to the well-known Konigsberg bridge problem is considered as the first theorem of graph 
theory. This is now widely accepted as a branch of combinatorial mathematics. In many domains, 
such as geometry, combinatorics, elliptic curves, topography, decision theory, optimization, and data 
science, the theory of graphs provides a strong tool for determining combinatorial challenges. 

The density of a graph G (D(G)) is associated with the network's connectivity patterns. Because of the 
rapid growth in network size, graph problems become ambiguous, which we address using the fuzzy 
logic method. The density D(H) < D(G) for all subgraphs H of G in balanced graphs. Balanced graphs 
[10] first appeared in the work of random graphs, and the term Balanced neutrosophic graph is 
represented here based on the density functions given in [5]. A complete graph has the highest 
density, while a null graph has the lowest density. Several papers on balanced graph extension 
[25][32][14] have been published, and it has numerous applications in computer networks, image 
analysis, robotic systems, artificial intelligence , and decision making. Lotfi A Zadeh [29][30][31] 
developed a fuzzy set theory in 1965, and the idea of a fuzzy set is welcomed because it addresses 
uncertainty and vagueness that crisp set cannot, and it provides a meaningful and powerful 
recognition of quantification of ambiguity. Rosenfeld [24] developed the theory of fuzzy graphs in 
1975 after studying fuzzy relations on fuzzy sets. Atanassov's [6][7] intuitionistic fuzzy graphs (IFGs) 
provide a way to incorporate uncertainty with an additional degree. A bipolar fuzzy graph is a fuzzy 
graph extension with a membership degree range of [-1, 1]. Akram [1][2] introduced the concept of 
bipolar fuzzy graphs and defined various operations on them. Talal Al Hawary [4] investigated some 


fuzzy graph operations and defined balanced fuzzy graphs. Balanced fuzzy graphs are increasingly 
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being used to represent complex systems in which the amount of data and information varies with 
different levels of precision. 

A neutrosophic graph can comply with the uncertainty of any real-world problem's inconsistent and 
indeterminate information, whereas fuzzy graphs may lack sufficient satisfactory results. Florentin 
Smarandache et al [12][26-28] defined neutrosophic graphs and single valued neutrosophic graphs 
(SVNS) as a new dimension of graph theory as a generalisation of the fuzzy graph and the 
intuitionistic fuzzy graph. Said Broumi et al [8][9] developed the concept of SVNG and investigated 
its components. Motivated by the concept of a balanced graph and its extensions [3] [13] [15-20] 
[22][23] [27], we focused on introducing balanced and strictly balanced, in single valued neutrosophic 
graphs. The important properties of a balanced neutrosophic graph are discussed in this paper. 
Section 2 discusses the fundamental definitions and theorems required. Section 3 discusses the 
necessary conditions for a neutrosophic graph to be a balanced neutrosophic graph if graph G is a 
self-complementary, regular, complete, and strong neutrosophic graph. We also discussed some of 
the properties of complementary and a self-complementary balanced neutrosophic graphs. The paper 


is concluded in Section 4. 


2. Preliminaries 


Definition 2.1 [12] A single valued neutrosophic graph (SVN-graph) with underlying set V is 
defined to be a pair G = (A, B) where 

1. The functions T,:V > [0,1], I4:V > [0,1], and F,:V — [0,1], denote the degree of truth- 
membership, degree of indeterminacy-membership and falsity-membership of the element v; € V, 
respectively, and 0 < T,(v;) + I4(y;) + Fa(v;) < 3 forall v; EV. 

2. The functions Tg:E © VxV > [0,1],Jg:E © VxV > [0,1], and Fz:E © VxV > [0,1] are 
defined by Tp (v;, ¥;) < T,(v;) ATa(%), Ip(v;,¥;) > I,(v;) V I,(v;) and Fa(vj,;) > F,(v;) V 
F(v;) denotes the degree of truth-membership, indeterminacy-membership and falsity-membership 
of the edge (vj, ¥;) €E respectively, where 0 < Tp (v;,¥;) + Ip(vi, %) + F,(v;, ¥;) <3 for all 
(v;, v;) EE (i,j = 1,2,..,n). We call A the single valued neutrosophic vertex set of V, B the single 


valued neutrosophic edge set of E, respectively. 


Definition 2.2 [8] A partial SVN-subgraph of SVN-graph G = (A,B) is a SVN-graph H = (V’, 
E') such that V’C V, where T',(v;) < T,(v,), I'4(¥) = I4(v;), and F',(v,) = Fy(v;) for all v; € 
V and E’C E, where T'3(%,¥;) < Tp (vj, ¥;), I's (vp y;) > Ip(vi,¥;), F's (vp v;) > Fa(v;,;) for all 
(v;,¥;) EE. 


Definition 2.3 [11] Let G = (A,B) be an SVNG. Gis said to be a strong SVNG if 
Tg(u,v) = T,(u) A T,(v), 

Ip(u,v) = I,(u) V I,(v) and 

Fg(u,v) = Fy(u) V Fy(v) forevery (u,v) € E. 


Definition 2.4 [11] Let G = (A,B) be anSVNG. Gis said to be a complete SVNG if 
Tg(u,v) = T,(u) A T(r), 


Ip(u,v) = I4(u) V I4(v) and 


Sivasankar S, Said Broumi. Balanced Neutrosophic Graphs 


Neutrosophic Sets and Systems, Vol. 50, 2022 311 


Fa(u,v) = Fy(u) V Fy(v) for every u,v € V. 


Definition 2.5 [11] Let G = (A,B) be anSVNG. G = (A,B) is the complement of an SVNG if 
A=A and B is computed as below. 
Tp(u,v) = T,(u) A Ta(v) — Tu, v), 
In(u,v) = yu) V y(v) — Ip, v) 
and F,(u,v) = Fy(u) V Fy(v) — Fg(u,v) forevery (u,v) € E. 


Here, Tg(u,v), Ig(u,v) and Fz(u,v) denote the true, intermediate, and false membership degree 


for edge (u,v) of G. 


Definition 2.6 [11] Let G = (A,B) be anSVNG. Gis a regular neutrosophic graph if it satisfies the 
following conditions. 


> Tp (u,v) = constant, > Ig(u, v) = constant, and > Fg(u, v) = constant. 


Ut#D Ut UAV 


Definition 2.7 [11] Let G = (A,B) be an SVNG. Gis a regular strong neutrosophic graph if it 
satisfies the following conditions. 

Tp(u,v) = T,(u) AT,(v) and Yi, Tp(u, v) = constant, 

Ip(u,v) = I,(u) V I,(v) and ¥4,/R3(u v) = constant, 

Fp(u,v) = Fy(u) V Fy(v) and >, Fg(u,v) = constant. 


Definition 2.8 [4] The density of the complete fuzzy graph G = (V,E) is 


D (G) a 2 Lu,vev (u(w,v)) 


y f ll Uu,vVE V. 
Luvev (7) A o(@)) ona. 


Definition 2.9[4] A fuzzy graph G = (V,E)is balanced if D(H) < D(G), for all sub graphs H of G. 
Definition 2.10 [21] A fuzzy graph G = (V,E)is a self-complementary if u(u,v) = ~(o(u) A a(v)) 


for all u,veV. 


Table 1: Some basic notations 


Notation Meaning 

G = (V,E) Fuzzy graph 

G = (A,B) Single Valued Neutrosophic Graph (SVNG) 
V Vertex Set 

E Edge set 

Ta(v) ,1,(v), Fu) True membership value, indeterminacy 


membership value, falsity membership 

value of the vertex v of G = (A,B) 
Tp(u, v), Ip (u, v), Fp (u,v) True membership value, indeterminacy 

membership value, falsity membership 

value of the edge (u,v) of G = (A,B) 
G = (A,B) Complement of an SVNG 


Tp(u,v),Ip(u,v) , Fp(u,v) True membership value, indeterminacy 
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membership value, falsity membership 
value of the edge (u,v) of G = (A,B) 


D,(G), D,(G), Dp (G) Density of true membership value, indeterminacy 
membership value, falsity membership 
value of G = (A,B) 

D(G) = (D,(G), D,(G), Dr (G)) Density of aSVNG G = (A,B) 


3. Balanced Neutrosophic Graphs 
Definition 3.1 

The density of a single valued neutrosophic graph G=(A,B) of G* =(V,E), is D(G)= 
(D;(G), D,(G), D-(G)), where 


: . =, 2Yuvev Bur) 
D;(G) is defined by Dr(G) = Fumev Taw ATAD ’ for u, veV, 


D,(G) is defined by D,(G) = Sbeivev BY) , for u, veV and 


Lauvyev 1A) V Lav) 


D,(G) is defined by D,(G) = —2u2*8%") _ for uy, veV. 


Lavyev Fa) Vv Fa(v) 


Definition 3.2 
A single valued neutrosophic graph G = (A,B) is balanced if D(H) < D(G), that is, Dp(H) < 
Dr(G@), D(H) < D,(G) , De(H) < D;(G) for all sub graphs H of G. 


Example 1. Consider a neutrosophic graph, G = (V,E) ,such that V = {(1%, v2, 3, V4 )}, 


E = {(v4, v2), (V2, 03), (V3, V4), (Vg, V1), (Vz, V3) F- 


¥,(0.5, 0.3, 0.4) (0.18, 0.5,0.66) vi; (0.5, 0.4, 0.6) M105, 0.3, 0.4) y, (0.5, 0.5, Oa) 

a S > 
— . “ 
“i = = 
s ” w 
< = s 
= Ps “ 

‘ = s 

Peters BICT AIH 304 05.05 VAS 0409 =| 024,105 

tok LP (0.6, 0.4, 0.5) v0.4, 0.8, 0.3) 


G Hs H. 


Fig.1 Balanced Neutrosophic Graph 


T —density 
0.18+0.18+0.24+0.3+0.24 
Dp(G) =2( ee sroaresena ) = 2 
I —density 
0.54+1414+0.54+1 
D,(6) =2(eaaveaaoa) = 25 


F —density 
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0.66+0.66+0.55+0.55+0.44 
0.6+0.6+0.5+0.5+0.4 


) = 2.2 


D,(G) =2( 


D(G) = (D;(G), D,(G), De (G)) = (1.2, 2.5, 2.2). 

Let Hy = {(V%4,V2)}, Hz = {(¥2,03)}, Hz = (v3, v4) }, Hy = (V2, V4) 3, Hs = (V1, V4) }, He = (U1, V3}, 

Hy = {((%, V3, ¥4)}, Hg = (V1, V2, V3) }, Ho = (V1, V2, V4), Hig = (V2, 03, V4)}, Air = (1, V2, V3, V4)} be 
non-empty subgraphs of G. Density (D;(H),D,(H),Dp(H)) is D(H,) = (1.2,2.5,2.2), D(H2) = 
(1.2,2.5,2.2) , D(H) = (1.2,2.5,2.2) , D(H,) =(0,0,0) , D(H) = (1.2,2.5,2.2) , D(H.) = 
(1.2,2.5,2.2) , D(H,) = (1.2,2.5,2.2) , D(Hg) = (1.2,2.5,2.2) , D(Hy) = (1.2,2.5,2.2) , D(Hyo) = 
(1.2, 2.5, 2.2), D(Hy,) = (1.2, 2.5, 2.2).S0 D(H) < D(G) for all subgraphs H of G. Hence G is balanced 


neutrosophic graph. 


Definition 3.3 
A single valued neutrosophic graph G = (A, B) is strictly balanced if for u,v eV, D(H) = D(G) for 
all sub graphs H of G. 


Example 2. Consider a neutrosophic graph, G = (V,E) ,such that V = {(1, 02,3, v4 )}, 
E = {(v4, V2), V2, V3), (V3, V4), Va V1 ), (Vy, V3), V2, V4) 3- 
¥ (0.4.0.6, 0.5) 


(0.225, 0.69,0.78) 1 (0.3,0.5, 0.6) V, (0.4,0.6, 0.5 
| (0.3,0.5, 0.6) V, (0.4, ) (0.225,0.09,0.7%  y_ (0.3,0.5, 0.6) 


- 


Vv 
(0.4,0.6, 0.5) 


(0.15,0.805,0,.65) 


(0.225,0.575,0.78), 
(0.15.0. 8050.65) 
~ (0.225,0.575,0. 78)" 


¥,(0.2, 0.7, 0.3) (@15,0805.052 — V,(0. 7,0.3, 0.) ¥ (0.2, 0.7, 0.3) 
Hy, H- 


w 
— 
> 
hw 
> 
$ 


G 


Fig. 2 Strictly Balanced Neutrosophic Graph 


T —density 


0.2254+0.225+0.15+0.15+0.15+0.3 
DitG) =2( ) Sais 
0.3+0.3+0.2+0.2+0.4+0.2 
I —density 


0.69+0.575+0.805+0.805+0.69+0.805 
0.6+0.5+0.7+0.7+0.7+0.6 


D,(G) =2( ) meme 


F —density 


0.78+0.78+0.78+0.65+0.78+0.65 
0.6+0.6+0.4+0.5+0.5+0.6 


Dz (G) =2( ) 29% 


D(G) = (D;(G), D,(G), D(G)) = (1.5, 2.3, 2.6). 

Let H, = {(v4,v2)}, He = (V2, v3) }, Hs = (Vn V4), Ha = (V2, V4) }, Hs = (V2, V4)}, He = (1, V3)3, 

Hz = {(V%1, v2, 03) },Hg = (V1, V3, 04) }, Ho = (1, V2, V4)}, Hig = {(V2, V3, V4)}, Hi = (1, V2, V3, V4)} be 
non-empty subgraphs of G. Density (D;(H),D,(H),Ds(H)) is D(H,) = (1.5, 2.3,2.6), D(H2) = 
(1.5, 2.3, 2.6), D(H3) = (1.5, 2.3,2.6) , D(H,) = (1.5,2.3,2.6) , D(CHs) = (11.5, 2.3,2.6) , D(H.) = 
(1.5, 2.3,2.6) , D(H,) = (1.5,2.3,2.6) , D(Hg) = (1.5,2.3,2.6) , D(Ho) = (1.5, 2.3,2.6) , DCHyo) = 
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(1.5, 2.3, 2.6), D(H) = (1.5, 2.3, 2.6). So D(H) = D(G) for all subgraphs H of G. Hence G is strictly 


balanced neutrosophic graph. 


Theorem 3.4 Every complete single valued neutrosophic graph is balanced. 
Proof: 
Let G = (A,B) be a complete single valued neutrosophic graph, then by the definition of complete 
neutrosophic graph, we have Tg(u,v) =T,(u) A T,(v), Ip(uyv) = Lu) V Ly(v) and Fg(u,v) = 
F,(u) V Fy(v) forevery u,v € V. 

= + Duvev Tg(u,v) = Yauvyev Ta) A Ta(v) 

Luvev gv) = Yuyev 4) V I4(v) and 
Luvev Fev) = Lavev Fa) V Falv). 


2 Lu,vev Tp(uv) 2 Lu,vev Ip(u,v) 2 Lu,vev Fg(uv) ) 
Laupev TAWA TAY) 'Laev AW V 1a)’ Larvyev Fa) V Fa) 


Now D(G) = ( 


2Yupyev TAWA TAY) 22 uvyev IAW V TAY) 22 uvyev Falu) =) 
Lauvev TAWA Tar) ” Youpyev IAW V Tar)” Youvyev Fa) V Fav) 


D(G) =( 
D(G) = (2,2,2). 
Let H be anon-empty subgraph of G then, D(H) = (2,2,2) forevery H &G. 
Thus, G is balanced. 
Note 3.5. The converse of the preceding theorem do not have to be true. Each balanced 
neutrosophic graph does not have to be complete. 
Example 3. Consider a neutrosophic graph, G = (V,E£) ,such that V = {(11, 02,3, V4 )}, 


E = {(v4, v2), (2,03), (V3, V4), (Vg, V1 S- 


¥) (0.6, 0.4, 0.3) (0.35, 0.4,0.75) *2 (0.5, 0.4, 0.6) 
: : 
s ~ 
os N 
NX & 
SS 


V (0.4, 0.3, 0.5) (0.21, 0.6, 0.875) y, (0.3, 0.6, 0.7) 


Fig. 3 Balanced but not complete neutrosophic graph 

D(G) = (D;(G), D,(G), Dp (G)) = (1.4, 2, 2.5). 
Let H, = {(%,v2)}, Hz = {(¥2, v3) }, Hs = (Vp V4)$, Ha = (V2, V4)h, Hs = (V2, V4}, He = (1, V3)3, 

Hy = {(Y, V2, 03) },Hg = (Uy V3, V4)$, Ho = {V1 V2,V4)3, H1o = (V2, V3, V4)3, Air = (V1, V2, V3, V4) } be 
non-empty subgraphs of G. Density (D;(H),D,(H),D-(H)) is D(H,) = (1.4,2,2.5), D(H2) = 
(1.4, 2, 2.5), D(H3) = (1.4, 2, 2.5), D(H,) = (1.4,2,25)  , D(H) =(14,2,2.5) , D(He) = 
(1.4,2,2.5) , D(H) =(1.4,2,2.5) , D(Hs) =(1.4,2,2.5) , D(Ho) = (1.4,2,2.5) , D(H) = 
(1.4, 2, 2.5), D(Hy1) = (1.5, 2.3, 2.6). So D(H) < D(G) for all subgraphs H of G. Hence G is balanced 
neutrosophic graph. 
From the above graph easy to see that: 

Tg(u,v) # T,(u) A Ty(v), Ip v) = Inu) V Iy(v) and Fg(u,v) # F,(u) V Fy(v) for every u,v € 


V. Hence G is balanced not complete. 
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Corollary 3.6 Every strong single valued neutrosophic graph is balanced. 


Theorem 3.7 
Let G = (A, B) be a self-complementary neutrosophic graph. Then D(G) = (1,1,1). 
Proof: 


Let G = (A,B) bea self-complementary neutrosophic graph, then 


Dive Tg(u,v) = = uae T,(u) A T,(v) 
2 
Diuvev Ip (u,v) = - Liaevyev I, (u) v Iv) and 
2 


Yuvev Fg (u, v) = ~Yiaunev Fy (u) Vv F,(v). 


2Yuvev TRY) 2XYuvev pw) 2Yuvev Fav) ) 
D(G) = | ————_ oS OO + 
Newer) (— TAWATAW) “Yaupev IAW V IAW) Lavyev Fa) V Fav) 


D(G) = (; Laupyev TAU) A Tar) 2X uvyev Lau) V Ia(v) 2Lauvyev Faw) <2) 
2Yuwnev TAWA TAM) © 2X uvyev LAM) V LAW) 22 uvyev Fa) Vv Fav) 
Hence D(G) = (1,1, 1). 
Theorem 3.8 
Let G = (A, B) be a strictly balanced neutrosophic graph and G = (A,B) be its complement then 
D(G) + D(G) = (2, 2, 2). 
Proof: 
Let G = (A, B) be a strictly balanced neutrosophic graph and G = (A,B) be its complement. 
Let H be a subgraph of G which is non-empty. D(G) = D(H) for all H & G and u, v € V since G is 


strictly balanced. 
In G, Tz(u,v) = T,(u) A T,(v) — Tau, v), (1) 
Ip(u,v) = yu) V Iv) — pu, v) (2) 
and Fg(u,v) = Fy(u) V Fy(v) — Fg(u,v) for every (u,v) € E. (3) 


Dividing (1) by T,(u) A T,(v) 


Tp(uv) = on Tp(wyv) 
Tatu A Ta) § FAQ ATA@) ’ forevery 17 EV 


Similarly dividing (2) by I,(u) V I4(v) 


Tp(wv) Poe ey Tp(u,v) 
ESIC Ga 1 FONG. forevery u,v € V 


and dividing (3) by F,(u) V Fy(v) 


Fp(uv) Me ah, Fg(u,v) 
FOU 1 Pw Ene! forevery u,v € V 


then 


TB(wy) TB(uv) 


Luvev raya Tae) — 1 LUvev Tac A Ta) ’ for every u,v € V 
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Tp@v) eg Ip(uv) 

Luvev ayy gw) 1 ~ LUvev ayy 1g) ’ for every u,v€ V 
Fa(wyv) =i ee Fg(uv) 

Luvev ray Fa MEV Fav raw’) (fOr every uvEV 


Multiply the above equations by 2 on both sides 


TpB(wyv) 


2 Yuvev nono 2=2 avery 


Tp(wyv) 


Ta@) A Taq) ’ for every u,v € V 


Ip(wv) ats, Tp(uv) 
2 Yuvev eee 7 2 — 2 Yuvev GD Ia" for every u,v € V 


Fey) Dynes , Fp(uv) for every u,v € V 
A 


2 Yuwvev Fa (u) Vv Fa(v) ’ 


(u) Vv Fa(v) 
Dr(G) =2- Dr(G), D,(G) =2- D,(G) and Dr (G) =2- Dr(G) 
Now, D(G) + D(G) = (Dr(G), D,(G), De (G)) + (Dr (G), D;(G), De (G)) 


D(G) + D(G) =((Dr(G) + Dp(G)), (D,(G) + D,(G)), (Dp G) + Dp G))) 


Hence D(G) + D(G) =(2, 2, 2). 


Theorem 3.9 
The complement of a single valued neutrosophic graph that is strictly balanced is also strictly 
balanced. 
Proof: 
Let G = (A, B) be a strictly balanced neutrosophic graph and G = (A,B) be its complement. 
Let H be a subgraph of G which is non-empty. D(G) = D(H) for all H € G and u, v € V since G is 
strictly balanced. 
As Gis strictly balanced by Theorem 3.7, D(G) + D(G) =(2, 2,2) 
Since D(H) + D(A) =(2, 2,2) for every H CG. 
Which implies D(A) = D(G) 


Hence G is strictly balanced. 


Theorem 3.10 
The complement of strongly regular SVNG is balanced. 
Proof: 
Let G = (A, B) be a strongly regular neutrosophic graph and G = (A,B) be its complement. 
Since G is strongly, we have Tg(u,v) = T,(u) A Ty(v), Ip(uyv) = Lu) V I4(v) and 
Fa(u,v) = Fy(u) V Fy(v) for every (u,v) € E. (1) 
In G, Tg(u,v) = T,(w) A T,(v) — Tg (u,v), 
z(u,v) = yu) V I4(v) — Ip(u, v) 
and Fg(u,v) = Fy(u) V Fy(v) — Fg(u,v) for every (u,v) € E. 
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Since G is strongly regular, we have Tz(u,v) = 0, Ip(u,v) = 0 and F,(u,v) = 0 by (1) for every 
(u,v) € E and 
Tg (u,v) = Ta(u) A Ta(v), 
Inv) = 4u) Vv L4(v) 
and Fg(u,v) = Fy(u) V Fy(v) forevery (u,v) € E . 
= G is astrong neutrosophic graph. Then by Corollary 3.6, G is balanced. 


Theorem 3.11 
Let G = (A, B) be aSVNG and G = (A,B) be its complement then G =G. 
Proof: 
Let G = (A, B) be aSVNG G = (A,B) be its complement. 
In G, T;(u,v) = T,(u) A T,(v) — Tau, v), (1) 
pv) = yu) V 4(v) — wv) (2) 
and Fg(u,v) = Fy(u) V Fy(v) — Fg(u,v) for every (u,v) € E. (3) 


Taking complement for (1), we get Tg(u,v) = T,(u) A T,(v) — Tg (u,v) 
Substitute T,(u) AT,(v) =Tg(u,v) + Tg(u,v) from (1) weget, Tg(u,v) = Tg(u,v) 
Similarly, Ip(u,v) = Ig(u,v) and Fg(u,v) = Fg(u, v) 


Hence G = G. 


4. Conclusion 

Neutrosophic graph theory is now commonly used in numerous sciences and technology, most 
notably in cognitive science, genetic algorithms, optimization techniques, cluster analysis, medical 
diagnosis, and decision theory. Florentin Smarandache created a neutrosophic graph based on 
neutrosophic sets. When compared to other traditional and fuzzy models, neutrosophic models 
provide the system with greater precision, adaptability, and compatibility. We introduced the 
concept of balanced neutrosophic graphs in this paper and we plan to expand our work on the 
application of balancing social network connectivity using density functions in the neutrosophic 


environment. 
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Abstract: COVID-19's fast spread in 2020 compelled the World Health Organization (WHO) to 
declare COVID-19 a worldwide pandemic. According to the WHO, one of the preventative 
countermeasures against this type of virus is to use face masks in public places. This paper proposes 
a face mask detection model by extracting features based on the neutrosophic RGB with deep 
transfer learning. The suggested model is divided into three steps, the first step is the conversion to 
the neutrosophic RGB domain. This work is considered one of the first trails of applying 
neutrosophic RGB conversion to image domain, as it was commonly used in the conversion of 
grayscale images. The second step is the feature extraction using Alexnet, which has been small 
number of layers. The detection model is created in the third step using two traditional machine 
learning algorithms: decision trees classifier and Support Vector Machine (SVM). The Simulated 
Masked Face dataset (SMF) and the Real-World Mask Face dataset (RMF) are merged to a single 
dataset with two categories (a face with a mask, and a face without a mask). According to the 
experimental results, the SVM classifier with the True (T) neutrosophic domain achieved the highest 
testing accuracy with 98.37%. 


Keywords: Neutrosophic RGB; COVID-19; Classical Machine Learning; Deep Learning; Face Mask 
Detection 


1. Introduction 


As COVID spread swiftly throughout the globe in 2020, the World Health Organization was 
forced to proclaim a worldwide pandemic. In more than 180 nations, more than seven million cases 
have been diagnosed with COVID-19 with a death rate of 3 percent, according to [1]. Extensive 
initiatives are underway around the globe to create innovative therapies and vaccinations for the 
disease. The new coronavirus known as severe acute respiratory syndrome coronavirus 2 (SARS- 
CoV-2) is a member of the pathogen family that caused respiratory illnesses during the 2002-2003 
pandemic (SARS-CoV-1) [2]. 

COVID-19 is distinguished by a pre-symptomatic phase of transmission, as freshly infected 
persons may harm others inadvertently. The infection travels by direct touch and across polluted and 
overcrowded environments. The face mask is an effective way to prevent the COVID-19 spread of 
airborne particles [3]. According to [4], [5], having to wear face masks in crowded areas and public 
will help to reduce disease transmission all the time. In many societies, governments face tremendous 
obstacles and hazards in protecting people from coronavirus. When it comes to the dissemination 
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and transmission of COVID-19, policymakers confront a slew of concerns and dangers [6]. In several 
countries, people are required by law to wear face masks in public [7]. These recommendations and 
rules were created as part of an attempt to combat the rapidly growing number of fatalities in several 
nations. However, managing a large group of people is getting increasingly difficult. One possible 
and realistic solution is to have a screening process that includes the identification of someone who 
does not wear a face mask. Despite a few screening processes, the search for a better approach is still 
an open research question, particularly in this COVID era. 

Artificial intelligence contributes to the fight against the pandemic of COVID-19 in many ways. 
These days, several Al-powered initiatives focused on data analysis, 'machine learning’ or 'big data’ 
are being utilized in a broad variety of fields to anticipate, clarify and control the different health 
disaster scenarios [8]. Al technology and resources play a crucial role in every aspect of the COVID- 
19 crisis response, helping to prevent or slow down the spread of the virus through surveillance and 
contact tracking [9]. Due to significant developments in the domain of machine learning algorithms, 
face mask recognition technology looks to be effectively handled [10]. This type of technology is more 
relevant nowadays than it was previously because it's used for static picture recognition and on- 
monitoring as well as real-time inspection and supervision [11]. 

Numerous researches have been conducted on various issues relating to COVID-19 and have 
been solved by the computer science field, for example, tracking COVID-19 geographical infections 
using real-time tweets [12], investigating the role of developing technology in the fight against the 
COVID -19 pandemic [13], determining the COVID-19's influence on the electrical industry [14], 
Using machine learning and deep learning models to classify potential coronavirus treatments on a 
single human cell [15] and more. Numerous researches focus on the classification and 
categorization of COVID-19 CT and X-ray images [16]-[19]. 

Smarandache [20] proposed the principle of Neutrosophic logic in 1995 and then expanded it in 
1999 [21]. Neutrosophic logic has been utilized in various disciplines of computer science since that 
time, including pattern recognition [22], image processing and segmentation [23], and more. This 
leads to the resolution of many scientific and practical real-life problems in a variety of areas, such as 
economics [24], [25], agriculture, and space satellite [26]. Neutrosophic [27] is the foundation of a 
wide family of current mathematical theories that describe both classical and fuzzy analogues. The 
term neutro-sophy refers to the feeling of neutral thinking, and it is this justification that distinguishes 
fuzzy and intuitive fuzzy logic from set theory. A neutrosophic set [28] can be a generic method for 
analyzing data set uncertainty and, in particular, images in the field of artificial intelligence and deep 
learning. Various works used Neutrsophic theory and set with medical image analysis as presented 
in [29]. 

Because people in some countries are compelled by law to wear face masks in public, masked 
face recognition is a must for dealing with apps such as object detection. To battle and ultimately win 
the war against the COVID-19 pandemic, policymakers require advice and surveillance of 
individuals in public areas, particularly crowds, to guarantee that the legislation requiring the use of 
face masks is implemented. This might be expanded by combining surveillance technology with 
Artificial Intelligence models. 

The remainder of the paper is organized as follows. Section 2 is a synopsis of prior relevant 
works. Section 3 describes the data set's features. Section 4 describes the suggested model in detail. 
Section 5 summarizes and analyses the experimental data, and Section 6 offers the conclusions and 
future work options. 


2. Related Works 


In [30], the authors developed a novel method for identifying the face of the human characterized 
by the use of a mask or not. While wearing the face mask, they were able to distinguish three different 
sorts of conditions. Correct facemask wearing, improper facemask wearing, and no facemask wearing. 
The suggested technique achieved a face detection process accuracy of 98.70%. In [31], Convolutional 
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neural networks were utilized to suggest a unique approach known as face emotion recognition (FERC). 
A two-part convolutional neural network served as the foundation for the FERC. The FERC was able 
to properly depict the emotion with 96% accuracy. Nizam et al. [32] proposed a GAN-based structure 
capable of automatically eliminating masks enclosing the facial region and reconstructing the image by 
filling in the missing area The introduced method produced a full, natural, and realistic picture of the 
face.. Khan et al [9] developed a framework for automatically separating a face image into face parts 
and subsequently classifying the gender. The scientists used hand-labeled facial pictures to train a 
segmentation design based on Conditional Random Fields (CRFs). The CRF-based model was utilised 
to segment a facial picture into six separate classes: mouth, hair, eyes, nose, skin, and back. The 
proposed framework was almost 93 percent accurate. In [33], the authors used the YOLOv3 with 
Darknet-53 algorithm for facial detection. The introduced approach was trained on two public datasets 
including more than 600k images and testing was on the Face Detection Data Set and Benchmark 
(FDDB) dataset [34]. The introduced approach had reached an accuracy of 93.9%. Canping et al [35] 
suggested an unique deep neural network (DNN) training framework to speed the training process of 
the triplet loss-based DNN while improving face recognition performance The suggested model 
obtained 97.3 percent accuracy on the LFW benchmark, according to experimental findings [36]. Most 
of the related work focuses on facial construction and recognition of faces, there are few research focuses 
if the human wear a mask or not on his/her face. The goal of this study is to identify persons who do 
not wear medical face masks in order to reduce COVID-19 transmission and spread. 


3. Datasets Characteristics 


To train and test the proposed approach two publicly available masked face dataset are being 
utilized. The first dataset is Real-World Mask Face (RMF) dataset [37]. The RMF dataset contains 
95000 faces, both masked and unmasked. Figure 1 shows samples of peoples wearing masks and 
without masks. Only 5000 photos were chosen at random for this study's trials in order to balance 
the number of images for each class, as well as the second dataset. 


Se 


Figure 1. RMF samples pictures 


The Simulated Masked Face (SMF) [38] dataset is the second masked face dataset. The SMF 
dataset contains 1570 pictures, 785 of which are masked and unmasked faces. Figure 2 depicts several 
instances of SMF images. The combined dataset contains 3285 pictures for each class, for a total of 
6570 images. Each class has 2500 RMF pictures and 785 SMF images. 
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Jithout Mask i 


With Mask 


Figure 2. SMF samples pictures 


4. The Proposed Model Structure 


The suggested model structure is divided into three parts. The first part involves converting the 
original RGB domain to neutrosophic domain. The second part involves extracting features from 
dataset pictures using the Alexnet (A. Krizhevsky et al., 2017) . The third part is the classification 
process, which employs traditional machine techniques such as decision trees and support vector 
machines. Figure 3 depicts the suggested model structure in a graphical form. The next three 
subsections go into the specifics of these parts. 


' Features Extraction 


Neutrosophic domains 


Machine Learning 


Classification 


Original Dataset (RGB) 


ee a5 


Neutrosophic RGB Image Domain Conversion 


(20% Testing 


Figure 3. The proposed model structure 
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4.1. Neutrosophic RGB Conversion 


The neutrosophic logic (NL) was created and implemented by Florentin Smarandache [39],[40]. 
In the NL, three neutrosophic subsets, true (T) value, indeterminacy (I) value and falsity (F) value are 
defined for any event. These neutrosophic values (T, I, F) are commonly used to transform a grayscale 
image into the neutrosophic image. The introduced research created a new neutrosophic definition 
on the masked face images, where T exemplify the masked face zone, I exemplify the masked face 
boundary, and F exemplify the background of image. The image converts to the neutrosophic image 
(NIJ) as illustrated in equations 1-4 [25] [41]: 


NI (a,b) = {Tp11a,p Fap} (1) 


1b) —Vmin 
Tey = (a,b) —Vmin (2) 


Vmax — Vmin 
Foot Day (3) 


= U(a,b) —Umin 


lap = 1 (4) 


Umax — Umin 


Let v(a,b) is the local mean value of related pixels. Vygy and Vmjn are the maximum and 
minimum absolute difference pixels of the histogram. U(a,b) is the homogeneity value of T(a,b). 
While Uma, and Umin are the maximum and minimum peaks respectively, measured from U(a,b). 

As mentioned above, the neutrosophic logics are commonly used with the grayscale domain. In 
this work, the authors introduced the neutrosophic RGB conversion. The main idea is to split the RGB 
domain into three domains (Red, Green, and Blue). After that, apply the equations of neutrosophic 
conversion in every domain separately. Then combine the resulted images again into the RGB 
domain. Figure 4 presents the flowchart of the neutrosophic RGB conversion. 
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Figure 4. Neutrosophic RGB conversion flow chart 
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Figure 5 illustrates samples of (Tay, lap, Fay) images after performing neutrosophic image 
transformation in the different domains (T, I, F). Where T,, domain is masked face object, Ig4 


Without Mask 


(a) {b) tc) id) 


Figure 5. Different neutrosophic RGB pictures domains were (a) original RGB images, (b) True 
domain, (c) Indeterminacy, and (d) Falsity domain pictures for two classes in the dataset. 


4,2. AlexNet as Features Extraction 


AlexNet is a deep transfer learning technique based on the convolution and pooling [42]. 
AlexNet is an 8-layer deep network that begins with a convolution layer and ends with a fully linked 
layer, as illustrated in Figure 6. To enhance our model performance in classification, the final layer in 
AlexNet was changed and replaced with two machine learning classifiers, SVM and DT, as shown in 
Figure 7. This study's primary contribution is the development of SVM and DT that do not overfit 
the training process. 


Nornber of 
feature map 


ion 


5 le-netc— i § lo—s0yccaer—i ff - Se! f Men pee a Steerer — | if 
g z b «Le | | 
| L_} . “B 
b 


Figure 6. AlexNet Architecture 
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Figure 7. Proposed AlexNet as features extractor 
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4.3. Machine Learning Classifiers 


SVM is a discriminative classifier based on hinge function H, as illustrated in Equation 5. The 
output y is calculated based on w and d of linear classification as illustrated in equation 6. Where g 
is a class between 0 to 1. To minimize the SVM function, we implemented a loss function as shown 
in Equation 7 [43] , [44]. SVM maximize the distance between no mask and mask face class points as 
shown in Figure 8. DT is a graph of classification technique in the form of a tree model. Entropy and 
information gain are the main formula to calculate DT as illustrated in equation 8,9. Where v is 
related data, and u is a no masked face and masked face, and p(u;) is the degree of u class. 
Information Gain (IG) is calculated as shown in equation 9. Where d is a subset of related data [45], 
[46]. 


H,, = max(0,1 — gyy) (5) 
y =(w.x-d) (6) 
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Figure 8. Illustrate how SVM work to classify masked face 


5. Results and Discussions 


All the experiments were conducted on a computer server outfitted with an Intel Xeon CPU (2 
GHz) and 96 GB of RAM. The MATLAB software program was chosen for this study to create and 
implement the numerous experimental trails. During the experiments, the following specifications 
are chosen: 

e Two classifiers (decision trees, and Support Vector Machine). 

e Four domains of dataset images: 

e The original dataset domain (RGB). 

e The domain of the True (T) neutrosophic. 

e The domain of the Indeterminacy (I) neutrosophic. 
e The domain of the Falsity (F) neutrosophic. 
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e The dataset is divided into three components (70 percent of the data for the training process, 
10 percent for the validation process, and 20 percent for the testing process). 
Comprehensive research must examine how various classifiers perform on every dataset in 
order to investigate the ability of classifiers to generalize different datasets. The most common 
performance measures in machine learning evaluation models are, Accuracy, Precision, Recall, and 
F1 Score [47], and they are presented from Equation (10) to Equation (13). 


TPos+TNeg 


Accuracy = (TPos+FPos)+(TNeg+FNeg) (10) 
ii TPos 
Precision = apo, (11) 
TPos 
Recall = (TPos+FNeg) (12) 
Precision*Recall 
Fl Score = 2+ (Precision+Recall) (13) 


Where TPos denotes the total number of True Positive samples, TNeg denotes the total number 
of True Negative samples, FPos denotes the total number of False Positive samples, and FNeg denotes 
the total number of False Negative samples from a confusion matrix. The findings of the experiments 
will be reported in three subsections. The first subsection will provide the findings acquired using a 
decision tree classifier, while the second subsection will give the results obtained using the SVM 
classifier. The third component will present a comparison outcome with similar research. 


5.1. Experimental Results for DT Classifier 


The first metric to be measured is the validation accuracy along with the other performance 
metrices. Validation accuracy is vital as it reflects the accuracy of the classifier during and after the 
training. The validation accuracy is calculated over 10% of the dataset [48]. Figure 9 depicts the 
validation accuracy of a decision tree classifier together with performance metrics for four domains 
of dataset images. 
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Figure 9. Validation accuracy and performance metrics for a DT classifier for four dataset image 
domains 


Nour Eldeen Khalifa, Mohamed Loey, Ripon K. Chakrabortty, Mohamed Hamed N. Taha, Within the Protection of COVID- 
19 Spreading: A Face Mask Detection Model Based on the Neutrosophic RGB with Deep Transfer Learning. 


Neutrosophic Sets and Systems, Vol. 50, 2022 328 


Figure 9 illustrates that The True (T) neutrosophic domain achieved the highest possible 
validation accuracy with 90% while the original dataset validation accuracy is 88%. The improvement 
of validation accuracy is due to that the True (T) neutrosophic domain reflects the median actual pixel 
value depending on its neighbors’ pixels. The performance metrics also support the obtained result 
for the achieved validation accuracy for True (T) neutrosophic domain with 0.9009, 0.9009, and 0.9039 
for recall, precision, and F1 score accordingly. In Indeterminacy (I) neutrosophic domain achieved 
the least possible validation accuracy with performance metrics as according to the nature of the 
dataset, the borders of images which is the output result for the Indeterminacy (I) neutrosophic 
domain are not enough to improve the accuracy to differentiate between the masked and unmasked 
face images. Also, in the Falsity (F) neutrosophic domain, the validation accuracy is decreased than 
the validation accuracy for the original dataset. As in the Falsity (F) neutrosophic domain, some 
features are vanished due to the conversion process which reflected in the validation accuracy and 
other performance metrics. Validation accuracy does not reflect an accurate accuracy for the model 
as it is only present 10% of the dataset. So, the testing accuracy which is calculated over 20% will be 
more accurate and insightful for the proposed model. Figure 10 depicts the decision tree classifier's 
testing accuracy along with performance metrics for four domains of dataset images. 
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Figure 10. For four domains of dataset pictures, the DT classifier's accuracy was tested using 
performance measures. 


Figure 10 illustrates that the testing accuracy with performance metrics for the original and the 
True (T) neutrosophic domain was the highest. The testing accuracy for both domains was 92.92%. 
With the same achieved performance metrics accuracy for both domains. True (T) neutrosophic 
domain doesn’t improve the testing accuracy while the Indeterminacy (I) neutrosophic domain, and 
the Falsity (F) neutrosophic domain decrease the testing accuracy for the original dataset from 0.92 
to 0.87 by using the Falsity (F) neutrosophic domain, and from 0.92 to 0.85 by using the Indeterminacy 
(I) neutrosophic domain. The reason is some of the important features in the images were 
disappeared due to the conversion process and the boundaries of the image for objects in the images 
are not enough to differentiate between the masked and the unmasked class. 

To conclude this subsection concerning the decision tree classifier accuracy, the decision tree 
classifier was able to classify between the masked and unmasked face images using the original 
domain or the True (T) neutrosophic domain with a testing accuracy of 0.92 % along with 
performance metrics with the same value of accuracy of 0.92%. 


5.2. Experimental Results for SVM Classifier 
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The validation accuracy with associated performance measures is the first statistic to be 
measured. Figure 11 depicts the validation accuracy of the SVM classifier together with performance 
characteristics for the four dataset picture domains. 
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Figure 11. Validation accuracy of the SVM classifier using performance indicators for four dataset 
image domains. 


Figure 11 shows that for each of the four domains, the SVM classifier outperforms the decision 
tree classifier in terms of validation accuracy. The SVM scores 0.9784 in validation accuracy in the 
original RGB domain, whereas the decision tree classifier reaches 0.8858. The same behavior is 
repeated in all the other neutrosophic domains. The highest accuracy possible achieved by the True 
(T) neutrosophic domain with 0.9871 validation accuracy. The performance metrics strengthen the 
validation accuracy for the True (T) neutrosophic domain with the same value of validation accuracy 
0.9871 for recall, precision, and F1 score. Figure 12 depicts the SVM classifier's testing accuracy as 
well as performance metrics for four dataset image domains. 
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Figure 12. For four domains of image pictures, the SVM classifier's accuracy was tested using 
performance measures. 


The testing accuracy is an accurate measure for the model accuracy is it present a large sample 
of data (20%). Figure 12 illustrates the SVM classifier achieves higher testing accuracy than the 
decision tree classifier in the four domains of images. In the True (T) neutrosophic domain, the SVM 
classifier achieves 0.9837 in the testing accuracy while the decision tree classifier achieved 0.9292. The 
improvement in testing accuracy by using the SVM classifier is notable and strengthen by the 
calculated performance metrics over the decision tree classifier. 

It is clearly shown in Figure 12 that the True (T) neutrosophic domain achieves the highest 
accuracy possible with 0.9837 while the nearest accuracy achieved by the original RGB with 0.9829. 
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The difference is not very large, but it is considered an improvement for the testing accuracy of the 
proposed model. This improvement in the True (T) neutrosophic domain is due to that the True (T) 
neutrosophic domain correctly represent the features of the image which help in classifying between 
masked and unmasked face images correctly. 

Figure 13 depicts the time spent by the various classifiers throughout the training process. It is 
well understood that the spent time is proportional to the dataset size and machine capabilities, yet 
it provides an indication of the classifier's performance. 
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Figure 13. Training time spent by various classifiers for various image domains. 


Figure 13 shows that the SVM classifier required less time to train in three of the four domains. 
The original domain RGB domain, the True (T) neutrosophic domain, and the Falsity (F) neutrosophic 
domain are the domains in which the SVM classifier obtained less time in training. To summaries this 
part, it is apparent that the SVM classifier outperforms the decision tree classifier in terms of 
validation, testing accuracy, performance metrics, and training time. With testing accuracy and 
performance metrics equal to 0.9837, the SVM classifier obtained the highest achievable accuracy in 
the True (T) neutrosophic domain. 

The confusion matrix is also an excellent indicator of the performance of the model as it views 
more insights about the testing accuracy for every class in the dataset. Figure 14 presents the 
confusion matrix for the SVM classifier for the original RGB domain, and the True (T) neutrosophic 


domain. 


Output class 
Outpat class 


Target Class Target Class 
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Figure 14. Confusion matrix for (a) the original RGB domain, and (b) the True (T) neutrosophic 
domain 


Figure 14 shows that the accuracy for the face "Mask" class is 98.4 percent for both the original 
RGB domain and the True (T) neutrosophic domain. The improvement is in the face “No Mask” class, 
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where the testing accuracy is 98.5 for the True (T) neutrosophic domain and 98.2 percent for the 
original RGB domain. 


5.3. Comparative Results 


The study described in [37] employed the RMF dataset, and their model obtained testing 
accuracy ranging from 50% to 95%. The testing accuracy in the current work is 98.37% when utilizing 
the SVM classifier and the True (T) neutrosophic domain. According to the authors of the dataset 
[38], there is no documented accuracy for the simulated masked dataset SMF, there is no reported 
accuracy according to the author of the dataset. In this paper, we use the SVM classifier and the True 
(T) neutrosophic to achieve 98.37 percent testing accuracy. Table 1 compares related studies and 
prospective efforts that use the same datasets. 


Table 1. A table comparing similar works and prospective efforts that use the same datasets 


Short description Accuracy 


key features extractions in visible parts of the 


masked face, such as face contour, ocular and 
[37] ; 50% to 95% 
periocular details, forehead with nearest 


neighbor algorithm. 


Proposed model SVM classifier with the True (T) neutrosophic 98.37% 


6. Conclusion and Future Works 


A worldwide health catastrophe is triggered by the COVID-19 coronavirus pandemic. 
Governments all around the globe are battling to halt the spread of this sort of virus. Protection 
against COVID-19 infection, according to the World Health Organization (WHO), is a required 
countermeasure. Wearing a face mask in public places is one of the required countermeasures. A face 
mask classification model based on neutrosophic RGB with Convolutional Neural Network (CNN) 
for feature extraction and conventional machine learning was presented in this study. The suggested 
model was divided into three stages, the first of which was the conversion to the neutrosophic RGB 
domain. This study was regarded one of the earliest trails of using neutrosophic RGB conversion, 
since it was frequently utilized in grayscale picture conversion. The second state was the features 
extraction using Alexnet. It will be used as a feature extractor throughout the proposed model. The 
third phase was the detection model using classical machine learning. Two classical machine learning 
algorithms were investigated, and they were the decision tress classifier and Support Vector Machine 
(SVM). A dataset consisted of two different datasets, and they were the Real-World Mask Face dataset 
(RMF) and the Simulated Masked Face dataset (SMF). The combined dataset contained two classes 
(with a mask, and without a mask). The SVM classifier using the True (T) neutrosophic domain had 
the highest testing accuracy with 98.37 percent, according to the experimental findings. The acquired 
findings were validated by performance measures like as Precision, Recall, and F1 Score. At the end 
of the study, a comparison result was obtained, and the suggested model outperformed the findings 
of the related works in terms of testing accuracy. Deeper deep learning models for feature extraction, 
such as Resnet50 or Inception-ResNet-v2, may be included as one of the potential future efforts. In 
addition, other traditional machine learning techniques, such as Ensemble classifier, may be used to 
improve testing accuracy. 
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Abstract 

The fuzzy set and its application play a major role to most of the uncertainty situations of 
inventory management problem. At present, as an enlargement of fuzzy set, the notion of neutrosophic 
set is initiated to implement in inventory models for uncertain parameters. In this paper, the Trapezoidal 
Bipolar Neutrosophic Number (TrBNN) is enforced to the container inventory model. Because of the 
imbalanced flow of containers, the container management organization faces the major issue of scarcity of 
containers. One-way Free Use (OFU) of container and renting of containers are employed to restore the 
shortfall units. An algorithm is designed to make a decision on various conditions to compute the 
expected total cost. Also, this paper scrutinizes a condition that some fraction of deficit containers is one- 
way free used and the remaining are leased. Unpredictable parameters such as the fraction of received 
containers after used, the fraction of amendable containers from received units, and the fraction of one- 
way free used containers are presumed as TrBNN. In the view of reduce the total cost, a neutrosophic 
container inventory model is framed to obtain the optimal duration of inspection process and the optimal 
duration of leasing process. To flourish this study more effective, the proposed container inventory 
model is compared with the model by presuming Triangular Bipolar Neutrosophic Number (TBNN). 
Keywords: Trapezoidal bipolar neutrosophic number, Triangular bipolar neutrosophic number, 
Container inventory, One-way free use, Lease. 


1. Introduction 

The major aspect of any business trading is to attract the customers from the competitors 
throughout the globe. So that, the import and export trading has been developing day by day in most of 
the countries. The import and export traders spend lots of cost for cargoes transportation and thus for 
minimizing their cost and transporting cargoes safely, they chosen the Reusable Containers (RCs). In 
order to transporting goods from one destination to another, the non-vessel operating common carrier, or 
the shipping companies provides the RCs to the consigners. This study examines some of the issues and 
the various cost of maintaining the reusable container faced by the Container Management Organization 
(CMO). 

The objective of any CMO is to satisfy the consigner's requirements. Because of imbalanced 
business trading, shortage of container will occur. This research prescribes the CMO to implement the 
following strategies in order to avoid from scarcity of containers. One of the main strategies is one-way 
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free use; the OFU containers only make one trip. To return the containers at OFU vendor's depot, they 
allow OFU of containers from their surplus area to slack area instead of repositioning under free of cost. 
OFU containers help business to minimize the costs. Since, the OFU vendor offers only limited number of 
units, all the deficit containers are unable to replace under OFU option. Thus, the proportion of shortfall 
units are one-way free used and the remaining are restored from another CMO as rent. There is no cost 
spent for OFU when compared to leasing or purchasing a container. That is, OFU of container does not 
incurred costs like repositioning cost, carrying charge as well as repairing charge but it incurred only the 
screening charge. 

Since the proportion of received containers after used, the proportion of amendable containers 
from received RCs, and the fraction of OFU RCs are uncertain, the present model framed under bipolar 
neutrosophic arena to reach the most approximate solutions. A container inventory model with price 
sensitive demand is developed and the costs under various strategies are framed. Neutrosophication of 
the various proportions of the proposed model leads the CMO to attain most approximate ratio. In this 
study, these proportions are considered as single type linear TrBNN and then removal area technique of 
de-bipolarization is applied. The proposed study is compared with TrBNN and TBNN. The research 
works related to these topics are discussed as follows. 

Buchanan and Abad [9] framed the single and N-periods study on inventory model for routine 
system of reusable transport containers. A notion of repositioning empty containers on container 
inventory model along with leasing option under (s,S) policy is analyzed by Yun et al. [38]. Further, in 
2014, Kim and Glock [22] scrutinized the RFID and its usage to the management of reusable containers by 
presuming the proportion of returned units as stochastic. Glock and Kim [16] studied an inventory model 
of combined finished goods and RTIs under some safety measures. Hariga et al. [19] designed the 
reusable container inventory model with finished goods of single vendor single retailer along with the 
renting option of RTIs for delay returns. 

Cobb [13] studied the container inventory control problem to attain the optimal inspection 
length, the optimal mending period and the optimal purchasing. This study presumed that the 
investigation procedure as well as the mending procedure done subsequently and analyzed about the 
early returned containers which are stored as safety stock. The studies [15, 20, 23, 24] examine the 
container inventory model under various strategies. Further, the works [17] and [25] analyzed the 
container inventory model with the notion of repositioning of empty container. Maity et al. [26] analyzed 
the EOQ model under cloudy fuzzy logic. Rajeswari et al. [30] examined the work of Cobb [13] and 
presented a container management model with customer charge sensitive demand by utilizing the ECR 
as well as the renting option instead of buying new containers under fuzzy arena. Recently, [31 and 32] 
studied the notion of prepayment strategy in fuzzy EOQ model under various situations. 

The uncertainty situation leads the researchers of various fields to use the approach of the fuzzy 
set and its applications. First of all, the fuzzy set and its approach were initiated by Zadeh [39]. Heilpern 
[21] formulated the expected value along with the expected value interval of fuzzy number. Then 
Atanassov [2] elongated the fuzzy set as intuitionistic fuzzy set and some researchers classified the 
intuitionistic fuzzy set under various types and applied to various situations. Shaw and Row [33] 
established the trapezoidal intuitionistic fuzzy set along with the arithmetic operations then applied to 
reach the accurate result. 

As an enlargement of the fuzzy set and intuitionistic fuzzy set, the neutrosophic set is established 
by Smarandache [34]. For easy understanding, Wang et al. [36] designed the neutrosophic set as the 
singled valued neutrosophic set. For effective results, [3, 4, 8, 18, 29, 37] utilizes various measures on 
neutrosophic numbers to decision making models under various environments. A new de- 
netrosophication method of pentagonal neutrosophic number using removal area method is established 
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by Chakraborty et al. [10] and utilized this method to a minimal spanning tree. Further, [27, 28] 
developed the inventory models with various strategies under neutrosophic arena. 

By the view of negative and positive part of the human decision-making techniques, Bosc and 
Pivert [5] established the bipolar fuzzy set. Subsequently, Abdullah et al. [1] designed the bipolar fuzzy 
soft set and utilized to decision theory. Followed by these works, the concept bipolar neutrosophic set is 
initiated by Deli et al. [14] and applied its notion to decision making problem. In 2016, Broumi et al. [6] 
proposed the approach of bipolar single valued neutrosophic under graph theory and [7] utilizes the 
application of bipolar neutrosophic set and solved the shortest path problem. For effective outcomes, [11, 
12, 35] framed the various measures on different bipolar neutrosophic numbers to decision making 
models under various situations. 

The objective of this research is to help the CMO in order to supply the RC to their consigner 
without scarcity under minimum cost. The novelty of this study is to utilizing the OFU and leasing option 
to avoid the revenue loss from deficit containers instead of repositioning the empty container or 
purchasing new container. To attain the outcomes pore effective, this model is proposed under bipolar 
neutrosophic environment. The main contribution of this paper is the OFU option, which helps the CMO 
reduce the total cost. The advantage of utilizing the one-way free use strategy is the CMO compensates 
for the shortfall containers without spending much cost. 

The elementary definitions on fuzzy set, Intuitionistic fuzzy set, Neutrosophic set and bipolar 
neutrosophic set are provided in section 2. In section 3, the container inventory costs under various 
strategies say serviceable container cost, OFU cost, ECR cost and least cost are computed, and an 
algorithm is given to make decision on choosing these strategies. Then the container inventory model 
under bipolar neutrosophic environment is framed by presuming the proportions of return rate, repair 
rate, and the OFU rate as TrBNN and also the de-bipolrization of TrBNN and TBNN are provided. The 
numerical computation and sensitivity analysis is performed in section 4. In the last section, the outcomes 
of the study are deliberated. 

2. Preliminaries 

Some of the preliminaries related to this research are as follows. 

Fuzzy set [39]: A set of 2-tuples € = (2', uz (Z')):2' € U is said to be a a fuzzy set € in U (Universe of 
discourse) where pz (2') represents the membership degree of z' such that yz (2') € [0,1]. 

Fuzzy number [39]: Let R be a real line then € C R is said to be a fuzzy number whose membership 
degree pz satisfies the given conditions 

i. Uz (2') is piecewise continuous in its domain. 

ii. € is normal, i.e., 4 Zp € & such that yz (Zo) = 1. 

iii, € is convex, ie, uz (ea1 + (1 — €)z4) = min (ng (21), ng (24)) V 34,23 in U. 

Trapezoidal Fuzzy number:[3] Let & = (01,03,03,0,) be a trapezoidal fuzzy number then it has a 
membership degree 


» OS pee oO 
02-04 Le = 02 
; 1, 0,53 <0; 
We(Z)=) 

4— t 
» O38 <0 
04-03 3 Se SS O4 
0, otherwise 


where, Lz (Z ) satisfies the following conditions: 
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(i) Uz ) is a continuous mapping from R to [0,1], 

(ii) uz(Z) = 0 for every Z' € (—00,0,], 

(iii) Uz(Z ) is strictly increasing and continuous on [04,09], 

(iv) uz(z) = 0 for every ' € [62,03], 

(v) Uz] ') is strictly decreasing and continuous on [03,04], 

(vi) Uz (Zz ) = 0 for every 3 € (04, ©, ]. 

Intuitionistic Fuzzy Set [2]: An intuitionistic fuzzy set € in U (finite universe of discourse) is 
given as € = {(z, 9z(Z), We(Z)) |3 € U}, where pz: U > [0,1] and We: U — [0,1] satisfying 
the condition 0 < gz y+ eZ ) <1 and pz(z ') denotes the membership degree of z € U 
in € and eZ ’) represents the non-membership function of z’ € U in €. Along with this, the 
hesitance degree of z € U in € is denoted as ez(z ) and is given as ez(z ) =1-9;(2 )- 
We ). For convenience, the intuitionistic fuzzy number is considered as € = (Ce a, eZ 5): 

Trapezoidal Intuitionistic Fuzzy Number [33]: A fuzzy number F= 
(61, 02, 03, 04), (Ot, 03,063,064) is a trapezoidal intuitionistic fuzzy number where 


01, 02,03, 04, 04,03,04,04 are real and its membership degree 4 ¢(g) and non-membership 
degree ¥z(g) are given as below: 


G-O1 
piss < < 
(=), v1 _ gp oa 2 
1, 02 SGSO3 
Ug(g) = (24) io ages 
04-03 7 3 > ge 
0, otherwise 
1 
02-¢G 1 1 
< < 
(S54), on S02 
0, 025903 
and 0¢(g) = a ‘ 
-93 1 1 
(<=): 03 < Gg < O74 
1, otherwise 


Neutrosophic Set [34]: A neutrosophic set Ay in U (Universe of discourse) is catogorized as 
functions of a truth membership Ty, (g), an indeterminacy membership 14, (g) and a falsity 
membership F.4,(g). The functions Ty,, 14, and Fy, are real standard or non-standard 
subsets of ]~0,1*[ ie., T.g,:U >]°0,17[ ; Lay:U >)°0,1°[; F4,:U >]-0,17[. Ta, (9), 
lay (¢), and Fz, (g) satisfy the relation “0 < sup Ty, (g) S supl_4,(g) S supF.4,(g) < 3”, 
where g € U 

Fuzzy Neutrosophic Number [3]: Let Ay be a fuzzy neutrosophic number in the set of real 
numbers R then its validity membership degree, indeterminacy membership degree and negation 
membership degree are respectively written as below: 


aC) O44 SFL 

1 0125g<0 
Tat 12=¢ 13 
Tay G) 043 SF S04 

0 otherwise 
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Vay G) 021 SFL 022 
0 0227 Sg <0 
Lay”) 2 22 ; g : 23 
An ( ) 023 SF S074 
1 otherwise 
Fi, (G) 031 SF S 032 
0 032 < Gg < 033 
Ay) = 
” Fz C ) 033 SG S 034 
1 otherwise 


where 0 < supTy,(g) S supl4,(g) S sup Fy, (g) < 3, Vg EU and for all i = 1,2,3;j7 = 
1,2,3,4; Oj; E R, such that 0744 < 0412 < 0143 < 0144; 021 < 022 < 023 < O24 and 034 < 032 < 


033 S034. Here Th, (g), V4, (9), Fi, (g) € [0,1] are continuous monotonic increasing 
functions and TA, (g), I fn (g), F is (g) € [0,1] are continuous monotonic decreasing functions. 
Single-valued Neutrosophic Set [36]: A single-valued neutrosophic set Ay in U (Universe of 
discourse) is catogorized as functions of a truth membership T.4,(g), an indeterminacy 
membership 1.4, (g¢) and a falsity membership Fz, (g)and is given by 

A = {,(Tay(G), Lig G), Fay (G)) |g € U}. 

Here Ty, (9), Lay (G), Fay (Gg) € [0,1] and the relation 0 <supTy,(g) S supl4,(g) S 
sup F.4,(g¢) < 3 holds for all g € U. 

Trapezoidal neutrosophic number [3]: 


A trapezoidal fuzzy neutrosophic number (TrFNN) Ay inU (Universe of discourse) is defined as 
follows: 

Ay = ((011,012, 013, 014), (O21, 022, 023, 024), (031, 032, 033, 034)) 
where O14 < 042 < 043 < 01445 021 < 022 < 023 < O24 and 034 < 032 < 033 < O34. Its truth 
member function is given as 


9-011 
—_ 01 5¢50 
SEeea mu SPS O%12 
T. _ fi 012 S Gg < 043 
Ane) = \-eig pee 
ae 13 S43 044 
0 otherwise 


Its indeterminacy membership function is written as 


022-¢ 
——_— 021, 5950 
Gs sah 21 = 95022 
0 022 < < 023 
TAy(G) =| g- 4 
024-023 Se 
; : ; oe : 1 otherwise 
and its falsity membership function is written as 
032-g 
— 03; $gS0 
eae 31 =F S 032 
0 032 SG S 033 
Fv =| oo g 
34-033 33 = = 734 
1 otherwise 


Bipolar Neutrosophic Set [14]: A set Ap; in U (finite universe of discourse) is said to be the 


bipolar neutrosophic set if 
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Asi = (4, [Teag:* (G)-Lags* (O). Fagi” (D-Day (Lag, (G-Fag: (G19 EU}, — where 
T. fini (GP): u- [0,1], T. Ap; (GP): U > [-1,0] represents the truth membership function, 
I Agi (G)iU > [0,1], 14,, (g):U > [-1,0] represents the indeterminacy membership function 
and F fini (GP): U > [0,1], Fy4,, (g):U > [-1,0] represents the falsity membership function. 
Triangular bipolar neutrosophic number [3]: 


A triangular bipolar neutrosophic number (TBNN) Ag; inU (Universe of discourse) is defined as 
follows: 


Api = ((011, 912, 913), (621, 922, 023), (031, 932, 033)) 
where 011 S 042 S 0433; 021 S 022 S 023 and 63; < 032 < 033. Its validity membership degree, 


indeterminacy membership degree and the negation membership degree of TBNN are written as 


G-011 


012-G 


0O1n1sg< 01 59< 
Aaa yu SG< P2 Boe 1 294< P2 
_: - 1 g = 012 _- i =1 g = 012 ; 
T Agi (g) = 013-g Go ae , T Ani (g) = $-013 GiiceOurees : 
re 12 < PSPs eae 12 SF %%73 
te otherwise 56 otherwise 
227 ~O22 
———— 02, SG <0 00, 5 G<0 
Saar 212¢ 22 aos 212¢ 22 
_ + = 0 g = 022 - = 0 g = 022 
LApi (g) =\ g-073 < 2 , LAp; (g) ~ \ o23-g Z 2 and 
————* fo) <o a fo} <o 
aezen 22 <¢ 23 re 22 <¢ 23 
1 otherwise —1 otherwise 
032—-¢G g-92 
032-931 eat F< O32 92-031 O31 5 F < O32 
a ae 0 Gg = 032 ene 0 = 039 
Oa a ECs one 
ne < es fo) <o 
@iaas 32 <g 33 ay 32 <gG 33 
otherwise —1 otherwise 


where —3 < Ty, (G) + lap, (P) + Fa,,(G) S 3+. 

Trapezoidal bipolar neutrosophic number [12]: A trapezoidal bipolar neutrosophic number 
(TrBNN) Ap; in U (finite universe of discourse) characterized by three independent membership 
degrees as follows: 


Ap; = ((P1, P2) P3, Ps), (01, 52, 53, 04), (D1, V2, 93, 04)) 
Where p, < P2 < P3 < Pa; O71 < O2 < 03 < 04 and 3; < v0, < 03 < V4. 
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Fig. 1 Linear Trapezoidal Bipolar Neutrosophic Number 
Let the positive and the negative portion of truth membership function are denoted by T. ae and 
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T4,, tespectively, the positive and the negative portion of indeterminacy membership function 


are represented by 14,, 


+ 


and Ij,, respectively and the positive and the negative portion of 


negation membership function are denoted by F sot and Fy, respectively then the validity 


membership degree, indeterminacy membership degree and the negation membership degree of 


TrBNN are written as 


GPa 
P2-P1 


T Ap, (G) = 


Lag, (G) =| go, 


F4,, (Gg) = 


The de-bipolarization of single typed linear TrBNN is adopted from Chakraborty et al. [12] which is 


written as 
S(De.15,0) =" 


The de-bipolarization of single typed linear TBNN is adopted from Chakraborty et al. [11] which is 


written as 


— _ 04142042+043+021+2 
S(De.1y,0) ~~ 


Pi SG <P2 
P2 SG /P3 
P3 <G SPs 
otherwise 
0,5 4<02 
025903 
03<GS04 
otherwise 
0,5 gGg<0, 
0, <g< 03 
03< gh, 


otherwise 


6 


» Tay, (G) = 
» Lay, (Q= 
i» JA GO) 


1t+P2+P3+P4+014+02+03 +044044+092+03404 


022+023+031+2032+033 


6 


Pi F< Pz 
P2 SGZ?P3 
P3 <GS Pg 
otherwise 
0, $Y<02 
02 5GL03 aad 
03<GS0, 
otherwise 
0,5 g<%2 
0,590; 
03<g<5% 


otherwise 
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3. Problem development: 


Remursed ime cenneed 
= = uns 
_= 
¥ “a = 
Less qh i fx0 _— - dow - Defies 
. —_————— —— 
’ 
: " 
Repestraté ¢ + 
oA 1 1 waves 
| Repaw | ] 


Fig.2 Diagrammatic representation of container flow per cycle 

For the purpose of import and export trading, the container management organization 
affords the empty container to its consigner. Every CMO managing and supplies the large 
number of empty containers for trading. Fig. 2 clearly shows the container flow under various 
strategies on a closed loop supply chain. For the convenience, in this study, it is presumed that 
the CMO supplied the demand of @ per supply chain, and it is assumed as price sensitive 
demand, that is d = A — By, where # represents the rent acquires from customer per container, 
A> 0 and B >0 are constant and price dependent coefficients respectively. Because of the 
imbalance flow of containers, this study scrutinizes the shortage territory. According to [16], 
instead of d@ units, w fraction of used containers received and the balance (1 — w)d units being 
unreturned in that supply chain. After receiving the used containers, they are subjected to the 
process of inspecting during the time T, at constant rate @, as well as the process of repairing 
begins simultaneously at the rate R. While screening wd units, it is observed that Yfraction of 
received units is restorable but the remaining (1 — #)wd units are not reusable which are kept as 
salvaged units. Here, the unreturned and the salvaged units are considered as deficit containers. 
The duration to mend Ywd is considered as Tp. The number of reusable containers inspected 
during T; is pt, and Tp = “en is the repairing process duration. After the repairing process, the 
Ywd RCs are assigned as ready to service units. To restore the deficit containers, the OFU of 
container is considered and OFU vendor allows only a limited unit for one-way free use. So that, 
the proportion of shortfall RCs say 6(1 — wi)d is presumed as OFU and the remaining (1 — 


6)(1 — wd)d RCs are leased from another CMO and stored with containers that are ready to 
service. 


T; T; 
Fig. 3 (a) 
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Fig. 3 Inventory level of the Containers under various strategies 

3.1. Maximum inventory level 

The amount of received RCs, the number of amendable ones, the number of RCs that are 
ready to service and the amount of rented RCs and then the maximum units of all the above 
strategies are conferred as follows. 
In this study, it is hypothesized that wd reusable containers are received after the use and the left 
over (1 —w)d containers are not received in that cycle. Fig. 3(a) clearly indicates that the 
duration inspecting the received container is t; and the number of units examined per length 
is pt;. Thus, for each inspection procedure, the proportion of a year is oo where D = md, is 
the annual demand and m denotes the total working days per annum. The idle time between the 
inspection procedure per unit time and the RCs stocked over that time is mee — T,. Also, by 


observing Figs. 3(a)-3(c), it is noted that the examining and the mending works proceeds 
simultaneously. Once a container is screened, it has been sent for mending process and then kept 
as ready to service RCs. 


The maximum unit of received RCs = (m = 11) wd 


=1,(p—w(A-Bp)) (3) 
Here, the inventory level reduces at a rate of p —w(A-— By) per day and the containers 
received at the fraction of w(A — By) per day when the inspection period is idle. 
It is clear that the number of containers sent for repairing process is Yt; = RTp. During 
the time T;, the rate of 0g — R containers received for repairing process. 
Thus, the maximum unit of amendable RCs = T, (9g — R). (4) 
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The total days that mending process done per year is “0° and percentage of mending process per 


year is “2°. Clearly, the stock level reduces at the rate of R for one unit time during the 
period Tt; (9g — R)/R. 

On observing Fig. 3(b) and Fig. 3(c), the RCs are stored as ready to service units after the 
completion of the mending process. Thus, the serviceable containers compile by R— 
0p(A — By) for one unit time which reduces by the rate of )@(A — By) when the mending 
time is idle. Hence, 

The maximum stock of serviceable RCs =tp(R — 3p(A — By)). (5) 

To rectify the issue of unbalancing container flow, the CMO preferred some effective 
strategies such as OFU and leasing option. Since, the OFU vendor offers only limited number of 
containers for OFU, the fraction 6(1 — wY)d is considered as OFU and the remaining units are 
restored using leasing option. Therefore, the maximum number of containers for OFU are 6(1 — 
wd)(A — Bp). 

It is clearly noted that from Fig. 3(d), the time tT, represents the successive leasing cycles. During 
this time period, the expected maximum number of rented RCs per cycle is given as follows. 

The maximum stock of rented RCs = T,(1 — 6)(1 — wd)(A — By). (6) 
Here, the inventory reduces at the rate of (1 — 5)(1 — wd)(A — By) per leasing cycle. 

3.2. Cost model 

3.2.1. Serviceable container cost 

The serviceable container cost is the charges for screening and repairing process of 
returned containers which includes the fixed charge and the variable charge of screened and 
repairable units and the storage charge of received, repaired and serviceable RCs. The variable 
charges of all the categories are computed with respect to number of RCs processed. The 
integrated fixed costs and the variable costs obtained from the stock of received RCs and 
amendable RCs is given as, 
mu(A— Bp)(W; + W,-) n 

PT, 
The storage cost is the charge received by the empty yard for the stock of received RCs, 
amendable RCs and the ready to service RCs which is derived as, 


HCy = 2[(y — w(A-Bp))H, J. (8) 
0(A-Bp)(p9-R) 
HCp = [> retoree H,, |. (9) 
HC, = 1 [Pe Pea Fe) op. (10) 
The serviceable container cost for returned container is derived as 
SCC = FCip + VCip + HCy + HCp + HC; (11) 
mw(A-—B W,+W, 
= —ene +muw(A— Bp)(w; + ow,-) 
I 
T wd(A — By)(pd — R) 
+ oi C —w(A- Bp))Hy, + ———— pe 
9(R—Vw(A-B 
4 CORPO Bn) 4. (12) 


R 
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where W; and w; denotes the fixed and variable inspection charge per container; W, and w,. 
represents the fixed and variable mending charge per container; H,, H,and H, are the unit 
storage charge for returned, repaired and serviceable containers respectively. 
3.2.2. One-way Free Use cost 

For OFU containers, the customer should pick the serviceable containers from the OFU 
vendor’s empty depot. So that, there is no cost spent for repairing as well as carrying the OFU 
containers but for survey process, the inspection charge will arise. In OFU, the variable 
inspection charge per container is considered as (1 — @) proportion of unit variable screening 
charge of returned container w;. Thus, the one-way free use cost is given as 

OFUC = m6(1— wd)(A — Bp) (1 — €)w,. (13) 
3.2.3. Lease cost 

The fixed ordering charge and the rent for a leased container are W, and wy» respectively 
and Hp, denotes the unit storage charge per leased container. Thus, the combined fixed costs and 


the variable costs of leased containers is given as, 
mW ¢ 


fe PVs s. +m(1—6)(1 — w9)(A — By) wy. (14) 
L 
The carrying charge of leased containers is derived as 
HC, = [C1 — 6)(1 - 08) (A - Bp) He. (15) 
Therefore, the lease cost is given as 
mW > 
ce +m(1—6)(1 — wd9)(A — By) we 
c 
Ty 
+ > la — 6)(1 — wd)(A — Byp)H;]. (17) 
An algorithm is designed to make decision on various strategies for computing the total cost. 
Cs ar ‘> 


| 


Used (ct} 
. 
/ nitialize () y 


t 


| Compute SCC, OFLC, LE | 


~ Ya ———_—_{ w-Lo- 


= 
a a . 
& _ 1 


-—{e-t)) 


Ne 


- * ’ 


Boe TC=SCCHOFUC TC=SCC+OFUC+LE | 
eects eesti) 
| 


Fig. 4 Flow chart for decision making 
Step 1: Initialize all parameters. 
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Step 2: Calculate SCC, OFUC and LC. 

Step 3: If w = 1 and J = 1, then the total cost TC = SCC, using Equation (12). 

Step 4: Ifw #1, 0 # 1 and 6 = 1, then the total cost TC = SCC + OFUC, using Equations (12) 
and (13). 

Step 5: If w #1, 9 # 1 and 6 # 1 then the total cost TC = SCC + OFUC + LC, using Equations 
(12), (13) and (17). 

In this paper, it is considered thatw #1,0+#1and6 #1. 

Thus, the total cost, TC = SCC + OFUC + LC. (18) 

Therefore, the total cost is obtained as 

mua(A—Bp)(W;+W,-) ie mW ¢ 


TC(t), Tz) = QT] TL. 
+ m(A — Bp) [w(w, + 0(w, — 61 - —)w, - (A - 5)we)) + 6(1 — @—)w; 
+ (1 — 6)we] 
+3I@ — w(A—- Bp))Hu + OO i, 
zs gpo(R— als — BP)) ae, 
Tr 
Sa > (1 —6])(1—wd)(A 
= Bp)H »]. (19) 


3.3 Bipolar Neutrosophic container inventory model 

The container inventory model under bipolar neutrosophic arena is framed by presuming 
the proportion of received RCs, the fraction of repairable from received RCs and the fraction of 
OFU RCs as TrBNN. That is, 

@ = ((@11, W412, @13, @14), (W21, W22, W723, W24), (W31, W32, W33, W34)); 

B= (041,942,043, 014), O21, 822,023, 024), (831,032, 033, ¥34)): 

5 = ((641, 612, 613, 514), (621, 622, 623, 624), (631, 532, 633, 034) - 
Therefore, the total cost in bipolar neutrosophic sense, TCp;(T), Tg, TL) 1s obtained as, 


ooaee. O(A —Bp)(W,; + W. W 
eC Pp) 4 fe) go t 


PT] TL 
+ m(A — By)[@ (wi + 8(w, — 5 — Ow; - (1 - 5)we)) +6(1-6)w, 
T 3 @3(A — By)(pd — R) 
+21 (y - G(A - Bp) H, +, 
pd (R—@3(A— Bp) 
28 ae), 
TL ~ ~~% 
+2 [(1-3))(1- wd) 
— Bp)H]. (20) 
From equation (1), the de-bipolarization of TrBNNs @, 8 and 6 are obtained as follows: 
—_ = O41 t+M42+W134+W1444+W21t+W224+W23+W244+W31+W32+W33+W34 21 
WBneuD = 6 , ( ) 
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94149124013 +014 +021 49224023 +024 +031 +932 +933+034 


Oenew =? (22) 


6141+6424+613+614+621+622 a +634+631+632+633+634 (23) 


Opneud = _ 


Hence, by de-bipolarization it is Spaned as 
MWEBneud (A- Bp) W; aH W,-) 4 mW ¢ 


PT] TL 
+ mA — BY) Weneud (w. i Opneun(Wr = Opneup (1 ~ O)wi = (1 _ Spneu)We)) 
+ Opneup(1 = 0)wi + (1 <a Spneup)We| 


Bneud © Bneup(A — B Spneup —R 
+ (@2ta nO bp) Bneub ( iF Py BneuD dae, 


TCBneuD up (Tp, Ty) =. 


PP pneu (R — WEneww Bneuw(A — Bp) 
+ —— = fo ae 


T io sya eae 
a > [(1 = Opneup)(1 os WBneuDY Bneu)(A 
— Bp)H >]. (24) 


To flourish this paper more effective, the proposed model is also computed by 
eae the unpredictable parameters w, 9 and 6 as TBNN. That is, 
= ((@41, 12,043), (21, 22,023), (31, @32, 33); 
= B= (811,812,913), (821,922,823) , (831,932, 83s)): 


5 = (511,612,513), (621, 522, 523), (531, 632, 633) 
Thus, from equation (2), the de-bipolarization of TBNNs @, 8 and 6 are obtained as follows: 


! ! ! ! ! ! ! U ! 
4442042443424 42W724W734W3142W37+W33 


tippy = Csaba lathes Heat Oeste tee a tebs: (25) 
044, +2012 +91 34931 +2032 +053 +0951 +2952 +0 55 

Tpnoup = Dsteblet at Yhs + 2Piat Phat Pha H2Nha ihe, (26) 
= Saat Baa Oa aa Poa tas aut Son es, 

Sonoup = {it 2biat Bint Das 28bn4+ Sha t Obst 205a 4 Pha (27) 


The above set of equations is cabeunited 3 in the equation (24) to obtain the result under TBNN 
environment. 
Preposition: 
(a) TCgneup (Tp Tz) is strictly convex. 
(b) The optimal inspection duration and the optimal leasing duration are 
Tt = 


2RMWBneud(A-By)(Wi+W,-) 
QR (~-wgneup (A-By))Hu+PWsneud OBneud(A-By) (99BneuDd -R)Hy, +97 0BneuD (R —®WBneuDUBneuD (A-Bp)) Hs 


(28) 
* 2mW ¢ 
OE = \ (1-SBneup)(1-wWsneun9Bneupd)(A-BY)He * (2?) 


Proof: 
Differentiating eqn. (24) partially with respect to tT, and T,, it is obtained as 
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OTCgneuv (t), T,) 
OT, 
—MW BneuD (A is Bp) (W; a W,-) 


2 
PT, 


1 aes 
a 2 (9 7 Weneup(A — Bp))H, 
a WeneudY BneuD (A = Bp) ((9Rneud = R) H, 


PU pneu (R a WeneudY BneuD (A as Bp)) 
ee 


OTCBneud (th TL) _ rmWwe 4 (1-SBneup)(1-wsneun%Bneud)(A-By) He 

OT, TL? 2 : 
Again, differentiating partially with respect to T,, T; and T,, it follows as 
8°TCBneud (th TL) _ 2mwpneun(A-Bp)(WitW,-) 


at)? gt;3 , 
8?TCEneud(T1TL) _ 2mW» 
and —————_—— = —— 
Ot, ? T3 
Also, 
87TCEneup (Th TL) _ 87TCBneup (ThTL) — 0 
OT OT, OTL OT] : 


Therefore, the Hessian matrix for TCgneyp(T),T,) 18 


fe A? E[TCar(trte,t1)| O7E[TCaCrte,tL)) _ [eteeneuo tert , 
Ot)? Oty? 
__ 2mwgneud(A-Byp)(WitW,) 2mWe 
a gt? ee 
Hence, the expected total cost TCpneup (Tp T_) is strictly convex. 
By setting, aelrcaierty)] = 0 and delrepu(trt1)| 
OT] OT, 
optimal renting period of RCs are attained. 
Hence, 


OT OT, 


>0 


= 0, the optimal inspection duration and the 


2Rmwpneup (A—Bp) (Wi +W,-) 
gR(~ “pneup(A By))Hy t ORneuD 9 Bneud (A-BY) (PO RneuD- RH +970 pneu (R-Opneud 9 Bneud (A-BY) )H 5 


and®t,°°= — aii 
e (1-6gneup)(1-Wsneud 9Bneup)(A-By) He , 


This completes the proof. 


4. Numerical Analysis 

Some parameters below are utilized from [13]: 

A = 6000,B = 20, gy = $50/unit, g = 8000, R=6000, W; =$200, W, = $400, W, = 
$100, w; = $2/unit, w, = $4/unit, we = $10, wy, = $5/unit, wy = $8/unit, H,, = $2/unit, 
H, = $3/unit, H, = $5/unit, Hp = $5/unit, @ = 0.75, m = 240 days. 

The proportion of the received RCs, the proportion of repairable RCs and the fraction of OFU 
RCs as TrBNN which are given as 

@® = ((0.5,0.75,1,1.5), (0.05,0.1,0.15,0.2), (0.15,0.2,0.4,0.55)); 
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8 = ((0.7,0.9,1,1.25), (0.05,0.075,0.1,0.125), (0.15,0.25,0.5,0.65)); 

& = ((0.08,0.12,0.25,0.75), (0.04,0.1,0.24,0.34), (0.05,0.13,0.5,0.55)). 

To compute the numerical studies of the proposed model using TBNN, the following parameters 
are used: 

@® = ((0.5,1,1.5), (0.075,0.1,0.15), (0.15,0.25,0.5)); 

8 = ((0.75,1,1.5), (0.05,0.075,0.1), (0.15,0.25,0.5)); 

& = ((0.1,0.2,0.3), (0.2,0.25,0.4), (0.15,0.3,0.5)). 

According to the hypothesis of this study, it is considered that the values w # 1,0 #1 andé # 
1. From equations (21) - (24), (28) and (29), the expected total cost under TrBNN is 
ao nln T,) = $7,218,500, the optimal inspection duration and the optimal leasing duration are 
T, = 2.8527 days and T,* = 5.9666 days. From equations (24) - (29), the expected total cost 
under TBNN is TC At T,) = $7,233,000, the optimal inspection duration and the optimal 
leasing duration are T;” = 2.8713 days and tT," = 5.8704 days. 


4.1 Comparison study 
Table 1: Comparison study of the three decision making strategy in the proposed study 


Option Condition TCpi (Tp T1) TCG TD 
(USD) (USD) 
[Using TrBNN] [Using TBNN] 
I w=1,0=1 7,249,400 7,249,400 
I w#1,041,6=1 6,595,600 6,589,700 
Ill w#1,041,641 7,218,500 7,233,000 


The option I indicates that all the used containers are returned as well as there is no 
salvaged units found while inspection. In option IJ, it is considered that the fraction of containers 
are unreturned and some of the returned units are salvaged. All the shortfall RCs are one-way 
free used. In option III, a proportion of shortfall RCs that are unable to OFU are leased from the 
local dealer. From table 1, it is clear that the option II that is, all the deficit containers are 
replaced by OFU option is the best result when compared to other two options under both 
TrBNN as well as TBNN, which is shown in Fig 5. So that, the OFU is comparitively better 
option while leasing the containers. It is also observed that the model using TrBNN is provided 
the best outcomes when compared to the model under the TBNN environment. 


.— =a 
a 
7 
: | 
2) z 
o 
aan VDE a A 
6000000 6500000 7aQ0q0000 7500000 6000000 6500000 7000000 7500000 
Total Cost Total Cost 
Fig. 5(a) Fig. 5(b) 


Fig.5 The total cost of various strategies 


C. Sugapriya, S. Rajeswari, D. Nagarajan, Zarife Zararsiz, Zakiya Said Mahad Al Amri, An effective container inventory model 
under bipolar neutrosophic environment 


Neutrosophic Sets and Systems, Vol. 50, 2022 351 


The below table shows the comparison of the outcome of the proposed study with the results of 
relative research works. As per the research works [13] and [30], the proposed research considers 
to sold the deficit RCs at scrap price. 


Table 2: Comparison study of the proposed research with related studies 
Result obtained in the proposed study 


Implemented options Scrap 


References to restore the deficit Demand price PORES Scrap tol cot (8) 
RC ($) (S$) Demand price (5) [Using 
TrBNN] 


Purchase new 
[13] Returnable Transport 8000 40 31,258,000 8000 40 8,570,100 
Items (RTIs) 


Repositioning and 


Ol leasing of RCs 


5000 100 3,819,800 5000 100 2,593,500 


Table 3: Descriptive comparison analysis of the proposed research with related studies 


References | Implemented options to restore Remarks when comparing with the 
the deficit RC proposed study 
[13] Purchase new RTIs By setting A=10000,B =40, p= 


$50/unit, ¢ = 12000 and R = 10000 and 
by considering the salvage RCs are sold at 
$40 in the proposed study, the value of the 
parameters in this study is similar to [13]. 
Thus, the total cost is $8,570,100 and the 
optimal screening length is 2.4698 days 
which is the better result when compared 
to [13]. In [13], the total cost is 
$31,258,000 and the optimal screening 
length is 2.5 days. 


[30] Repositioning and leasing of | By considering the salvage RCs are sold at 
RCs $100 in the proposed study, the total cost 
is $2,593,500 but the total cost in [30] is 
$3,819,800. Thus, the OFU option with 
ECR and the leasing of RCs helps the 
CMO to reduce the total cost when 
compare to [30]. 


The studies [15] and [22] consider purchasing new RTIs to restore the deficit RTIs. 
According to the present study, instead of buying new RTIs, the repositioning of RTIs and the 
leasing of RTIs, as well as the OFU option, lead the model to minimize the total cost. Also, the 
study [19] presumes the renting option to restore the deficit RCs, along with renting option, the 
implementation of the OFU option analyzed in the proposed study will lead the outcomes of [19] 
to better results. 

4.2 Sensitivity analysis 

The sensitivity analysis of the trapezoidal bipolar neutrosophic container inventory model is 
examined as follows. 

Table 4: Effect of TrBNNs @, 8 and 6 on the optimal solutions 
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Para 


tee Value of the parameter Ty" Ty" TCs Crst;) 
((0.46,0.71,0.06,1.46), (0.01,0.06,0.11,0.16), (0.11,0.16,0.36,0.51)) 2.5501 4.6099 7,124,800 

oO ((0.48,0.73,0.08,1.48), (0.03,0.08,0.13,0.18), (0.13,0.18,0.38,0.53)) 2.6955 5.1589 7,171,800 
((0.5,0.75,1,1.5), (0.05,0.1,0.15,0.2), (0.15,0.2,0.4,0.55)) 2.8527 5.9666 7,218,500 
((0.52,0.77,1.02,1.52), (0.07,0.12,0.17,0.22), (0.17,0.22,0.42,0.57)) 3.0240 7.3311 7,264,900 
((0.66,0.86,0.96,1.21), (0.01,0.035,0.06,0.085), (0.11,0.21,0.46,0.61)) 2.8723 4.6425 7,310,300 

é ((0.68,0.88,0.98,1.23), (0.03,0.055,0.08,0.105), (0.13,0.23,0.48,0.63)) 2.8611 5.1817 7,264,500 
((0.7,0.9,1,1.25), (0.05,0.075,0.1,0.125), (0.15,0.25,0.5,0.65)) 2.8527 5.9666 7,218,500 
((0.72,0.92,1.02,1.27), (0.07,0.095,0.12,0.145), (0.17,0.27,0.52,0.67)) 2.8472 7.2970 7,172,200 
((0.04,0.08,0.21,0.71), (0,0.06,0.2,0.3), (0.01,0.09,0.46,0.51)) 2.8527 5.5198 7,322,700 

5 ((0.06,0.1,0.23,0.73), (0.02,0.08,0.22,0.32), (0.03,0.11,0.48,0.53)) 2.8527 5.7302 7,270,600 
((0.08,0.12,0.25,0.75), (0.04,0.1,0.24,0.34), (0.05,0.13,0.5,0.55)) 2.8527 5.9666 7,218,500 
((0.1,0.14,0.27,0.77), (0.06,0.12,0.26,0.36), (0.07,0.15,0.52,0.57)) 2.8527 6.2349 7,166,400 


From the table 4, it is observed that when the bipolar neutrosophic proportion of the 
returned containers @ raises, the optimal screening period tT," and the optimal leasing duration 
T, are increase but the total cost reduces. Also, when the bipolar neutrosophic proportion of the 
repaired units & raises, the optimal renting period is increases but the optimal screening period 
and the total cost reduce. When the bipolar neutrosophic variable 6 raises, the optimal time 
length T,* increase but the total cost reduces but the optimal screening cycle length, t;*, remains 


unchange. 


Table 5: Effect of customers’ rent price on the optimal solutions 


* 


* 


TCp, (ty), Ty) 
$ 


P Ty TL 

40 3.0106 5.8507 7,503,600 
45 2.9300 5.9078 7,361,100 
50 2.8527 5.9666 7,218,500 
55 2.7784 6.0272 7,076,000 
60 2.7069 6.0896 6,933,400 


In the notion of customers’ rent price for a container, without loss of generality it is 
obtained that the increase of customer rent price per RC leads to increase the optimal leasing 
period whereas the optimal screening period and the total cost decreasing, which is clearly 


shown in Table 5. 


Table 6: Effect of container storage costs H,, and H,. on the optimal solutions 


Hy H,. Ty" TC, Ty) 
1 3 3.1218 7211600 
2 3 2.8527 7218500 
3 3 2.6430 7224600 
4 3 2.4737 7230100 
5 3 2.3332 7235100 
2 1 3.0416 7214900 
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2.9426 7216700 
2.8527 7218500 
2.7706 7220300 
2.6951 7222200 


NNN WN 
nk WN 


The container storage cost is the major cost of any CMO for maintaining the empty containers. In 
this study, there is no storage charge for OFU containers because the customer used to pick the 
serviceable containers from the OFU vendor’s empty depot but different storage cost is acquired for the 
used containers that are received after the usage, repairable containers, the serviceable containers and the 
leased units. Also, in this analysis, the storage cost for serviceable containers, (H,) and the storage charge 
for leased containers, (H,) are fixed as $5/unit. Here, the sensitive analysis is performed when the storage 
cost for received containers, (H,,) and the storage charge for repairable from received units, (H,) are 
varies from $1 to $5 per container on optimal solutions. On observing from Table 6, when H,,varies from 
$1 to $5 per container and the storage cost for repairable from received container is consider as in 
numerical analysis, the optimal inspection length reduces but the total cost increases. The same result 
attains when H#,. varies from $1 to $5 per container and the storage cost for received containers after the 
usage is consider as in numerical analysis. 


5. Conclusion 

A container inventory model under uncertain situation is performed in this research. 
This uncertainty condition leads the present model to utilize the notion of bipolar neutrosophic arena. 
The serviceable container cost, OFU cost and the lease cost are obtained under price sensitive demand by 
computing the expected maximum inventory of received, restorable, ready to service units, OFU units 
and leased units. The framed algorithm helps to make decision on various strategies for computing the 
total cost. The total cost is framed by presuming that the fraction of deficit units is one-way free used, and 
the fraction of remaining containers are leased from local dealer. The bipolar neutrosophic container 
inventory model is developed by which the fraction of received RCs, the fraction of repairable from 
received RCs and the fraction of one-way free used RCs are considered as TrBNNs. The container 
inventory model is performed by presuming the received rate, the repairable rate, and the OFU rate as 
Triangular Bipolar Neutrosophic Number (TBNN), and then the outcomes under both TrBNN as well as 
TBNN are compared. 

The optimal time lengths of inspection process and leasing procedure in order to minimize the 
total cost are attained. The numerical computation on the comparison of four decision making strategies 
shows that, the OFU of all the deficit containers minimizes the CMO’s total cost. The bipolar neutrosophic 
received proportion, the bipolar neutrosophic repaired proportion and the bipolar neutrosophic OFU 
proportion and its impact on optimal solutions are shown in sensitivity analysis. Finally, the comparison 
result of this study with the work of [13] on optimal screening length is given. The comparison analysis of 
present model and [30] is also given and then suggests the studies [15] and [22] to utilizing the OFU 
option in order to minimize the container management costs. 
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Abstract: In this paper we have considered a multi-objective asset portfolio selection optimization 
model with the objectives maximization of the expected return of the portfolio and simultaneously 
minimizing the overall risk of the asset portfolio. Our model is an improved and enlarged version in 
a particular direction. In our model we had incorporated transaction cost in the first objective. We 
had considered absolute deviation as risk measure. Our portfolio optimization model had been 
solved by generalized neutrosophic goal programming method. 

For applicability of this technique and demonstration of the methodology we have 
illustrated it numerically by data taken from National Stock Exchange (NSE). And finally the result 
obtained using generalized neutrosophic goal programming approach is compared with that of the 


result obtained different method of aggregation for objective functions. 


Keywords: Portfolio; Generalized Neutrosophic Goal Programming, Arithmetic Aggregation, 
Geometric Aggregation. 


1. Introduction 


Portfolio management is one of the most important aspects of economic management. Essentially, 
portfolio management is the process of building a portfolio with the goal of satisfying an investor's 
risk and return expectations. The primary goal of portfolio management is to select a proper 
combination of assets in order to provide the best predicted return while maintaining a suitable level 
of risk. 

An investor's goal in portfolio optimization is to maximise portfolio return while maintaining a 
reasonable level of risk at the same time. Because risk will repay the return, investors will need to 
manage the risk-return trade-off for their investments. As a result, a single optimization portfolio is 
ineffective. As a result, when determining the best portfolio, one must consider the investor's 
risk-reward preferences. 

The Mean-Variance (MV) model, established by Markowitz[1] in 1952, is considered the first model 


in the field of portfolio management. Markowitz trade-off between expected return and portfolio 
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risk in the basic mean-variance model of the portfolio framework, where mean is represented by the 
average mean of the past performances, i.e. the mean of asset’s return and the dispersion of the 
return as risk, respectively. 

Over the last few years, the pioneer model proposed by Markowitz, mathematical programming 
approaches have grown to be vital tools to guide financial decision-making systems and have been 
widely deployed in real-world scenarios. There are numbers of well-known mathematical tools that 
are used to find the best solution in portfolio optimization. Forecasting, simulation, statistical 
models, and mathematical programming models are some examples. Among these approaches, 
mathematical programming is a good option for a decision maker looking for the best solution. 
According to the existing literatures, a mathematical model for portfolio addressing transaction cost 
generally seeks to generate a changed portfolio from cash, i.e., preferring to pass from a present 
portfolio to a new one. The majority of the models add at least one more binary variable to the 
portfolio, as well as new constraints will be added. As a result, the majority of these transaction 
pricing components will add complexity to the problems. Let us now have a look at the available 
literature of the transaction cost. Angelelli et al. [2] used a mixed integer linear programming model 
that included transaction cost and cardinality constraints with CVaR and MAD model. In the 
generalised MV Markowitz model, Chen and Cai [3] added transaction cost. According to the 
assumptions, transaction costs are a V-shaped function that is known at the beginning of the period 
and paid at the conclusion. In the transaction cost model, Baule [4] took transaction cost into account 
as a non-convex function. In the mixed quadratic portfolio optimization model technique, Adcock 
and Meade [5] included a weighting factor to account for variable transaction costs. There are also a 
few additional journals, as well as the concept of transaction price in portfolio optimization. 

Integer programming technique [6], goal programming technique [7], lexiographic goal 
programming technique [8], and other precise method based techniques were used to solve portfolio 
optimization models. Simulated annealing [9], genetic algorithm [10], particle swarm optimization 
[11], and ant colony optimization [12] are some of the meta-heuristics-based techniques used. 
However, in practice, if you want to make good portfolio decisions, you'll need to use a few vaguely 
defined financial characteristics like the return is greater than 20%, the risk is less than 10%, and so 
on. It's difficult to put together satisfying portfolios using crisp or interval numbers when the 
language is so hazy. In such a situation, the decision maker must enlist the help of fuzzy set theory in 
order to build portfolio selection models. Fuzzy set theory not only manages uncertainty and 
ambiguity, but it also helps decision makers make flexible choices by considering the choices of 
investors. 

Financial risks are the component of the uncertainty that pertains to asset returns as a result of 
unforeseeable and unpredictable events. Risks cannot be quantified in portfolio selection or asset 
assessment for a variety of reasons, including a lack or plenty of information, subjective estimation 
and perception, insufficient knowledge, the complexity of the researched systems, and so on. In 
these instances, language judgements rather than numerical values are a more realistic approach.But 
there is a lot of uncertainty and ambiguity related with these linguistic expressions, such as, “high”, 


Wt 


“low”, “moderate”. So traditional two valued logic of probability is not enough to handle the dual 
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presence of uncertainty and ambiguity. In this scenario, fuzzy set theory proposed by Professor L.A. 
Zadeh becomes a natural choice since it can define the linguistic information in a more logical and 
meaningful fashion. It is also quite impossible for decision maker to determine or estimate the 
movement in financial markets. So the decision maker faces the dilemma of guessing the market 
direction in order to meet the return target for asset under management. Under these circumstances, 
an uncertainty may be included in their estimation. Because of some uncertainty and ambiguity 
present in the Asset Liability Management and portfolio optimization, concept of fuzzy set theory is 
used in this area. Watada [13] had used fuzzy computational intelligence in portfolio selection 
problem. Yager [14] contributed in taking decisions on uncertain issue like portfolio selection using 
fuzzy mathematics. In [15] the authors described the selection of fuzzy portfolio using the concept 
like expected value of fuzzy numbers and ranking . 


Bellmann and Zadeh [16] proposed the concept of fuzzy decision theory, which was based on 
Zadeh's 1965 [17] presentation of fuzzy sets. Several writers had also used the fuzzy framework to 
select the most efficient portfolio using the mean-variance model. 

This is also a tough procedure due to elements like insufficient information that is frequently 
offered in real-life decision-making scenarios. Our major goal in this decision-making process is to 
identify a value from the chosen set that has the maximum degree of membership in the decision set 
and that agrees with the goals only under certain constraints. However, there may be many times 
when some of the selected values from the set are incompatible with the aim, i.e., those values are 
strongly opposed to the purpose due to limitations that cannot be accepted. Such values may be 
found in this case from the selected set with the lowest degree of non-membership in the choice set. 
In such instances, intuitionistic fuzzy can help the decision maker deal with partial data, but it is 
unable to deal with indeterminate and inconsistent data, which are also common in the systems. 
Atanassov [18],[19] developed the concept of intuitionistic fuzzy sets. Truth membership, falsity 
membership, and indeterminacy membership are all independent in the neutrosophic set presented 
by Smarandache [20], and indeterminacy can be quantified directly. As a result, it is evident that the 
value in the decision set from the chosen set with the highest degree of truth membership, falsity 
membership, and indeterminacy membership should be considered. As a result, we have chosen a 
neutrosophic environment to deal with asset liability management decisions for commercial banks. 
Different authors have used the concept of neutrosophic optimization in a variety of fields. This 
approach was used to the reliability problem by Sahidul Islam and Tanmay Kundu [21], to the 
multi-objective welded beam optimization by M. Sarkar and T.K. Roy [22], to the riser design 
problem by Pintu Das and T.K. Roy [23], and to optimization problems in a variety of other domains. 
S.Islam and Partha Ray [24] created a multi-objective portfolio selection model with entropy using 
the Neutrosophic optimization technique for portfolio selection. 

With the above observation in mind, we will attempt to propose a multi-objective portfolio 
optimization model in this paper. In a specific direction, our model is a better and larger version. 


One of the objectives of our approach was to include transaction costs. We used absolute deviation 
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as a risk indicator. The generalised neutrosophic goal programming method which is just a 
generalisation of Neutrosophic Goal programming method proposed by M.Abdel-Baset, I.M.Heza, 
and F.Smarandache [28] was used to solve our portfolio optimization model. The portfolio 
optimization model was validated in this research using data from the National Stock Exchange 
(NSE). 

2. Mathematical Model: 


In this section we will discuss about proposed optimization model for selection of portfolio. The 
notations used for this model are listed below: 


n: the number of assets which are available for investment. 


x; :the proportion of the total fund invested in i-th asset, for i= 1,2,........,1 . 

atthe proportion of the total funds had been invested in i-th asset, for i = 1,2,.........,n . 

R; : the rate of return of i-th asset which is basically a random variable for i= 1,2, ......60000.,7. 
7; : the expected rate of return on the i-th asset, for i = 1,2,........,n. 7% = E[Rj] 


T +1 : the rate of return for the risk free asset. 


A; : the rate of transaction cost on i-thasset, for i = 1,2)... 0.00000) 1. 
L; : The lower limit of the fund that can be invested on the i-th asset for i = 1,2, .......000000)1. 
U; : The upper limit of the fund that can be invested on the i-th asset for i= 1,2, 0.0.0.0.) 


In this model we had considered absolute deviation as risk measure. Before introducing the 
mathematical model let us give some introduction to this measure of risk. 
2.1 Absolute deviation 

The main aim of every investor in portfolio selection is to get portfolio return 1(%1,%2) 0... ,Xn) as 
high as possible. Also an investor would also prefer to have minimum variation or dispersion in the 
portfolio return. Variance is the most common measure to quantify risk of portfolio, which measures 
the variation from the expected return. Despite its shortcomings, researchers continue to choose 
variance as a prominent risk metric. The biggest disadvantage of utilizing variance as a risk indicator 
is that it penalizes extreme upside and downside deviations from the expected return. As a result, 
the variance will be a less appropriate measure of portfolio risk in the case of an asymmetric 
probability distribution of asset return. This is due to the fact that, in exchange for a larger predicted 
return, the obtained portfolio may provide a risk. As a result, a downside risk metric may be 
preferable to variance. Only negative deviations from a reference return level are included in this 
risk assessment. Another downside risk metric, known as semi variance, was established by 
Markowitz. 

Both the above mentioned risk measure have some advantages and simultaneously have 
some limitations. In order to improve both the theoretical and computational performance of the 
mean-variance model or mean-Semi variance model Konno and Yamazaki [27] had considered an 
alternative risk measure namely absolute deviation to quantify risk and introduced a linear 
programming portfolio selection model. So far the formulation of the risk function was based on the 


notion of L, metric, we had discussed these earlier. The risk function namely absolute deviation is 
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defined based on the notion of L, metric on R”. Normally this risk measure is applicable to the 
problems having a-symmetric distributions of the rate of return. L, risk function draw much 
attention of the researcher since a portfolio selection model with L, risk function can easily be 
converted into a scalar parametric linear programming problem. Another benefit of using absolute 
deviation in a portfolio optimization model is computational ease and simplicity even for large 
number of assets also. 

The expected absolute for the difference between the random variables and its mean is 


known as absolute deviation of a random variable. This measure of portfolio risk is denoted by 


Ls are: Sasa teey Xn) = El[Di Rix; — ED, Rix]l). 


Since we shall approximate expected value of the random variable by the average derived from the 


nee 
past data, so we shall use 7; = E[R;] = tesa Tit , the absolute deviation is approximated as 


1 
TOK» Kigy ane tee aks Xn) = Elli Rix; — ED Rixi]I] = = ta1lbiea (Nie — THI. 


2.2 The proposed Mathematical model: 


(P 1.1) 
Maximize Z, = YMA (nx; — Ai|x; — x?|) 
1 T n 
Minimize Z, = =). xc —1)) xX; 
t=1 li=1 
subject to: 
n 
Xi => 1, 
i=1 
x,20, 
L, <x; SU; 
Ved 2) erent art Anannetuees al 


Because of the existence of the absolute value function the above mathematical model is 
non-linear and non-smooth. For elimination the absolute value function the above mathematical 


model had been transformed into the following form 


(P 1.2) 
Maximize Er = Yi} (xi — Aiqi) 
T 
1 
Minimize Ad = =). Pt 
t=1 
subject to: 
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x, = 1, 


n 
i=1 
qi = (x; — x?) 


qi = —(%j — x?) 


n 
Pr 2 xr =a 
i=1 


LS 2) ecveicacas 


2.3 Descriptions of the Objectives and the Constraints 


The first objective is maximization of expected return of the portfolio, which is difference 
between the rate of expected return of the portfolio and the transaction cost of the portfolio. In 
the first objective HM (nx; —A;|x; -—x?|) , Linx; is the rate of expected return , and 

n+ 1; |x; — x?| is the transaction cost of the portfolio. And the second objective is minimization 
of absolute deviation. 7, x; =1 is the capital budget constraint. L; < x; < U;,i = 1,2,...... n 


is the maximal and minimal fraction of the total capital to be invested in each asset. 


3. Mathematical Analysis 


In this section we will discuss about some preliminary concepts of the neutrosophic set and then the 
Neutrosophic goal programming technique which will be used in this paper to deal with the 
portfolio selection model. 

3.1 Some definitions 

Fuzzy Sets 

Let B is a fuzzy set and X be considered as universe of discourse. Then fuzzy set B-can be defined 
as follow-B = {< x,ug(x) >:x € X}; where yg(x) is a mapping from X to [0, 1], which is the 
membership function of the corresponding fuzzy setB. 

Intuitionistic Fuzzy Sets 

An intuitionistic fuzzy sets (IFS) B' in the universe of discourse X is defined by B! = 
{(x, Hgi(x), Vgi(x))|x € x} 

Where, pgi(x):X > [0,1] is the degree of membership of x € X and vgi(x):X > [0,1] is the degree 
of non-membership of x € X. Also for every-x € X, 0 S< pgi(x) + vgi(x) < 1. 

Now for each element-x € X, the value of Ilgi(x) = 1 — pgi(x) — vgi(x) is said to be the degree of 
uncertainty of the element x € X to the IFS B'. 
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Neutrosophic Sets 
Let X be the universe of discourse and x be a generic element of this set. A neutrosophic set (NS) 
denoted by B” in X is characterized by a truth membership function g(x), a falsity membership 
function vg(x)and an indeterminacy membership function og(x) and having the form 
BN = {(x, Up (x), Vp (x), op(x))|x € X} 
Where, 
Mp(x):X > ]0-, 1° 
vp(x):X > ]07,17[ 
op(x):X > ]07,17[ 
i.e. p(x), Vg (x), 0g(X) are real standard or non standard subsets of ]07,1*[ . 
Also 07 S Sup Ug (x) + Sup vg (x) + Sup op(x) < 3*. 
The NS takes the value from the real standard or non-standard subsets of ]0~,1+[ from the 
philosophical point of view, but in application of real life in engineering and scientific problems it is 
difficult to use NS with value from the subsets of]07, 1*[. 
3.2 Neutrosophic Goal Programming 
Let us consider a goal programming problem as 
To find X = (x1,%9, w+ a eye 2 
to achieve : 
fi = tpi = 1,2,..... aid 
Under the conditions, x € X 
where X is a feasible set of all the constraints,t; are scalars representing level of achievement for 
the objective functions, which the decision maker want to attain in the feasible set. 
More generally a non-linear goal programming problem can be expressed as 
(P 1.3) 
To find X = (x1,%X9, we pte ax) 
In order to Minimize f, ,having the target value t; , acceptance tolerance aj, rejection tolerance c;, 


and indeterminacy tolerance d; 


gj) Sb, jf =1,2,...... ,m 
x, 20,i = 1,2,...... yn 
The truth-membership functions, falsity-membership functions and 


indeterminacy-membership-functions as given by Mohamed Abdel-Baset et all [28] are respectively 


1 if fi S ti 
titai-fi . oie 
TG) = (at) iftisfi sti +a; 
) if fizt,t+a; 
Pee if fi <t; 
i7ti * 
Fifi) = (4) ift,sfistite; 
1 if fiztit+c 
0 
(*) if fi < tj 
L(f) = dj ift,<fi<t +a; 
ha a) ift+d,<sf,st, +a, 
aj-dj 


0 if fizti +a; 
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Now the formulation to minimize the degree of rejection and maximize the degree of acceptance as 
well as the degree of the indeterminacy of objectives and constraints for a given nonlinear goal 


programming is as follow: 


(P 1.4) 

Maximize TG i ot ane ,Kk 
Maximize FACHD) ,t=1,2,.... ,K 
Minimize Fr, fi) oa peers /K 
Subject to 


0<7,, Gf) +i) + FG) s 3,0= 12,005. kK 
TG) 207-,GD 2 FG) 2 0,i = 1,2,..... kK 
T Gp 2 I, fd, t = 12... kK 

TG) = Fy, Gd, t = 1,2,... ,k 

gj(*) Sb, fj =1,2,...... ,m 


Here the truth-membership function, falsity-membership function and indeterminacy-membership 
function of the corresponding neutrosophic decision set are respectively T;,(f{), Fr, (fi) and I, fi). 
Now using the truth-membership function, falsity-membership function and 
indeterminacy-membership function in generating the corresponding crisp programming model of 
P(1.4) which is non-linear goal programming problem be expressed as follow 
(P 1.5) 

Maximize A 

Maximize C 

Minimize B 

TPG) 2A tai ningk 

If BO THA ties ke 

FEGYS BUS 12 0 es Ke 

fi<tpi=12,...,k 

0O<A+B+4+C <3; 

Az0,C=0,B <1; 

Gj (x) S by, jf = 1,2, 0 ,m 


3.3 Generalized Neutrosophic Goal Programming 
In the case of generalized neutrosophic goal programming, the truth-membership functions, 
falsity-membership functions and the indeterminacy-membership-functions as defined by Mridula 


Sarkar et all [29] are defined respectively as 


w1 if fist 
Tf) =) (a) ft Sfp St ta; 
0 if f,=t.t+a; 
, ae i frst; 
Fe’ (fi) = w, (4) iftisfisti tc; 
W if f,=t, +c; 
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0 


(*) if fi < ti 

M3 (f) = Ws dj ift,<f,<t; +a; 

eee ae (starcte) ifte+d Sf Ht aw 
3 ae if fet, +a; 


where Ww ,W2,W3 are degree of gradations of the truth-membership functions, falsity-membership 
functions and the indeterminacy-membership-functions respectively. Also the target value is t; , 


acceptance tolerance is a;, rejection tolerance c;, and indeterminacy tolerance is d; 


T. e1z. {2 Fe.f24) 
T; 
¥,4-—__. = 
! \ F- j 
a . A 
~ a 
I.(2i) ge 
~ a 
ae Po 
6 ok. 
Ply B. : 
we ~ 
ane ; 
i i; =d; tj-—4a, cj 


The general formulation of Neutrosophic goal programming is as follow: 
(P 1.6) 

Maximize T; Sd a ey anes ,K 

Maximize FAGHD) FS te bey eae ,K 

Minimize FCG ST ee Oe ee ,K 
Subject to 

0<T, GD) + 1,00) + Fe, S wi + we + W3,i = 1,2, ...... kK 
Thi) = 01,6) = 0,F,(f) = 0,6=12,.0k 

EG) SIG yt diene 

TeG) PEG Seon k 

0<w,+w2+w3 <3 

Wy, W2,W3 € [0,1] 

Gj (x) S by, f = 1,2, eo ,m 


The above problem is equivalent to 
(P 1.7) 

Maximize A 

Minimize B 

Maximize C 

RG ee Vig a 

Pe Gf pen hee ee OO 
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0<A+B+C <w,+w.+w3; 
A€[0,w,], B € [0,w,] ,C € [0, ws]; 
0<w,+wrtw; <3 

Wy, W2,W3 € [0,1] 

Gj (x) S bj, f= 1,2)... 00 ,m 


Again using the corresponding membership function, finally this problem is equivalent to 
(P 1.8) 

Maximize A 

Minimize B 

Maximize C 


frst ta (iS), tH 12 <.ask 


0<A+B+Csw,t+w,+w3; 

A€[0,w,], B € [0,w.] ,C € [0, ws]; 
0<w, +wWw.+w3 <3 

W 1, W2,w3 € [0,1] 


Gj (x) S bj, jf = 1,2, 0 ,m 


Now using generalized truth, falsity and indeterminacy membership function and under the 
consideration of arithmetic aggregation operator the generalized neutrosophic goal programming 
can be formulated as 

(P 1.9) 


=) 
3 


Minimize { 
Under the same set of constraints as of (P 1.8) 
Also using geometric aggregation operator same generalized neutrosophic goal programming can 
be formulated as : 
(P 1.10) 

Minimize ¥(—A)B(1 —C) 
Under the same set of constraints as of (P 1.8) 
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Finally to get the solution of multi-objective non-linear programming problem by generalized 
neutrosophic goal programming approach, we can take help of some appropriate mathematical 


programming to solve the non linear programming problem (P 1.8 or P 1.9 or P 1.10). 


4. Solution of Multi-Objective Portfolio Optimization Model by Generalized Neutrosophic 


Goal Programming 


Multi-objective neutrosophic portfolio optimization model can be expressed as 

Maximize Er(X), with target value Ey , acceptance tolerance ag, indeterminacy tolerance dz; , 
and rejection tolerance cz. 

Minimize Ad(X), with target value Ap , acceptance tolerance ay, indeterminacy tolerance dy, , 


and rejection tolerance cy. 


subject to: 
n a 
i=1 Xi —_ 1; 
xi >0 7 
L; < Xi < U; 
ELD a ccsccistver veda acceg Th 
x4 
x2 
Where X = : are the decision variables. 
Xn-1 
Xn 


In case of generalized neutrosophic goal programming the truth-membership functions, 
falsity-membership functions and indeterminacy-membership-functions for the objective functions 


are defined respectively as 


2 if Er(X) = Ep 
Er(X)-Egt+a r 
Torx) Er (X)) = 4 Wi ( ar £) if Ep — ag SEr(X) SE 
0 if Er(X) < Ey -—ag 
0 s if Er(X) = Ep 
Eg—Er(X a 
Fit? .. (Er(X)) = wz (2 = ) if Ey — cg < Er(X) < Ey 
W> if Er(X) < Ey — Cg 
es if Er(X) < Ey — dg 
(Er(X)) = ( ag—dp ) if Ey — ag S Er(X) S$ Ey — dg 
Tera Gs (2s) if Ey —dg < Er(X) < Ey 
- ate if Er(X) > Ey 
Where d,; = wr 
ag cE 
And 
’ Wa hte if Ad(X) < Ao 
+a,g- Xx . 
Tacx) (Ad (X)) = = iw, (area tt) if Ao < Ad(X) < Ay + ay 
0 if Ad(X) = Ap + ay 
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ne A if Ad(X) S Ay 
Fda (A400) = 4 we (FS) if Ay S Ad(X) < Ay + ca 
W2 if Ad(X) > Ao + C4 
inchs if Ad(X) < Ap 
Lhd): = ; ( da ) if Ay < Ad(X) S Ay + ay 
‘Ad (X) = igs (a) if Ay + dy, < Ad(X) < Ap + a4 
: aa—da 


: if Ad(X) > Ay +a, 


=. Wa 
Where d, = wi, W2 
a4 CA 


Now using generalized neutrosophic goal programming technique and incorporating truth, falsity 
and indeterminacy membership functions the problem (P 1.2) can be formulated as the following (P 
1.11) 
(P 1.11) 
Maximize A 
Minimize B 
Maximize C 


Er(X) = Ey +a,(4-1), 
al 
Er(X) > Ey — = B, 
2 
Er(X) < Ey - EC, 
3 


Er(X) 2 Ey — ag + (ag — dg), 
3 


Er(X) = Ey, 


Ad(X) S$ Ap + a, (1-4), 
1 
Ad(X) < Ao + 4B, 
2 
Ad(X) 2 Ay + 4C, 
3 


C 
Ad(X) < Ag + ay - ws OA —d,), 


Ad(X) S Ag, 

0<A+B+C Sw,4+w,+W03; 
A€[0,w,], B € [0,w,] ,C € [0, ws]; 
0<w, +w2+w3 <3 

W,,W2,w3 € [0,1] 

gj(*) Sb, fj =1,2,...... ,m 

x, 20,i = 1,2,...... yn 


st xi = 1, 
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qi = (xj — x?) 
2-7 a) 

Pre = Lier ie — TX: 
Pe = — Liki it -— 1% 
x,20, 

Pr 20 

qi 2 0 

L, <x; SU; 


LS 2 ocioit westside 


5. Numerical Illustration 


Our portfolio optimization model had been solved by generalized neutrosophic goal 
programming method. In this paper the portfolio optimization model had been validated by 
data taken from National Stock Exchange (NSE). For demonstration a data set of 10 randomly 
selected assets had been considered from NSE for an entire financial year i.e. 12 months, here 
each rows are data of any companies like ABL, ALL, etc for the entire financial year and 


columns are data for 1 month, 24 month, etc of the financial year. The data is given below 


Table1: Return of assets of some companies taken from National stock exchange 


Company 1 2 3 4 5 6 7 8 9 10 11 
ABL 0.072 0.32032 0.2971 0.236 = -0.05161 0.50633 -0.02516 0.90484 0.03214 0.45968 0.227 
ALL —--0.14433 0.19032 0.75032 0.03433 0.33581 0.247 ~=— 0.49968» 0.27032 -0.32786 0.31968 0.11933 
BHL 0.08667 1.05613 0.05516 0.27567 -0.21839 0.49233 1.11516 0.57613 0.17143 0.92258 0.22367 
CGL = 0.18567 0.76774 0.16194 0.48633 -0.2071 0.47833. 0.2571 = 0.59484 -0.02321 0.55387 0.07333 
HHM =—-0.18233. (0.33 (0.13677 0.46533 0.12774 0.56067 0.10839 0 0.14321 0.00968 -0.15767 
HCC = 0.157 0,61226 1.23548 0.56067 -0.71065 0.97333 0.32839 0.61581 0.03286 0.49935 -0.03733 
KMB 0.18567 0.27806 =0.55097 0.02733 -0.46613 0.73333 0.20581 0.17065 0.05286 0.6671 0.373 
MML 0.37533 0.65903 0.1929 = 0.16533 -0.15226 0.80867 0.39097 0.29 = 0.1975 0.21839 ~—0.031 
SIL 0.10467 0.200552 0.31161 0.43333 0.3171 1.104 ~=— 0.37194 0.73097 0.03321 0.75903 0.09467 
UNL 0.26367 0.41581 0.24484 0.12967 -0.0829 = 0.54 ~=—0.93258 0.61871 0.2275 + 0.68968 0.65433 


Using this data set the problem reduces to Maximize Er(X) with target value 0.28745, truth 


Wi 


tolerance 0.1295, and indeterminacy tolerance ———~——— 
7.72 W4+20 wz 


and rejection tolerance 0.05. 


and Minimize Ad(X)with target value 0.0877, truth tolerance 0.08, and indeterminacy tolerance 


Wi 


>. _ and rejection tolerance 0.15. 
12.5 W1+6.67 W2 
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-0.87871 
-0.50903 
-0.67903 
-0,11871 
0.27258 
0.59452 
-0.08355 
0.06548 
-0.44903 


0.65258 
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Solving the portfolio optimization model by the above mentioned methods using LINGO the 


solutions so obtained is given below in tabular form. 


Table2: Optimal solutions using different methods 


Z4(x) Z2(x) 


Generalized neutrosophic goal 
programming 
W, = 0.3, Wz = 0.5, w3 = 0.7 
0.3159 0.0784 


Generalized neutrosophic optimization 
based on arithmetic aggregation 
operator 

w, = 0.3,w, = 0.5,w3 = 0.7 0.3255 0.0781 


Generalized neutrosophic optimization 
based on geometric aggregation 
operator 

W, = 0.3,w2 = 0.5, w3 = 0.7 0.3491 0.0698 


For different value of w,,W2,w3 using different method of aggregation for objective functions 
the solutions so obtained are almost same. Although the best solutions have been obtained using 
geometric aggregation method for objective functions for different value of wy ,W2,W3. 

It is clear from the above table that in neutrosophic goal programming method based upon 
distinct aggregation operator, all the objective functions attained their respective goal and also 
the restrictions of truth, falsity and indeterminacy membership functions. The sum of truth, 
falsity and indeterminacy membership function of each of the objective is less than sum of 
degree of gradiation w, + w2 + W3, which in turn satisfies the condition of neutrosophic set. 


6. Conclusion 


It was explored in this study that, when the neutrosophic goal programming considered as a 
method for determining the best portfolio the the best result obtained utilizing different 
aggregation methods for the mathematical model of this study was obtained by employing 
geometric aggregation method. The degree of truth membership function is defined using the 
neutrosophic optimization technique; however, it is not simply a complement of degree of 
falsehood; rather, these two degrees of membership are independent of degree of 
indeterminacy. Because we used the neutrosophic goal programming technique to optimize 


portfolios, it may also be applied to solve other optimization problems of several fields. 
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Abstract: The aim of this paper is to introduce the concept of *-closed sets in terms of 
neutrosophic topological spaces. We also study some of the properties of neutrosophic B*-closed 
sets. Further we introduce N*-continuity and N*-contra continuity in neutrosophic topological 
spaces. 


Keywords: neutrosophic topology, N®*-closed set, N6*-Continuity and N6*-Contra Continuity. 


1. Introduction 


Zadeh [19] introduced and studied the fuzzy set theory. An intuitionistic fuzzy set was 
introduced by Atanassov [9]. Coker [10] developed intuitionistic fuzzy topology. Neutrality, the 
degree of indeterminacy, as an independent concept, was introduced by Smarandache [3,4] in 1998. 
He also defined the neutrosophic set on three components (t, f, i) = (truth, falsehood, indeterminacy). 
The Neutrosophic crisp set concept was converted into neutrosophic topological spaces by 
Salama etal. in [3]. This opened up a wide range of investigation in terms of neutosophic topology 
and its application in decision-making algorithms. Renu Thomas etal.[17] introduced and studied 
semi pre-open(or B-open) sets in neutrosophic topological spaces. R. Dhavaseelan and S. Jafari[11] 
introduced generalized neutrosophic closed sets. In this article, the neutrosophic }*-closed sets are 
introduced in neutrosophic topological space. Moreover, we introduce and_ investigate 
neutrosophic 6*-continuous and neutrosophic contra 8*-continuous mappings. 


2. Preliminaries 

Definition 2.1. [6] Let X be a non-empty fixed set. A neutrosophic set (NS) A is an object having the 
form A = {(x, [1A(x), a(x), va(x)): x € X} where 1a(x), oa(x), va(x) represent the degree of membership, 
degree of indeterminacy and the degree of non-membership respectively of each element x € X to 


the set A. 


A Neutrosophic set A = {(x, Ma(x), oa(x), va(x)): x € X} can be identified as an ordered triple 
( pa(x), oa(x), va(x)) in ] -0, 1 +[ on X. 


Definition 2.2. [6] Let A =( p1a(x), oa(x), va(x)) be a NS on X, then the complement C(A) may be 
defined as 


1. C(A) = {(x, 1 — pa(x), 1 — va(x)): x € X} 
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2. C(A) = {(x, va(x), 6a (x), Wa(x)): x € X} 

3. C(A) = {(x, va(x), 1 — oa(x), wa(x)): x € X} 

Note that for any two neutrosophic sets A and B, 

4, C(A UB) = C(A) N C(B) 

5. C(A NB) = C(A) U C(B). 


Definition 2.3. [6] For any two neutrosophic sets A = {(x, pa(x), oa(x), va(x)): x € X} and 
B= {(x, [B(<), OB(X), vB(x)): x € X} we may have 


1.A SBS pa(x) < pa(%), 6a(x) < on(x) and va(x) > va(x)V x € X 
2. A © B © pa(x) < p(x), 6a(x) 2 on(x) and va(x) > va(x)V x € X 
3. ANB= (x, pta(x) A tta(x), 64(x) A on(x) and va(x) V va(X)) 
4. ANB = (x, a(x) A f(x), oa(x) V oa(x) and va(x) V va(xX)) 
5. A UB= (x, pa(x) V p(x), (x) V o(x) and va(x) A va(X)) 


6. A U B= (x, pa(x) V E(x), oa(X) A op(x) and va(x) A vp(x)) 


Definition 2.4. [6] A neutrosophic topology (NT) on a non-empty set X is a family t of neutrosophic 
subsets in X satisfies the following axioms: 

(NT1 ) On, INE t 

(NT2 ) Gin G2 € t for any Gi, G2 Et 

(NT3)UGEtVv{Gi:iE J} Et 


Definition 2.5. [5] Let A be an Neutrosophic Set in NTS X. Then Nint(A) = U {G: Gis an NOS in X and 
G & A} is called a neutrosophic interior of A Ncl(A) =n {K: Kis an NCS in X and A € K} is called a 
neutrosophic closure of A. 


Definition 2.6. ANS A of a NTS X is said to be 

(1) a neutrosophic semi-open set (NSOS)[15] if A © NCI(NInt(A)) and a neutrosophic semi-closed set 
(NSCS) if NInt(NCI(A)) € A. 

(2) a neutrosophic a-open set (NaOS)[8] if A & NInt(NCI(NInt(A))) and a neutrosophic a-closed set 
(NaCS) if NCI(NInt(NCI(A))) & A. 

(3) a neutrosophic semi-pre open set or B-open(NBOS) [17] if A GS NCI(NInt(NCI(A))) and a 
neutrosophic semi-pre closed set or B-closed(N6CS ) if NInt(NCI(NInt(A))) & A. 


Definition 2.7. [17] Consider a NS A in a NTS (X, t). Then the neutrosophic £ interior and the 
neutrosophic # closure are defined as 

Nfint(A) = U{G: G is a NB-open set in X and G © A} 

N6cl(A) =n {K: K is a N6-closed set in X and AG K} 


Definition 2.8. [16] A subset A of a neutrosophic topological space (X, Tt) is called a neutrosophic 
generalized closed (Ng-closed) set if Ncl(A) G U whenever A € U and U is neutrosophic open set in 
(X, T). 
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Definition 2.9. [18] A subset A of a neutrosophic topological space (X,t) is called 
a neutrosophic qw- closed (Nw-closed) set if Ncl(A) S U whenever A & U and U is neutrosophic 
semi - open set in (X, T). 


3. Neutrosophic B*-closed set 


In this section, the new concept of neutrosophic $*-closed sets in neutrosophic topological spaces 
was defined and studied. 


Definition 3.1: A subset A of a neutrosophic topological space (X, t) is called a neutrosophic 
B*- closed (N#*-closed) set if N@Gcl(A) © U whenever A & U and U is neutrosophic g-open set in 
(X, T). 


Example 3.2. Let X = {a,b,c} with tn = {On,G,1n} where G = ((a,0.5,0.6,0.4),(b,0.4,0.5,0.2), (c,0.7,0.6,0.9)). 
Here A = ((a,0.2,0.2,0.1),(b,0,1,0.2),(c,0.9,0.4,0.7)) , B = ((a,0.1,0.7,0.3),(b,0.2,0,0),(c,0.8,0.3,0.9)), 

C = ((a,0.4,0.5,0.2),(b,0.2,0.1,0.4),(c,0.6,0.5,1)), D = ((a,0.3,0.2,0.8),(b,0.1,0.3,0.6),(c,0.7,0.2,0.8)) are some 
examples of N§*-closed sets. 


Theorem 3.3. Each Neutrosophic Closed Set is an N6*-closed set in X. 

Proof. Let A © U where U is a neutrosophic g-open set in X. Since A is a neutrosophic closed set 
Ncl(A) = A. We have Nfcl(A) S Ncl(A) =A & U. Hence Ncl(A) & U. Therefore A is a N$*-closed set 
in X. 


The converse of the above theorem need not be true as shown in the following example. 


Example 3.4. Let X = {a,b,c} with tn = {On,G,1n} where G = ((a,0.5,0.6,0.4),(b,0.4,0.5,0.2), (c,0.7,0.6,0.9)). 
Here A = ((a,0.4,0.5,0.5),(b,0.3,0.2,0.3),(c,0.5,0.4,1)) is a N®*-closed set, however A is not a 
Neutrosophic Closed Set. 


Theorem 3.5. Each Nf - closed set is an N£*-closed set in X. 
Proof. Let A © U where U is a neutrosophic g-open set in X. Let A be an N6-closed set in X. Hence 
Nfcl(A) = A & U. Hence Nfcl(A) & U. Therefore A is a N6*-closed set in X. 


The converse of the above theorem need not be true as shown in the following example. 

Example 3.6. Let x = {a,b,c} with TN = {On,A,B,1n} where 
A = ((a,0.5,0.5,0.4),(b,0.7,0.5,0.5), (c,0.4,0.5,0.5)) and B = ((a,0.3,0.4,0.4),(b,0.4,0.5,0.5),(c,0.3,0.4,0.6)). 
Here C = ((a,0.7,0.6,0.3),(b,0.9,0.7,0.2), (c,0.5,0.7,0.3)) is a NB*-closed set, but C is not an NG — Closed 
Set. 


Theorem 3.7. Each Nsemi-closed set is an N6*-closed set in X. 
Proof. Let A S U where U is a neutrosophic g-open set in X. Since A is an Nsemi-closed set in X, we 
have N6cl(A) & Nscl(A) = A & U. Hence Nfcl(A) & U. Therefore A is an NG*-closed set in X. 


The converse of the above theorem need not be true as shown in the following example. 
Example 3.8. Let X = {a,b} with tn = {0n,A,B,1n} where A = ((a,0.4,0.3,0.5),(b,0.1,0.2,0.5)) and 
B = ((a,0.4,0.4,0.5),(b,0.4,0.3,0.4)). Here C = ((a,0.4,0.6,0.5),(b,0.3,0.6,0.9)) is a NB*-closed set, but C is 


not an N semi — Closed Set. 


Theorem 3.9. Each Neutrosophic generalized-closed set is an N$*-closed set in X. 
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Proof. Let A € U be a neutrosophic generalized closed set, where U is a neutrosophic open set in X. 
Since every neutrosophic open set in X is a neutrosophic g-open set, we have Ncl(A) & U. Also we 
have NGcl(A) & Ncl(A) & U. Hence Nfcl(A) & U. Therefore A is an NB*-closed set in X. 


The converse of the above theorem need not be true as shown in the following example. 

Example 3.10. Let X = {a,b} with tn = {0n,A,B,1n} where A = ((a,0.4,0.3,0.5),(b,0.1,0.2,0.5)) and 
B = ((a,0.4,0.4,0.5),(b,0.4,0.3,0.4)). Here C = ((a,0.3,0.3,0.6),(b,0.3,0.2,0.5)) is a NB*-closed set, but C is 
not a Neutrosophic g- Closed Set. 


Theorem 3.11. Each Neutrosophic w-closed set is an N6*-closed set in X. 

Proof. Let A & U be a neutrosophic w- closed set, where U is a neutrosophic semi-open set in X. Since 
every neutrosophic semi-open set in X is a neutrosophic g-open set, we have Ncl(A) & U. Also we 
have N@cl(A) & Ncl(A) & U. Hence Nfcl(A) & U. Therefore A is an NB*-closed set in X. 


The converse of the above theorem need not be true as shown in the following example. 

Example 3.12. Let X = {a,b,c} with tn = {On,A,B,1n} where 

A = ((a,0.5,0.5,0.4),(b,0.7,0.5,0.5), (c,0.4,0.5,0.5)) and B = ((a,0.3,0.4,0.4),(b,0.4,0.5,0.5),(c,0.3,0.4,0.6)). 
Here C = ((a,0.2,0.3,0.5),(b,0.3,0.2,0.6), (c,0.1,0.2,0.9)) is an NG*-closed set, but C is not an Nw- Closed 
Set. 


Remark 3.13. The following diagram shows the relationships of N#*-closed set with other know 
existing sets. A —» B represents A implies B but not conversely. 


N-chosed cet 


SS Nf-closed set 
Neemi-clesed 


as 1a chet a ms il 


* = 


Na-chnsed or Neo-closed set 


Theorem 3.14. If A and B are N*-closed sets in (X, tN), then A U B is an NB*-closed set in (X,tn). 
Proof: Let A and B are N§*-closed sets in (X,tN). Then N#cl(A) & U whenever A & U and U is 
neutrosophic g-open set in (X, tr) and N@cl(B) & U whenever B © U and U is neutrosophic g-open set in 
(X, tn). Since A €& U and B € U, which implies A U B €& U and U is neutrosophic g-open set, then 
NBcl(A) & U and N@cl(B) & U implies NBcl(A) U NBcl(B) & U, hence N@cl(A U B) € U. Thus A U B is an 
NB*-closed set in X. 


Theorem 3.15. A neutrosophic set A is N#*-closed set then Nfcl(A) — A does not contain any 
nonempty N-closed sets. 

Proof: Suppose that A is an N6*-closed set. Let F be an N6-closed set such that F © Nfcl(A) - 
which implies F © N@cl(A)NAs. Then A & F*. Since A is N®*-closed set, we have N6cl(A) & F° . 
Consequently F © (NfBcl(A))° . We have F © Nfcl(A). Thus F © NBcl(A)N(NBcl(A))° = op. 
Hence F is empty. 


Theorem 3.16. If A is an N#*-closed set in (X,tN) and A & B © Nfcl(A), then B is N6*-closed. 
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Proof: Let B © U where U is a Neutrosophic g-open set in (X,tn). Then A €& B implies A © U. 
Since A is an Nf*-closed set, we have NGcl(A)SU. Also A © Nfcl(B) implies NBcl(B) S Nfcl(A). 
Thus N6cl(B)& U and so B is an N*-closed set in (X,tn). 


Theorem 3.17. If A is Neutrosophic g-open and Nf*-closed, then A is NG-closed set. 
Proof: Since A is Neutrosophic g-open and N*-closed, then N6cl(A) & A. Therefore N6cl(A) =A. 
Hence A is N-closed. 


4. On N6*-Continuity and N6*-Contra Continuity 


Definition 4.1. Let f be a mapping from a neutrosophic topological space (X, t ) to a neutrosophic 
topological space (Y, a). Then f is said to be a neutrosophic $*-continuous (N#*-continuous) 


mapping if f-! (A) is a N§*-closed set in X, for each neutrosophic-closed set A in Y. 


Theorem 4.2. Consider a mapping f: (X, tT) — (Y, a). Then the following statements are equal. 
(1) fis NG*-continuous 
(2) The inverse image of each neutrosophic-closed set A in Y is N$*-closed set in X. 


Proof. The result is obvious from the Definition 4.1. 


Theorem 4.3. Consider an Nf*-continuous mapping f : (X, tT) — (Y, a) then the following assertions 
hold: 

(1) for all neutrosophic sets A in X, f(NB*- Ncl(A)) & Nel(f(A)) 

(2) for all neutrosophic sets B in Y, NB*Ncl (f-(B)) & f7 (Ncl(B)). 

Proof. (1) Let A be a neutrosophic set in X, then Ncl(f(A)) be a neutrosophic closed set in Y and fbe 
N6*-continuous, then it follows that f-'(Ncl(f(A))) is N@*-closed in X. In view that A & f-(Ncl(f(A))) 
and NB*cl(A) & f-\(Ncl(f(A))). Hence, f(NB*- Ncl(A)) & Nel(f(A)). 

(2) We get f(NB*-Ncl(f— (B))) & Nelf(f “(B))) & Ncl(B). Hence, NB*-Ncl(f - (B)) S f + (Ncl(B)) by 
way of changing A with B in (1). 


Definition 4.4. Let f be a mapping from a neutrosophic topological space (X, t) to a neutrosophic 
topological space (Y, a). Then f is known as neutrosophic $*-contra continuous (N(*-contra 


continuous) mapping if f-! (B) is a N@*-closed set in X for each neutrosophic-open set B in Y. 


Theorem 4.5. Consider a mapping f : (X, tT) — (Y, a). Then the following assertions are equivalent: 
(1) fis a NB*- contra continuous mapping 

(2) f -(B) is an N®*-closed set in X, for each neutrosophic open set B in Y. 

Proof. (1) = (2) Assume that f is N6*-contra continuous mapping and B is a NOS in Y. Then Bris an 
NCS in Y. It follows that, f -! (B¢ ) is an NG*-open set in X. For this reason, f “(B) is an NB*closed set 
in X. 


(2) = (1) The converse is similar. 


Subasree R, Basari Kodi K, On N£*-Closed sets in Neutrosophic Topological spaces 


Neutrosophic Sets and Systems, Vol. 50, 2022 377 


Theorem 4.6. Consider a bijective mapping f : (X, tT) — (Y, ) from a NTS(X, tT ) into an NTS(Y, o). If 
Nel(f(A)) S f(NB*int(A)), for each NS B in X, then the mapping f is N$*-contra continuous. 

Proof. Consider a NCS B in Y. Then Ncl(B) = B and f is onto, by way of assumption, f(NB*int(f -(B))) 
& Nel(f(f “(B))) = Ncl(B) = B. Consequently, f 1 (f(NB*int(f - (B)))) S f “(B). Additionally due to 
the fact that fis an into mapping, we have NB*int(f + (B)) = f 7 (f(NB*int(f + (B)))) S f (B). 
Consequently, NB*int(f -! (B)) = f (B), so f “(B) is an N6*-open set in X. Hence, f is an N@*-contra 


continuous mapping. 


5. Conclusion and Future work 

In this paper we have introduced N#*-closed set, NB*- continuous function, NB*- contra continuous 
function and discussed some of its properties and derived some contradicting examples. This idea 
can be developed and extended in the area of homeomorphisms, compactness and connectedness 


and so on. 
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Abstract 

In the present paper, we propose the Hyperbolic Sine Similarity Measure (HSSM) for 
pentapartitioned neutrosophic sets which is based on hyperbolic sine function. We also establish 
some properties of the similarity measures by providing some suitable examples. Further we 
develop an MADM (Multi-Attribute-Decision-Making) model for single valued pentapartitioned 
neutrosophic set (SVPNS) environment based on the similarity measure which we call 
HSSM-MADM strategy. We also validate our proposed model by solving a numerical example. 
Keywords: MADM,; Neutrosophic Set; Pentapartitioned Neutrosophic Set; Similarity Measure. 


1. Introduction: 

Smarandache grounded the idea of Neutrosophic Set (NS) [1] as an extension of Fuzzy Set (FS) [2], 
and Intuitionistic Fuzzy Set (IFS) [3] to deal with incomplete and indeterminate information. In NS 
theory, truth-membership, indeterminacy-membership, and falsity-membership values are 
independent of each other. The concept of Single Valued NS (SVNS) was presented by Wang et al. 
[4], which is the subclass of an NS. By using SVNS, we can represent incomplete, imprecise, and 
indeterminate information that helps in decision making in the real- world problems. NS and the 
various extensions of NSs were studied and used for model/algorithm in different areas of research 
such as medical diagnosis ([5-7], social problems [8], conflict resolution [9], decision making [10-27], 
etc. Detail theoretical development and applications of NS and its extensions can be found in the 
studies [28-37]. 

Chatterjee et al. [38] defined the Quadripartitioned SVNS (QSVNS) by introducing contradiction and 
ignorance membership functions in place of indeterminacy membership function. Mallick and 
Pramanik [39] defined Pentapartitioned Neutrosophic Set (PNS) by introducing unknown 


membership function in QSVNS to handle uncertainty and indeterminacy comprehensively. 
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Similarity measures [40-68] were defined in various NS environments and were utilized for 
decision, medical diagnosis, etc. Mondal and Pramanik [69] proposed Hyperbolic Sine Similarity 
Measure (HSSM) and proved their basic properties in SVNS environment. Receiving motivation 
from the work of Mondal and Pramanik [70], we extend the HSSM for Single Valued PNSs 
(SVPNSs) and prove their basic properties. Based on HSSM, we propose an HSSM based MADM 
strategy which we call the HSSM-MADM model under SVPNS environment. Also, we validate our 
model by solving an illustrative example of am MADM problem. 

The remaining part of this paper is divided into several sections: 

In section 2, we recall PNS, and some relevant properties of PNSs. In section 3, we introduce the 
notion of SVPNS and HSSM between them. In section 4, we develop the SVPNS- MADM strategy. In 
section 5, we validate the proposed strategy by solving an illustrative MADM problem. In section 6, 


we conclude the paper by stating the future scope of research. 


2. Some Relevant Definitions: 

Definition 2.1. [4] An SVNS K over a non-empty set L is defined as follows: 

K = {(u, Tx(u), [k(u), Fx(u)): u EL}, where Tx, Ik, Fx are truth, indeterminacy, and falsity membership 
mappings from L to} 0,1*[, and O< Tk(u) + Ix(u) + F(u) < 3+. 

Example 2.1. Let L= {q, w, e} be a universe of discourse. Then {(q, 0.9, 0.6, 0.4), (w, 0.4, 0.6, 0.7), (e, 0.2, 
0.7, 0.7)} is an SVNS over L. 

Definition 2.2. [4] Suppose that L be a universe of discourse. Then P, a pentapartitioned 
neutrosophic set (P-NS) over L is denoted as follows: 

P= {(u, Tr(q), Cr(u), Gr(u), Ur(u), Fr(u)): ueL}, where Tr, Cr, Gr, Ur, Fe: L- ]0,1[ are the truth, 
contradiction, ignorance, unknown, falsity membership functions and so O< Tp(q)+Cr(q)+Gr(q)+ 
Up(q)+Fr(q)s5. 

Example 2.2. Let L = {q, w} be a universe of discourse. Then {(q, 0.9, 0.6, 0.4, 0.3, 0.5), (w, 0.4, 0.6, 0.7, 
0.8, 0.2)} is a PNS over L. 

Definition 2.3.[4] Assume that X= {(q, Tx(q), Cx(q), Gx(q), Ux(q), Fx(q)): qeW} and Y = {(q, Ty(q), Cr(q), 
Gy(q), Ur(q), Fr(q)): qeW} be two PNSs over W. Then X c Y & Tx(q)s Tr(q), Cx(q)s Cr(q), Gx(q)2 Gr(q), 
Ux(q)2 Ur(q), Fx(q)2 Fr(q), for all qeW. 

Example 2.3. Let L= {q, w} be a universe of discourse. Consider two PNSs X={(q, 0.5, 0.6, 0.5, 0.7, 0.3), 
(w, 0.8, 0.8, 0.3, 0.3, 0.3)} and Y={(q, 0.9, 0.9, 0.3, 0.3, 0.3), (w, 1.0, 0.8, 0.2, 0.1, 0.3)} over L. Then XcY. 
Definition 2.4.[4] Suppose that X= {(u, Tx(u), Cx(u), Gx(u), Ux(u), Fx(u)): ueL} and Y= {(u, Tr(u), Cr(u), 
Gy(u), Ur(u), Fy(u)): weL} be two PNSs over L. Then X U Y= {(u, max {Tx(u), Ty(u)}, max {Cx(u), Cr(u)}, 
min {Gx(u), Gx(u)}, min {Ux(u), Ux(u)}, min {Fx(u), Fx(u)}): weL}. 

Example 2.4. Suppose that L= {q, w}. Consider two PNSs X= {(q, 0.7, 0.5, 0.5, 0.7 ,0.7), (w, 0.5, 0.6, 0.7, 
0.7, 0.6)} and Y= {(q,1.0, 0.6, 0.8, 0.7, 0.7), (w, 0.6, 0.7, 0.8, 0.4, 0.6)} over L. Then X U Y= 

{(q,1.0, 0.6, 0.5, 0.7, 0.7), (w, 0.6, 0.7, 0.7, 0.4, 0.6)}. 

Definition 2.5.[4] Suppose that X= {(u, Tx(u), Cx(u), Gx(u), Ux(u), Fx(u)): weW} and Y= {(u, Ty(u), 
Cy(u), Gr(u), Uy(u), Fy(u)): ueL} are two PNSs over L. Then X= {(u, Fx(u), Ux(u), 1-Gx(u), Cx(u), Tx(u)): 
ueL}. 


Suman Das, Bimal Shil, Surapati Pramanik, HSSM- MADM Strategy under SVPNS environment 


Neutrosophic Sets and Systems, Vol.50, 2022 381 


Example 2.5. Suppose that L= {q, w} be a universe of discourse and X= {(q, 0.5, 0.7, 0.7, 0.6, 1.0), (w, 
1.0,0.5, 0.5, 0.5, 1.0)} be a PNS over L. Then X= {(q, 1.0, 0.6, 0.3, 0.7, 0.5), (w,1.0, 0.5, 0.5, 0.5, 1.0)}. 
Definition 2.6.[4] Suppose that X= {(u, Tx(u), Cx(u), Gx(u), Ux(u), Fx(u)): ueL} and Y= {(u, Tr(u), Cr(u), 
Gy(u), Uy(u), Fr(u)): wEL} be two PNSs over L. Then X 1 Y= {(u, min {Tx(u), Ty(u)}, min {Cx(u), Cr(u)}, 
max {Gx(u), Gx(u)}, max {Ux(u), Ux(u)}, max {Fx(u), Fx(u)}): ueL}. 

Example 2.6. Suppose that X and Y be two PNSs over a non-empty set L, as shown in Example 2.4. 
Then X 4 Y= {(q, 0.7, 0.5, 0.8, 0.7, 0.7), (w, 0.5, 0.6, 0.8, 0.7, 0.6)}. 

Definition 2.7. [4] The null PNS (Orn) and the absolute PNS (1rn) over L are defined by 

(i) Opn= {(u, 0, 0, 1, 1, 1): weL}; 

(ii) lpv= {(u,1, 1, 0, 0, 0): weL}. 


3. Single Valued Pentapartitioned Neutrosophic Set (SVPNS): 

Definition 3.1. [39] Assume that L be a universe of discourse. An SVPNS Y over L is characterized by 
a truth-membership function Ty, a _ contradiction-membership function Cy, an 
ignorance-membership function Gy, an unknown-membership function Uy, a falsity-membership 
function Fy. For each element uweL, Ty(u), Cy(u), Gr(u), Ur(u), Fr(u)e[0,1]. 

The SVPNS Y is denoted as follows: 

Y= {(u, Ty(u), Cy(u), Gr(u), Ur(u), Fr(u)): ueL}. 

Definition 3.2. [39] Suppose that B= {(u, Ta(u), Ca(u), Ga(u), Us(u), Fa(u)): ueL} and A= {(u, Ta(u), 
Ca(u), Ga(u), Ua(u), Fa(u)): we L} be any two SVPNSs over L. Then 

(i) B=A © Ta(u) = Ta(u), Ca(u) = Ca(u), Ga(u) = Ga(u), Ua(u) = Ua(u), Fa(u) = Fa(u), for each ueL; 

(ii) BcY¥<> Ta(u) < Ta(u), Ca(u) < Ca(u), Ga(u) = Ga(u), Ua(u) = Ua(u), Fa(u) = Fa(u), for each ve L. 
Definition 3.3. Suppose that M= {(u, Tu(u), Cm(u), Gu(u), Um(u), Fu(u)): ueL} and W = {(u, Tw(u), 
Cw(u), Gw(u), Uw(u), Ew(u)): ue L} are any two SVPNSs over L. Then the hyperbolic sine similarity 
measure between M and W is defined by: 


HSSM(M, W)= 


q- lyn (Aeucpetwols [Cm (ui)-Cw (ui)| + IEmuj)-Gw up| + et ol Sci Fw oP) (1) 
nial 75 


Definition 3.4. Suppose that M = {(u, Tu(u), Cu(u), Gu(u), Um(u), Eu(u)): ueL} and W = {(u, Tw(u), 
Cw(u), Gw(u), Uw(u), Fw(u)): ueL} be any two SVPNSs over L. Then the weighted hyperbolic sine 
similarity measure between M and Wis defined by: 


WHSSM(M, W)= 


1 lyn sinh(ITy (uj)-Twua)| + IC i) -Cw ui) + IGM -Gw up) + [UmM@)-Uw ua) + FM) —-Fw MD 2 
7 7 dia Wi 75 (2) 


where 0 < wj< 1 and Yi w;,=1. 

Theorem 3.1. Assume that HSSM(M, W) is the hyperbolic sine similarity measure between two 
SVPNSs M and W. Then 0 < HSSM(M, W) <1. 

Proof. Suppose that M={(u, Tu(u), Cu(u), Gu(u), Um(u), Fu(u)): we L} and W={(u, Tw(u), Cw(u), Gw(u), 
Uw(u), Ew(u)): ue L} aew any two SVPNSs over L. 

Now 0sTm(ui), Cu(ui), Gu(ui), Um(ui), Fu(ui), Tw(ui), Cw(ui), Gw(ui), Uw(ui), Fw(ui)s1. 
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=> 0 <1 Tu(ui- Tw(ui) 1+1 Cu(ui)- Cw(ui) 1+1 Gau(ui)- Gw(ui) 1+ Um(ui)- Uw(ui) 1+1 Fau(ui)- Fw(ui) |< 5. 


=e (eye + ICM @ui)-Cw (ui) + IGmuj)-Gw up| + [UM@ui)-Uw a) + Sun tw(p) <1. 
75 

>0<1-1y" (Seu coe two + ICM (ui)—-Cw ui)! + 16m ui)-Gw ui) + [UM -Uwub)| =F?) <1 

~ n@i=l 75 iar 


=> 0<HSSM(M, W) <1. 
Theorem 3.2. Assume that HSSM(M, W) is the hyperbolic sine similarity measure between two 
SVPNSs M and W. Then HSSM(M, W) = 1 if M=W. 
Proof. Suppose that M= {(u, Tu(u), Cu(u), Gu(u), Um(u), Fu(u)): we L} and W= {(u, Tw(u), Cw(u), Gw(u), 
Uw(u), Fw(u)): ue L} are any two SVPNSs over L such that M=W. 
So Tm(ui) = Tw(ui), Cu(ui)= Cw(ui), Gu(ui)= Gw(ui), Um(ui= Uw(ui), Fu(ui)= Fw(ui) for each uie L. 
=>1Tm(ui)- Tw(ui)|=0,1 Cu(ui)- Cw(ui)|=0,1Gmu(ui)- Gw(ui)|=0,1 Um(ui)- Uw(ui)|=0,1 Fu(ui)- Fw(ui)|=0. for 
each wie L. 
IT (Ui) — Tw Cui) I+ 1m ui) — Cw Cui)| + 1G Cui) — see)? 0. 

+|Um (ui) — Uw (ui) + |Fui) — Fw ua) 


=> 1 yn (eet + [Cu (uj)—Cw (ui) + |Gmup-Gwup| + |UM@i)-Uw (ui) + ee 0 
n Stal 75 


=>sinh ( 


lyn (Aen twtpl ICM (Ui)—Cw (ui) + IGM (ui)-Gw (ui) | + ee ae 
nial 75 


>1- 
=> HSSM(M, W) = 1. 

Theorem 3.3. Assume that HSSM(M, W) is the hyperbolic sine similarity measure between two 
SVPNSs M and W. Then HSSM(M, W) = HSSM(W, M). 

Proof. Suppose that M = {(u, Tu(u), Cu(u), Gu(u), Um(u), Fu(u)): ueL} and W = {(u, Tw(u), Cw(u), Gw(u), 
Uw(u), Fw(u)): uweL} any two SVPNSs over L. 

Now HSSM(M, W)= 


q- lyn (Aeucoetw Gols [Cu (ui)—Cw (ui) + Gu ui)-Gw ed + i et il Siow or) 
nomial 75 


=j- ty2 (ewe tu cols [Cw (ui)—Cu (ui)| + IGw up)-Gu ua) + wipe l sw Gotu @oe) 
nial 75 


= HSSM(W, M). 

Therefore HSSM(M, W)= HSSM(M, W). 

Theorem 3.4. Assume that SSM(M, W) is the hyperbolic sine similarity measure between the 
SVPNSs M and W. If Q is an SVPNS over L such that McWcQ, then HSSM(M, W)> HSSM(M, Q), 
HSSM(W, Q) = HSSM(M, Q). 

Proof. Suppose that M= {(u, Tu(u), Cu(u), Gau(u), Um(u), Fau(u)): we L} and W= {(u, Tw(u), Cw(u), Gw(u), 
Uw(u), Ew(u)): ue L} are any two SVPNSs over L. Let Q be an SVPNS over L such that McCWcQ. Since 
McWcQ, so |Tm(ui)-Tw(ui)l<lTu(ui-To(uidl, | Cu(ui)-Cw(ui) | <1 Cu(ui-Co(uidl, |Ga(ui)-Gw(ui)|< 
|Gu(ui)-Go(ui) |, | Um(ui)-Uw(ui) | <1 Um(ui)-Uo(ui |, | Fu(ui-Fw(ui)|<| Fa(ui)-Fo(ui) |. 

Now HSSM(M, W)= 


q- tyn (Sauce twGols [Cu (ui)—Cw (ui) + Gu up)-Gw dl + a et il + iow ov) 
mist 75 
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Soi lon (Sina) Tocuol + |Cu(uj)—Cg (ug) + [Gm (uj)—Ga(uj)| + Pa“ Bo unl + Fuca Fetuo))) 
_ nial 75 


= HSSM(M, Q). 
Therefore, HSSM(M, W) > HSSM(M, Q). 
Again, from McWcQ, we can say that | Tw(ui)-To(ui) | <1 Tu(ui)-To(ui) |, 
| Cw(ui)-Co(ui)|<1Cu(ui)-Co(ui)|, | Gw(ui)-Go(ui) |<1Ga(ui)-Go(u)|, | Uw(wi)-Uo(ui) |< | Um(u)-Uo(ui) |, 
| Fa(ui)-Fw(ui) | <1 Fa(ui)-Fo(ui) |. 
Now, HSSM(W, Q)= 


1- 1yn (eewenp “Fowl + |Cw (ui)-Ca(ui)| + |Gw (up) -Ga(uj)| + wud Vocal + Fw Cu Feuon) 
noiql 75 


>1- 1yn (Senna Fotuol + |Cu(uj)—Cg (ug) + [Gm (ui)—GQ(uj)| + Peed Voceol + ma) -Foo))) 
= n Gia 75 


Therefore, HSSM(M, W) > HSSM(M, Q). 


4. SVPNS- MADM Strategy 

Suppose that Q = {Q1, Q2, ..., Qu} is a finite set of possible alternatives from which a decision maker 
needs to choose the best alternative. Let P= {P1, P2, ..., Pm} be the finite collection of attributes for every 
alternative. A decision maker provides their evaluation information of each alternative Qi (i= 1, 2...., 
n) against the attribute Pj (j = 1, 2, ..., m) in terms of single valued pentapartitioned numbers. The 
whole evaluation information of all alternatives can be expressed by a decision matrix. The steps of 


proposed HSSM-MADM strategy (see figure 1) are described as follows: 


Step-1: Construct the decision matrix 

The whole evaluation information of each alternative Qi (i= 1, 2,..., 1) based on the attributes Pj (j = 1, 
2, ..., m) is expressed in terms of SVPNS E9,= {(PiTij(Qi, Pi),Cij(Qi, Pi),Gij(Qi, Pi), Vij (Qi, Pi),Fij (Qi, Pi)): 
PjeP}, where (T;;(Qi, Pi),Cij(Qi, Pi), Gij(Qi, Pi),Vij(Qi, Pi),Fij(Qi, Pi)) denotes the evaluation assessment 
of Qi (i=1, 2,..., 2) against Pj (j = 1, 2, ..., m). 

Then the Decision Matrix (DM[Q|P] ) can be expressed as: 


DM[Q!P] = 
Pi P2 shiate Neteeteees ||| Pam 

Qi | <T,4,(Q1, P1),Cy,(Q1, Pi), | <T,2(Q1, P2),Cy2(Qu, P2), | we veseee | <T yn (Q1, Pin), Cy (Qt, Pn), 
G11(Q1, P1),U4,(Qy, Pi), G12(Q1, P2),U2(Qu, P2), ee Gim(Qy Pm),Uym(Qu, Pm), 
F,,(Q1, P1)> Fy>(Q1, P2)> Fy (Qt, Pm)> 

Q2 | <T2,(Q2, P1),C21(Q2z, Pi), | <T22(Q2, P2),C22(Qz2, P2), tas sesseee | <Tom(Q2, Pin), Com(Q2, Pn), 
G21 (Q2, P1),Uz3(Q2, P1), G22(Q2, P2),Uz2(Q2, P2), one Grm(Q2, Pm),Uzm(Q2, Pm), 
Fy, (Q2, P1)> F55(Q2, P2)> Redes Fm (Q2, Pm)> 
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Qn <Ty1(Qn, P1),Cy1(Qn, P1), <Tn2(Qn, P2),Cy2(Qn, P2), tides © | Iogear’ <Trm(Qun, Pin), Cm (Qn, Pm), 
Gri (Qn, P1),Uy4(Qn, P1), Gn2(Qu, P2),Uy2(Qn, P2), eee eee Gam(Qn, Pn), Unm (Qn, Pm), 
Fy1(Qn, P1)> Fy2(Qn, P2)> nysebss Fm (Qn, Pm)> 


Step-2: Determine the weights of the attributes 
In an MADM strategy, the weights of the attributes play an important role in taking decision. When 
the weights of the attributes are totally unknown to the decision makers, then the attribute weights 
can be determined by using the compromise function defined in equation (3). 

Compromise Function: The compromise function of Q is defined by: 
DQ=Ninr (347; (Qi, Pi)+C; (Qi, P))-Gij (Qi, Pi)-Uij (Qi, Pi)-Fij(Qi, Pi))/5 (3) 
Then the desired weight of the jth attribute is defined by wj= Fa, (4) 


Here jE, wal. 


Step-3: Determination of ideal solution 
In every MADM process, the attributes chosen by the decision maker can be split into two different 
types. One is “benefit type” attribute and the other is “cost type” attribute. In our proposed 
SVPNS-MADM model, an ideal alternative can be identified by the decision maker using the 
following operators: 
(i) For the cost type attributes (Pj), we use the maximum operator to determine the best value (P;*) of 
each attribute among all the alternatives. The best value (P;*) is defined by: 

P#* =(max T,,(Q1, P1),max C,,(Q1, P1),min G,,(Q1, P1),min U,,(Q1, P1),min F,,(Q1, P1)) (5) 
where j=1, 2, ....., M. 
(ii) For the benefit type attributes (P)), we use the minimum operator to determine the best value (P/*) 
of each attribute among all the alternatives. The best value (P;*) is defined by: 

P#* =(min T,,(Q1, P1),min C,4(Q1, P1),;max G1,(Q1, P1),max U,4(Q1, P1),;max F,,(Q1, P1)) (6) 
where j=1, 2, ....., M. 
Then we define an ideal solution as follows: 
OP {Pi Po eset , Pm*}, which is also an SVPNS. 


Step-4: Determination of hyperbolic sine similarity value. 

After the formation of ideal solution in step-3, by using eq (1), we calculate the HSSM values for 
every alternative between the ideal solutions and the corresponding SVPNS from decision matrix 
DM[Q!P]. 


Step-5: Ranking order of the alternatives. 
The rank of the alternatives Q:, Q2, ....... , Qn is determined based on the ascending order of hyper 
sine similarity values. The alternative with lowest hyper sine similarity value is the best alternative 


among the set of possible alternatives. 
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Step-6: End. 


Figure 1: Flow chart of the SVPNS- MADM strategy 


4. Validation of the Proposed Model: 
In this section, we validate our proposed model / strategy by giving a numerical example. 
4.1. Numerical example: 

In this section, we demonstrate a numerical example as a real- life application of our proposed 
strategy. In our daily life time management is very important for everyone. Suppose a passenger 
needs to travel from the city-X to the city-Y by road. The passenger wants to book a car (alternative) 
by an online App to reach his/her destination. The selection of car by the passenger can be done 
based on some attributes, namely, Charges(P1), Payment mode (P2), AC / Non-AC(P3), Rating(P4). 
So, the selection of affordable car (for travelling) by an online App can be considered as a MADM 
approach. 


Then the MADM strategy is presented by using the following steps. 
Step-1: Construct the decision matrix under single valued pentapartitioned neutrosophic 
environment. 


The decision matrix is shown in table 1. 
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Table-1: Decision matrix 


Py Po Ps Ps 


Q, | (0.7,0.3,0.1,0.3,0.4) | (0.8,0.4,0.2,0.3,0.8) | (0.8,0.2,0.5,0.7,0.3) | (0.8,0.4,0.2,0.3,0.6) 


Q> | (0.7,0.4,0.3,0.6,0.2) | (0.7,0.4,0.4,0.7,0.5) | (0.6,0.2,0.4,0.5,0.7) | (0.9,0.3,0.9,0.2,0.3) 


Q3; | (0.5,0.4,0.6,0.3,0.4) | (0.6,0.4,0.4,0.7,0.9) | (0.5,0.3,0.4,0.5,0.6) | (0.7,0.5,0.7,0.3,0.8) 


Step-2: Determine the weights of attributes. 
By using the eq. (3) and (4), we have the weight vector as follows: 
(wi, w2, ws, Ww) = (0.279, 0.234, 0.222, 0.263). 


Step-3: Determine the ideal solution. 
In this problem, the attribute P1 is cost type attribute and P2, P3, Ps are the benefit type attributes. The 


ideal solution is given in the table 2: 


Table-2: The ideal solution 


P,* Pp Pe P,* 


Q* | (0.7,0.4,0.1,0.3,0.2) (0.6,0.4,0.4,0.4,0.7,0.9) (0.5,0.2,0.5,0.7,0.7) (0.7,0.3,0.9,0.7,0.8) 


Step-4: Determine the weighted hyperbolic sine similarity values. 

By using eq. (2), we calculate the similarity measure values for each alternative. The weighted 
hyperbolic sine similarity values are: 

WHSSM(Q1, Q"*) = 0.996488; 

WHSSM(Q;, Q"*) = 0.997482; 

WHSSM(Q3;, Q*) = 0.997881. 


Step-5: Ranking the alternatives. 
From the above step, we see that WHSSM(Q1, Q*) < WHSSM(Q:2, Q*) < WHSSM(Q;, Q*). Therefore, Q: 


is the best suitable alternative (car) for the passenger to book for travelling. 


5. Conclusions: 

In the study, we propose a hyperbolic sine similarity measure and weighted hyperbolic sine 
similarity measures for single valued pentapartitioned neutrosophic set and prove some of their 
basic properties. We develop a novel HSSM-MADM strategy based on the proposed weighted 
hyperbolic sine similarity measure to solve MADM problems. We also validate the proposed 
strategy by solving an illustrative MADM problem to demonstrate the effectiveness of the proposed 
SVPNS-MADM strategy. 

The proposed SVPNS-MADM strategy can also be used to deal with other decision-making 
problems such as teacher selection [71], weaver selection [72], brick selection [73], logistic center 


location selection [74], personnel selection [75], etc. 
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Abstract: The main aim of this paper defines some N-neutrosophic supra topological 
continuous mappings and some N-neutrosophic supra topological open mappings by weak 
neutrosophic supra topological open sets and their different properties are discussed. The 
relation between these N-neutrosophic supra continuous mappings are established with suitable 
examples. 

Keywords: WN -neutrosophic continuous mapping, S*-WN -neutrosophic k -open mapping, 
5°-N-neutrosophic k-continuous mapping,N-supra neutrosophic k-open mapping, N-supra 
neutrosophic k-continuous mapping. 


1. Introduction 


Zadeh [26] introduced the concept of fuzzy set theory by studying each element its 
membership values. The fuzzy topological space is a topological space defined on fuzzy sets, 
initiated by Chang [7]. Fuzzy supra topological spaces and their supra continuous mappings 
were defined by Abd El-Monsef and Ramadan [2]. Jayaparthasarathy [11] derived some 
contradicting examples of the statements of Abd El-Monsef and Ramadan [2] in fuzzy supra 
topological spaces. In 1986, Atanassov [4] introduced an intuitionistic fuzzy set as a 
generalization of the fuzzy set. Dogan Coker [9] extended the concept of fuzzy topological spaces 
into intuitionistic fuzzy topological spaces. The concept of intuitionistic fuzzy supra topological 
space was initiated by Turnal [19]. Florentin Smarandache [24] was the first one to develop the 
neutrosophic set theory, which is the generalization of Atanassov’s intuitionistic fuzzy set theory. 
Recently many researchers [1, 6, 10, 25] developed the applications of neutrosophic sets in various 
fields such as artificial intelligence, biology, control systems, data analysis, economics, medical 
diagnosis, probability, etc. Salama et al. [22] defined the neutrosophic crisp sets and neutrosophic 


topological space. 
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In 1963, Levine [16] introduced semi-open sets and semi-continuous functions in classical 


topological spaces. Njastad [20] derived a classical topology using the @-open sets. Mashhour et 


al. [17] investigated the properties of pre-open sets. Andrijevic [3] established the behavior of 


8-open sets in classical topology. Mashhour et al. [18] introduced the concept of supra topological 


spaces by removing one topological condition and they further defined the supra semi-open set 
and supra semi-continuous function. Devi et al. [8] introduced the properties of @-open sets and 
@-continuous functions in supra topological spaces. Supra topological pre-open sets and their 
continuous functions are defined by Sayed [23]. Saeid Jafari et al. [21] investigated the properties 
of supra B-open sets and their continuity. In 2016, Lellis Thivagar et al. [13, 14, 27] originated the 
N-topological space with its own open sets. Apart from this, Lellis Thivagar et al. [15] introduced 


N-neutrosophic topological spaces with several properties. 


Motivation of the work: The neutrosophic supra topological space is a new space developed by 
Jayaparthasarathy et al. [11]. In this area, some neutrosophic supra topological open sets, and 


their continuous mappings are defined. Arockia Dasan et al. [5], and Jayaparthasarathy et al. [12] 
further extended these neutrosophic supra topological spaces to N -neutrosophic supra 
topological spaces. In N-neutrosophic supra topological spaces, some weak open sets with some 
operators are only defined so far. Hence the motivation of this paper extends to define different 


properties of continuous and open mappings by using N-neutrosophic supra topological open 


sets as well as its weak open sets. 
Organization of the paper: Section 2 of this paper presents some basic preliminaries of 


neutrosophic fuzzy sets and N-neutrosophic supra topological spaces. Section 3 introduces 
continuous mappings and open mappings using N-neutrosophic supra topological open sets. In 


section 4, we define some weak forms of continuous and weak open mappings in N-neutrosophic 


supra topological spaces, and the last section states summary and some of the future work in the 


conclusion and future work of this paper. 


2 Preliminary 
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In this section, we discuss the basic definitions and properties of N-neutrosophic supra topological 


spaces which are useful in the sequel. 
Definition 2.1 [24] Let ¥ be a non-empty set. A neutrosophic set A having the form 
A= {(x, u(x), o4(x).¥,(x)): x €X}, where walx),o,6¢) and yx) €]-0.1*[ represent the 
degree of membership (namely #4x)), the degree of indeterminacy (namely ga {r)) and the 
degree of non-membership (namely ¥aG)) respectively of each x €X to the set A such that 
"O<p ., (=) +a, (x)+ y,(x) <=3* for all x€X. For X, NX) denotes the collection of all 
neutrosophic sets of X. 
Definition 2.2 [24] The following statements are true for neutrosophic sets A and B on &: 

1. pa) <pslx), o,6c) < age) and yg(x) > y—(x) for all x €X if and only if ACB 


2.42 Band 8 CA if and only ifA=B6. 
3. AN B= {(, min{y, (zy), u,(z)}, min {o, (x) .0, (x)}. mary, (x), v5) }) : x € X}. 


4, AUB= {(x,max{p, (x), u5(x)}, max{a, (x), ox) }, minfy, (x), v3) }) : x € X}. 


More generally, the intersection and the union of a collection of neutrosophic sets {Alien , are 
defined by NicaA; = {(x, inf, cafu Ay (x)}. infien{o,,Cz)}.supjeatya,(x)}):x €X} and 
Uien A; = {(x, supjenlua,@)}. sup; cnta,fG)}. inficaly,, @)}): x € X}. 

Definition 2.3 [11] Let 4.8 be two neutrosophic sets of ¥, then the difference of A and B isa 
neutrosophic set on x 7 defined 
as A\B={(xlp,G)—-p,Q@)| , Iq@)—-o,@)| , 1-—byG) —y,G)l):x€X} 
Clearly X° = X\,X¥ = G,0.0,1) = Gand O =X \O=(x, 1.1.0) =X. 

Notation 2.4 [11] Let ¥ be a non-empty set. We consider the neutrosophic empty set as 
© = {G, 0,0, 1): x € X} and the neutrosophic whole set as ¥ = {(r,1,1,0): x € X}. 

Definition 2.5 [12] Let ¥ be a non-empty set, T,"»Tn,"»-»Tmy” be N arbitrary neutrosophic 
supra topologies defined on X. Then the collection Nt," = {s < N(X):S = UZ, A;. A; € t"} is 
said to be a N-neutrosophic supra topology if it satisfies the following axioms: 


1. ¥,.0 € Nz,” 


2. Uji,5; € Nt,*for all5; € Nr,” 


Then the N-neutrosophic supra topological space is the non-empty set X together with the 
collection Nt,",denoted by (%,Nt,") and its elements are known as Nt,"-open sets on X. A 
neutrosophic subset A of X is said to be Nt,"-closed on ¥ ifX \Ais Nt,*-open on X. The set of 
all Nt,,"-open sets on ¥ and the set of all Nt,"-closed sets on ¥ are respectively denoted by 
Nr,"O@)and Nr,"C(X). 

Definition 2.6 [12] Let (%.Nt,") be a N-neutrosophic supra topological space and A be a 
neutrosophic set of ¥.Then 


1. The Nz,"-interior of A is defined by inty, *(A) = Uf{G : GC AandG is Nr,."-open}. 


2. The Nr,,"-closure of A is defined by cly,,*(A) = N{F : A © Fand F is Nz,,"-closed}. 
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Definition 2.7 [5] A neutrosophic set A of a N-neutrosophic supra topological space (X,.Nt,") is 
called 
1. N-neutrosophic supra @-open set if A © inty,_-(ely,_+(inty,,*CA))). 


2. N-neutrosophic supra semi-open set if 4 & cly;_*(imty,_*(A)). 
3. N -neutrosophic supra pre-open set if 4& int y_,*(ely,,*CA)). 
4. N -neutrosophic supra 8-open set if A & ely, +(inty, *(cly,_*(A)))- 


5. N -neutrosophic supra regular-open if A = imty,_(cly,,*(A)). 


The set of all N -neutrosophic supra @-open (resp. N -neutrosophic supra semi-open, 
N -neutrosophic supra pre-open, N -neutrosophic supra # -open, N -neutrosophic supra 
regular-open) sets of (X.Nt,") is denoted by Nr,"@O(X) (resp. Nt,"SO(X),Nr,"PO(X) , 
Nr, "BO(X)) and Nr,,"RO(). The complement of _ set of all N-neutrosophic supra @-open (resp. 
N -neutrosophic supra semi-open, N -neutrosophic supra pre-open and WN -neutrosophic 
supra B-open) sets of (¥.Nt,") is called N-neutrosophic supra @-closed (resp. N-neutrosophic 
supra semi-closed, N -neutrosophic supra _ pre-closed, N -neutrosophic supra § -closed 
and WN -neutrosophic supra regular closed) sets, denoted by WNr,"@C(X) (resp. 
Nr," SC(X), Nt,"PC(X),Nr,"BC(X)) and Nt,"RC(X). Hereafter N-neutrosophic supra k-open set 
(shortly Nt,"k-open set) is can be any one of the following: Nt,"-open set, Nt,"@-open set, 
Nt,,"semi-open set, Nt,"pre-open set, Nt,,"8-open set and Nrt,,"r- open set. 

Definition 2.8 [5] Let (¥.Nt,") be a N-Neutrosophic supra topological space and A be a subset 
of X. 


1. The kNr,,°-interior of A, is defined by 
kinty , *(A) =U {G : G CA andG € Nr,"kO(X)}. 
2. The kNr,,"-closure of A, is defined by 


kely,*(A) =n {F :A SF and F € Nr," kC(X)}. 


Definition 2.9 [15] Let ¥ be a non-empty set, then Ty,y»Tp,=»Tay be N -arbitrary 
neutrosophic-topologies defined on 4%. then the collection N,ztT={SCX: S= 
(UZ, AU (NE, Bj), A;,B; € t},} is called N-neutrosophic topology if the following axioms are 
satisfied. 


1. @&X € Nyt. 
2. Uj,5; € Nyt for all 5;€ Nyt 


3. NES; € Nyt for all S; € Nyt. 
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Then (%.N,T) is called N,-topological space on X. The element of N,t are known as N,-open 
sets on X and its complement is called Ny-closed set on X. 

Definition 2.10 [15] Let (%.N,t) and (¥.N,@) be N-neutrosophic topological spaces. A mapping 
f : X +¥ is said to be N-neutrosophic continuous on % if the inverse image of every N,@ -open 
setin ¥ is Nyt -openin X. 


3. Some Mappings in N-neutrosophic Supra Topological Spaces 


In this section, we introduce continuous mappings in N-neutrosophic supra topological spaces 
and discuss their different properties. 

Definition 3.1 Let (¥,Nr,) and (¥.Noe,) be N-neutrosophic topological spaces, Nt," and No,,” 
be associated N-neutrosophic supra topologies with respect to Nt, and No,. A mapping 
f :X —¥ is said to be N-supra neutrosophic continuous on ¥ if the inverse image of every 
No,,"-open set in ¥ is Nt,"-open in X. If NW =1, then f is a supra neutrosophic continuous on 
X [11]. 

Definition 3.2 Let (¥,Nt,) and (¥.Ne,,) be N-neutrosophic topological spaces. Nt,"and No,,” 
be associated N-neutrosophic supra topologies with respect to Nt, and No,. A mapping 
f:X-—¥Y is said to be 5° -WN -neutrosophic continuous if the inverse image of every 
N-neutrosophic open set in (¥,N@,) is N-neutrosophic supra open in (%, Nr,, ).If NW =1, then f 
is a 5*-neutrosophic continuous on X [11]. 

Lemma 3.3. i. Every N-neutrosophic continuous mapping is 5°-N-neutrosophic continuous, but 
the converse need not be true. 

ii. Every N-supra neutrosophic continuous mapping is 5°-N-neutrosophic continuous, but the 
converse need not be true. 

iii. N-supra neutrosophic continuous and N-neutrosophic continuous mappings are independent 
each other. 

Proof. The proof follows from the definition the converse and the independency are shown in the 


following example. 


Example 3.4.(i) For N =3, let ¥={a,b} and ¥ = {x,y} with the neutrosophic topologies are 
Tm, 0K) = {0,X,((0.3,0.4), (0.2,0.5),(0.1,0.6))} , ,,0(X) = {9,x,((.7,0.2), 0.6.0.1), (0.8,0))} , 


T,0(X)= {9,X} and on, O(¥) = {9.¥}, o,,0(7) = {9, Y.((0.3,0.4), (0.2,0.5), (0.1,0.6))}, o,,0(%) 


= {o,¥.(@,0.2),(0,0),4.0.6))}. Then 37,00%)= (0.Xx,((.3,0.4),(.2,0.5),0.1,0.6)) , 
(0.7.0.2), (0.6,0.1),(0.8,0)) , ((.7,0.4), (0.6, 0.5), @.1, 0)), (0.3, 0.2), (0.2, 0.1), (0.8,0.6))} and 


3¢,,0(¥) = jar (ea 0.4), (0.2,0.5), 0.1, 0.6)), (@, 0.2), @ % (1,0.6))}. Let 3z,°0(%) = {0., 
(0.3, 0.4), (0.2, 0.5), (0.1, 0.6) ), ((0.7, 0.2), (0.6, 0.1), (0.8, 0) ), ((0.7, 0.4), (0.6, 0.5), (0.1, 0)), 


((@.3,0.2), (0.2, 0.1), ©.8, 0.6)). (@, 0.2), ©, 0), @, 0.6), (0.7, 0.6), (0.8, 0.5), (0.9, 0.4), 
(G08), @, 1), (,0.4)).((.7, 0.6), (0.8, 0.5), (0.1,0.4)), (0.7, 0.6), (0.8,0.5),(0.8,0)), — (@@7,0.6), 


(0.8,.0.5), (0.1, 0)), (0.7, 0.6), (0.8, 0.5), (0.8, 0.4)), (G., 0.8), (1, 1), (0, 0))} and3e,,” 0(Y) =3a,,0(Y) 
be the associated 2-neutrosophic supra topological space. Define f:¥—-¥ by fle)=x, 
f(s) = y. Clearly, f is S*-3-neutrosophic continuous and 3-supra neutrosophic continuous 
mapping on X but it isnot 3-neutrosophic continuous map. 
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(ii) For N=1, let X¥={a,5} and Y¥=fzx,y} with the neutrosophic topologies are 
7,0(X) = {0.X.((.7. 0.6), (0.8, 0.5), (.9, 0.4)), ((.3, 0.8), (0.4, 0.9), ©.2, 1), (@.3, 0.6), ©.4,0.5), 
(0.9, 1)). (0.7, 0.8), (0.8, 0.9), (0.2, 0.4)), (@, 0.6), @,0.5).4.1))} and o,0()={0%¥}. Let 
z,"0(X) = 1,0) and a,"0(¥) = §0.¥((.7, 0.6), (0.8, 0.5), (0.9, 0.4)), ((0, 0.6), ©, 0.5), 4,1), 
(3.0.2) (0.2, 0.2), (1,0.4)), ((@.3,0.6), (0.2, 0.5), (,0.4))} be the associated neutrosophic supra 
topological space. Define f:X¥—-¥ by fle)=x, flb)=y. Clearly, f is S* -neutrosophic 
continuous and neutrosophic continuous mapping on X but it is not supra neutrosophic 
continuous. 


Theorem 3.5. Let (¥,Nt,.") and (¥.No,,") be N-neutrosophic supra topological space. Then the 


following are equivalent: 
i. Amapping f : (¥..Nz,,") — (¥.No,,") is N-supra neutrosophic continuous. 
ii. The inverse image of every N-neutrosophic supra closed set in (¥.No,") is a 
N-neutrosophic supra closed set in (¥, Nt"). 
iii, ely: (Ff “ag@)cfr- *(clss (4) cf- *(clyg, (A) for every neutrosophic set 4 in ¥. 
iv. f(clyz,-(B)) & clyge (f(B) c ely, (f(B)) for every neutrosophic set B of X. 
V. f*Gnty,, 4) < f-*(inty, + (Aj) c inty,,-(f *(A)) for every neutrosophic subset A in 
¥. 
Proof. i= it: Assume that f : ¥ ~ ¥ is N-supra neutrosophic continuous on X and let A be a 
No,,"-closed set in ¥. Then ¥—A is a No,,"-open set in ¥. Since f is N-supra neutrosophic 
continuous on X, then f~*(¥ —A) is Nt,"-open set in X. Then ¥ —f~*(A) is Nx,°-open set in 
X. Then f*(A) is Nt,,"-closed set in X- 
ii >i: Let A be No,*-open set in ¥, then¥ —A is No,*-closed set in ¥ and by assumption, 
f* —A) =X — f(A) is Nr,"-closed in ¥. Thus f~*(A) is Nrt,*-open in X. 
ii > iii: Since for each neutrosophic set A in ¥, elyg.*(A) is a No,,"-closed set in ¥. Then 
f*(lyz,*A)) is Nr,,” -closed in é Thus 
| ie (cly,,-CA)) = ely, *(f* (clye,-(4))) 2 ely, -(f *CA)) and implies 
ely, -(f *(A)) cf *(clygs (4)) 5 f- * (cle, (AD), since clyge (A) © ely, (A). 


ii > iv : Let B be the neutrosophic set in x, then 
f* (Clue, FB) 2 F* le, FB))) 2 clye-(f *F @B))) 2 cly,,-(B) and so (elyr,*(B)) Seles 
(FB) ely, (FB). 

w>i : Let A be Wo,” -closed set in VY and B=f*(A), then 
f (clyc,*@B)) € elye,(FB)) © clyg,-(A)=A and cly,,-(B) Sf (r (cty,,:())) cf (4) =B8 . 


Therefore B = f~*(A) is Nr,,"-closed in X. 


iv: Let A be a No,” -open set in ¥, then f*(imty,-(A)) is Ni,°-open in ¥ and 
(inty,,- (4) = int y,_*(f* (int yz*(A)) © int y,,+(f-*(A)). Thus 
f~*Gint yo, (A) & f* Cinty,,- (A) & inty,, (fF *A)), since intygs(A) 2 inty,, (A). 
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v= i: Let A be No,”-open set in ¥, then f-*(A) = f*(inty, -(A)) Sint y,,-(f *(4)) and so 
f-*(A) is Nr,°-open in X. 


Theorem 3.6. Let (¥,N1t,,") and (¥,No,,”) be N-neutrosophic supra topological spaces. Then the 


following are equivalent: 

i. Amapping f: (XY. Nr,,") ~ (¥.No,,”) is 5°-N- neutrosophic continuous. 

ii. The inverse image of every N-neutrosophic closed set in (¥.No,) is N-neutrosophic 

supra closed set in (¥, Nt"). 

iii. ely, «(Ff —1(4)) < F*Clas, (A)) for every neutrosophic set 4 in ¥. 

iv. f(elyz,*(B)) © ely, (f@)) for every neutrosophic set Bof X. 

v. f *(inty,,(A)) S inty,,-(f*)) for every neutrosophic subset A in ¥. 
Proof. The proof is similarly follows from the theorem 3.5. 
Theorem 3.7. If f: ¥ +¥ and g: ¥ ~@Z are N-supra neutrosophic continuous mappings, then 
g°f :X —Z is N-supra neutrosophic continuous. 
Proof. Let ¥ be neutrosophic supra open set in Z then g~*(¥) is neutrosophic supra open in ¥ 
and f(g) is neutrosophic supra open in X, by hypothesis. Therefore(g * f) *(V) is 
neutrosophic supra open in X¥ and so g°*f is N-supra neutrosophic continuous. 
Remark 3.8. The composition of two 5°-N-neutrosophic continuous mappings need not be 
5*-N-neutrosophic continuous. 
Example 3.9. For NW =2, let X = {a,b}, ¥ = {u,v} and Z = {x, y} with the neutrosophic 
topologies are Tm, = {0,X}, 
tm, = {0.X.((.5,0.5), ©.5,0.5),(0.5,0.5))}, = ¢ - ¢ oy, (6,06), 
(0.6,0.6), (0.6,0.6) )} , mn, ={0.Z, ((0.3,0.3), ©. 3, 0.3), (0.3.0. 3))} and %n,={@.Z} with 
the 2 -neutrosophic topologies are 2r,0(%) = {0.¥, ((0.5,0.5), (0.5, 0.5), (0.5,0.5))}, 


20,0(¥ ) = {0.¥,((0.6, 0.6), (0.6, 0.6), (0.6,0.6))} and 
2n,,0(Z) = {o,Z,((0.3, 0.3), (0.3, 0.3), (0.3, 0.3) )} Let 25,” O(X) = {0.X, 
((@.5, 0.5), (©.5, 0.5), (0.5, 0.5)), ((.6, 0.6), (0.6, 0.6), (0.6, 0.6), ((0.4, 0.4), (0.4, 0.4), (0.4,0.4))} and 
2c," OY ) = (6. ¥, (0.6, 0.6), (0.6, 0.6), (0.6, 0.6) ), ((0.3,.0.3), (0.3, 0.3), (0.3, 0.3)), 


((.7,0.7),(.7, 0.7), (0.7,0.7))} be the associated 2-neutrosophic supra topologies with respect to 
2%, and 2¢,. Then the mapping f:¥—~ ¥ and g:¥— Z are defined respectively by 
f) = u,f®) =v, g@) = x.g(v) = y are S” -2-neutrosophic continuous. But g*f is not 
5*-2-neutrosophic continuous. 

Theorem 3.10. If f :¥ + Y¥ is S*-N-neutrosophic continuous and g: ¥ +2Z is N-neutrosophic 
continuous, then g° f :X — Z is S*-N-neutrosophic continuous. 

Proof. Let ¥ be N-neutrosophic open set in Z, then by hypothesis, g~*(¥) is N-neutrosophic 
open in ¥ and f-*(g™*)) is N-neutrosophic supra open in X¥ implies e°f)*(¥) is 
N-neutrosophic supra open in X. Therefore g*f is S*-N-neutrosophic continuous. 

Theorem 3.11. If f:%—¥ is WN -supra neutrosophic continuous and g:¥—Z is 
5*-N-neutrosophic continuous, then g° f :X — Z is 5°-N-neutrosophic continuous. 

Proof. Let ¥ be N-neutrosophic open set in Z then g~*(¥) is N-neutrosophic supra open in ¥ 
and f-*(g*¥)) is N-neutrosophic supra open in X implies (g°f)"(") is N-neutrosophic 
supra open in ¥. Therefore g°*f is 5°-N-neutrosophic continuous. 

Definition 3.12. Let (%.Nrt,) and (¥.Noe,) be WN -neutrosophic topological spaces. Nr,” 
and Na,” be associated N-neutrosophic supra topologies with respect to Nt, and Noy. A 
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mapping f : X¥ + ¥ is said to be N-supra neutrosophic open if the image of every Nt,,"-open set 
in X isa No,*-open set in ¥. 

Definition 3.13. Let (¥.Nr,) and (¥.Ne,) be N -neutrosophic topological spaces. Nt," 
and Ne,” be associated N-neutrosophic supra topologies with respect to Nt, and Noy. A 
mapping f : ¥ —Y¥ is said to be 5°-N-neutrosophic open if the image of every neutrosophic 
Nr,-open set in ¥ is Ne,"-open set in ¥. 

Lemma 3.14. Every N-supra neutrosophic open mapping is 5°-N-neutrosophic open, but the 
converse need not be true. 

Proof. The proof follows from the definitions, the converse part is shown in the following 


example. 
Example 3.15. Consider the example 3.4 (ii), defineg: ¥ +X by glx) =a, gly) =b. Clearly, g 
is 5°-N neutrosophic open map but it is not supra neutrosophic open map. 
Theorem 3.16. Let f:%—¥ be a N-supra neutrosophic open mapping. Then for each 
neutrosophic subset A of X, 

i. f Gnty,,-(A)) & inty, -(F). 

ii. f(Cly,,*{A)) 2 clyg, (fA). 


Proof. 

i. Since inty, (A) © A, then f {int wr,c(A)) c f(a) and 
int yg * (r (inty.,-(4) ¢ inty,* (f(4)). Since int y,_*CA) is Nt,” -open in X, then 
f Ginty,,-(A)) is Nt,"-open in ¥. Therefore int ye, «(f(inty,,-(A))) = f (int y,,-(A)). Hence 
f (inty,_-(A)) & inty, -(F AD). 

ii. Since ely,,*(4) 2A, then f (cly.,(A)) 2 f(A) and ely, (r (cty.,-()) = clyg (fF (a)). 
Since ely,,*CA) is Nt,” -closed set in X. then ¥—cly;*(A) is Nt," -open set in 
X andf(® — ely, *CA)) is No,” -open in ¥. That is ¥ — f(cly,,-(A)) is No,” -open in ¥ 
implies that f(clyz,*fA)) is No,*-closed in ¥ and so tlyg,(f (elyr,*(A))) = f(clyr,-fA)). 
Therefore, f (¢lyr,*CA)) 2 clys,-(FCA)). 


Theorem 3.17. Let f : ¥ + ¥ be a 5°-N-neutrosophic open mapping. Then for each neutrosophic 
subset A of X, 

i. f(inty,,(A)) & inty, -(F@). 

ii, F(Cly,, (A) 2 ely, (fA). 


Proof. The proof follows directly from theorem 3.16. 


4 Some Weak Mappings in Nrt,,"-Topological Space 


In this section, we introduce some weak forms of continuous functions in N-neutrosophic supra 
topological spaces and investigate the relationship between them. Throughout the section, 
N-neutrosophic supra k-open set (shortly Nt,"k-open set) is can be any one of the following: 
Nt,,"-open set, Nt,"@-open set, Nt,"semi-open set, Nt,” pre-open set, Nt,"8-open set, and 
Nt,,"r- open set. 


Definition 4.1. Let (¥.Nt,) and (¥.No,) be N-neutrosophic topological spaces. Nt,” and No,,” 
be associated N-neutrosophic supra topologies with respect to Nt, and Ne,. A mapping 
f : X —¥ is said to be N-supra neutrosophic k-continuous ((shortly Nt,"k-continuous) is can be 
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any one of the following: Nr,,°@-continuous, Nt,” semi continuous, Nr,” pre continuous, 

Nrt,,"8-continuous and Nt,"r- continuous) on X if the inverse image of every Na,"-open set in 
‘71 

Y isa Nt,"k-openin X. 


Definition 4.2. Let (%.Nt,) and (¥.No,) be N-neutrosophic topological spaces. Nt," and 
No,,” be associated N-neutrosophic supra topologies with respect to Nt, and No. A mapping 
f :X —¥ is said to be S*-N-neutrosophic k-continuous (is can be any one of the following: 
5*-N-neutrosophic @-continuous, 5°-N-neutrosophic semi continuous, 5°-N-neutrosophic pre 
continuous, 5°-N-neutrosophic #-continuous and 5°-N-neutrosophic r-continuous) if the 
inverse image of every N-neutrosophic open set in (¥,.N@,) is N-neutrosophic supra k-open set 
in (X,Nt,"). 


Lemma 4.3. Every N -supra neutrosophic &-continuous mapping is 5” - N -neutrosophic 
k-continuous, but the converse need not be true. 


Proof. The proof follows from the definition; the converse part is shown in the following example. 


Example 4.4. Consider the example 3.4(i), f is 5°-3-neutrosophic k-continuous and 3-supra 
neutrosophic k-continuous mapping on X. 


Theorem 4.5. Let (X.Nt,") and (¥.No,") be N-neutrosophic supra topological space. Then the 
following are equivalent: 


i. Amapping f : (¥..Nr,,") ~ (¥..No,,”) is N-supra neutrosophic k-continuous. 
ii/ The inverse image of every N-neutrosophic supra closed set in (¥.No,") is a 
N-neutrosophic supra k-closed set in (%..Nt,"). 
iii. kely, *(f—*(A)) cf 4 (kelys * (A)) for every neutrosophic set A of ¥. 
iv. f(Kely,-(B)) & kelys « (f(B)) for every neutrosophic set B of X. 
Vv. f*(kinty,, +(A)) Cc kinty, *(f-*(A)) for every neutrosophic subset A of ¥: 
Proof. The proof can be similarly derive as that of theorem 3.5 


Theorem 4.6. Let (Y,Nt,") and (¥.No,") be N-neutrosophic supra topological space. Then the 


following are equivalent: 
i. Amapping f : (¥..Nr,") = (¥..No,,”) is 5°-N- neutrosophic k-continuous. 
ii. The inverse image of every N-neutrosophic closed set in (¥;No,) is a N-neutrosophic 
supra k-closed set in (¥..Nt,,"). 
iii. Kely, -(f- 1(4))c f*(kely,, (A) for every neutrosophic set 4 of ¥. 
iv. f(Kely,,-(B)) & kellys (Ff (B)) for every neutrosophic set B of X. 
Vv. f*(kinty, -(A)) c kinty,, -(f*(A)) for every neutrosophic subset Aof ¥. 
Proof. The proof is straightforward from theorem 3.5. 
Theorem 4.7. The following statements are true for the mapping f : (%,Nr,") = .No,,."): 
i. Every N-supra neutrosophic r-continuous is N-supra neutrosophic continuous. 
ii. Every N-supra neutrosophic continuous is N-supra neutrosophic @-continuous. 
iii. Every N-supra neutrosophic @-continuous is N-supra neutrosophic semi-continuous. 


e 


v. Every N-supra neutrosophic &-continuous is N-supra neutrosophic pre-continuous. 
v. Every N-supra neutrosophic semi-continuous is N-supra neutrosophic 8-continuous. 
vi. Every N-supra neutrosophic pre-continuous is N-supra neutrosophic #-continuous. 


M. Arockia Dasan, V.F. Little Flower, Some Mappings in N -Neutrosophic Supra Topological Spaces 


Neutrosophic Sets and Systems, Vol. 50, 2022 402 


Proof. The proof follows directly from the fact that theorem 4.2 of [12] and theorem 14 of [5]. 
The converse of the above theorem need not be true as shown in the following example. 
Example 4.8. (i) For N =4. Let ¥ ={e.b} and ¥ = {x,y} with the neutrosophic topologies are 
T,0(X) = {0.X, ee 0.1), (0.7, 0.2), ©.8, 0} +2000 = {0,X, ((.6, 0.3), (0.5, 0.4), (0.3, 0.5))}, 
T, 0%) = {@.X, (0.6, 0.3), 0.7, 0.4), (0.3, 0) T,,0(X) = {0.x} and 
o,,0(¥) = {0,¥.((0.6, 0.3), (0.7,0.4),(0.3,0))} , o,,00) = (.¥,((.3,0.1), ©.7,0.2),(0.8,0))} , 
o,0(Y) ={0.¥} , and o,0(¥) = (0.Y.((@.6,0.3),(.5,0.4),(0.3,0.5))}. Then 42,0(%) = {0, 
X,((0.6, 0.1),(0.7, 0.2), (0.8, 3} ((0.6, 0.3), (0.5, 0.4), (0.3, 0.5)), ((0.6, 0.3), (0.7, 0.4), (0.3, 0)), 
((.6,0.1), (0.5, 0.2), (0.8, 0.5)). (9,6, 0.3), (0.7,0.4),(0.3,0))} and 40,0(¥) = {0.¥.((0.6,0.1), 
(0.7, 0.2), (0.8, 0)),((0.6, 0.3), (0.5, 0.4), (0.3,0.5)), (@.6, 0.3), (0.7, 0.4), (0.3, 0)),((0.6, 0.1), (0.5, 0.2), 
(0.8,0,5))}. Let 4r,°0(%) = 4r,,0(%), 40, 0(¥) =40,0(7) be the associated 4-neutrosophic 
supra topological space. Define f:% —¥ by f (=x, f)=y. Clearly, f is 4#-supra 
neutrosophic continuous mapping on X but it is not 4-supra neutrosophic r-continuous 
mapping on X. 
(ii) For N=2, let X¥={a,b} and Y¥={x,y} with the neutrosophic topologies are 
Tm, = {9.X,((0.3,0.4), (0.3, 0.4), .4,0.5))}. 1, = {0,.X, ((.4, 0.4), (0.4, 0.4), (0.4, 0.4))} and 
On, = {0.¥}.0,, = {0.¥,((0.4,0.6), (0.4, 0.6), (0.3,0.4))}. Then 27,0(%) = {9.X, (©.3,0.4), 
(0.3, 0.4), (0.4, 0.5)),((@.4,0.4),(.4,0.4), 0.4,0.4))} and 2¢,0(¥) = {0.¥,((.4, 0.6), (0.4, 0.6), 
(AY Let 2r,°0(X) = (0,X,((0.3, 0.4), (0.3, 0.4), ©.4, 0.5), (@.4, 0.2), (0.4, 0.2), (0.5,0.4)), 
(0.4,0.4), 0.4,0.4),0.4,0.4))} 14 26,*°0(¥) ={0.¥. ((0.4,0.6), (0.4,0.6),(0.3,0.4)), ((0.4.0.4), 
(0.4,0.4), (0.4,0.4))} be the associated 2-neutrosophic supra topological space. Define f : ¥ + ¥ 
by fl@)=x and f(b) =y. Therefore, f is 2-supra neutrosophic @ -continuous, 2 -supra 
neutrosophic semi-continuous, 2-supra neutrosophic pre-continuous and 2-supra neutrosophic 


8-continuous on X but not 2-supra neutrosophic continuous. 


ci) For N =2, let X = fa, as ¥ = {x,y}. Consider t,,0(%) = {0,X,((.3,0.5), ©.3, 0.5), 
4,0.5))}.t,0(%) = {9,X,((.4,0.3), (0.4, 0.3), (0.5, 0.6) )} and dy, O(Y) = £9, ¥} and 


o,,0(¥) = on ((0.4,0.4), (0.4, 0.4), (0.5, 0.4))}. Then 2r,0(%) = {0.X, ((.3,0.5),(.3,0.5), 
(0.4,0.5)), ((0.4,0.3),(0.4,0.3),(0.5,0.6)), ((0.4, 0.5), (0.4,0.5).( 4 9.5)), (0.3, 0.3),(0.3,0.3), 
(0.5, 0.5))} and 2o,0(¥) = {0. ¥, (0.4, 0.4), ((.4,0.4), (0.5,0.4))} . Let 22,,°0(%) = 27,,0(%) and 
20," OY) =2a,,0(Y) be the associated 2-neutrosophic supra topological space. Define f : ¥ + ¥ 
by f(a) =x and f() =y. Then f is 2t,"-supra neutrosophic semi-continuous and 2-supra 
neutrosophic B-continuous but it is not 2-supra neutrosophic &-continuous and not 2-supra 
neutrosophic pre-continuous. 
(iv) For N =2, let X = {a,b} and ¥ = {x,y}. Consider ™,O@%) = {0,X,((@.3,0.5),(0.3, 0.5), 
(0.4,0.5))}. 7,00) = {9,xX,((.4,0.5), (0.4, 0.5), .4,0.2))}. o,,007) = {0.¥.((@.4,0.5), (0.4,0.5), 
(0.5, 0.4))}.¢,,0(¥) = {9.¥}. Then 21,0(X) ={0.X, ((0.3, 0.5), (0.3, 0.5), (0.4,0.5)), 
(@.4,0.5),(.4,0.5),(.4,0.2))}, and 20,07) ={o.¥,((@.4,0.5),(©.4,0.5),(0.5,0.4))}. Let 
22," O(X) = { 6,X, ((.3, 0.5), ©.3, 0.5), (0.4, 0.5)), ((@.4, 0.3), (0.4, 0.3), (0.5, 0.2)) 
_(@.4,0.5), @.4, 0.5), @.4,0.2))} and 
2e,,° O(¥) = {o. ¥, (0.4, 0.5), (0.4, 0.5), (0.5, 0.4)), ((.4,0.5), (0.4,0.5),(0.4,0.2))} be the associated 
2-neutrosophic supra topological space. Define f : ¥ +¥ by fle) =x and ft) =y. Then f is 
2-supra neutrosophic pre-continuous and 2-supra neutrosophic #-continuous but it is not 
2-supra neutrosophic @-continuous and not 2-supra neutrosophic semi-continuous. 
Theorem 4.9. The following statements are true for the mapping f : (Y.Nr,") = .Ne,,."): 

i. Every 5*-N-neutrosophic r-continuous is 5°-N-neutrosophic continuous. 
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ii. Every 5°-N-neutrosophic continuous is 5°-N-neutrosophic @-continuous. 

iii. Every 5°-N-neutrosophic @-continuous is 5°-N-neutrosophic semi-continuous. 

iv. Every 5°-N-neutrosophic @-continuous is 5°-N-neutrosophic pre-continuous. 

v. Every 5°-N-neutrosophic semi-continuous is 5°-N-neutrosophic 8-continuous. 

vi. Every 5*-N-neutrosophic pre-continuous is 5°-N-neutrosophic 8-continuous. 
Proof. The proof follows directly from the fact that theorem 4.2 of [12] and theorem 14 of [5]. 
The converse of the above theorem need not be true as shown in the following example. 
Example 4.10.Consider the example 4.8(i) f is 5°-4-neutrosophic continuous mapping on X but 
it isnot 5*4-neutrosophic r-continuous mapping on X. 
Consider the example 4.8.(ii) , f is 5° -2-neutrosophic @ -continuous, 5” - 2 -neutrosophic 
semi-continuous, 5°-2-neutrosophic pre-continuous and 5*-2-neutrosophic 8-continuous on X 
but not 5°-2-neutrosophic continuous. 
Consider the example 4.8.(iii), f is 5°-2-neutrosophic semi-continuous and 5*-2-neutrosophic 
8-continuous but it is not 5°-2-neutrosophic @-continuous and not 5*-2-neutrosophic pre- 
continuous. 
Consider the example 4.8.(iv), Then f is 5°-2-neutrosophic pre-continuous and 5” -2- 
neutrosophic #-continuous but it is not 5°-2-neutrosophic @-continuous and not S*-2- 
neutrosophic semi-continuous. 
Theorem 4.11.A function f : ¥ ~ ¥ is N-supra neutrosophic & -continuous on X if and only if 
N-supra neutrosophic semi-continuous and N-supra neutrosophic pre-continuous. 
Proof. The proof can be derive from the fact of theorem 4.6 of [12]. 
Theorem 4.12.A function f :¥ -¥ is S°-N-neutrosophic & -continuous on X if and only if 
5*-N-neutrosophic semi-continuous and 5°-N-neutrosophic pre-continuous. 
Proof. The proof of the theorem is directly following from theorem 4.6 of [12]. 
Theorem 4.13. If f:¥—¥ and g:¥—Z are N-supra neutrosophic k-continuous mappings, 
then g° f :X —~Z is N-supra neutrosophic &-continuous. 
Proof. Let ¥ be a N-neutrosophic supra k-open set in Z, then g™*(¥) is neutrosophic supra 
k-open in ¥ andf~*(g-*@®)) is neutrosophic supra k-open in X implies @°f)-*(V) is 
neutrosophic supra k-openin X. Therefore g*f is N-supra neutrosophic k-continuous. 
Remark 4.14. The composition of two 5*-N-neutrosophic k-continuous mappings need not be 
5*-N-neutrosophic k-continuous. 
Example 4.15. For N = 2, let X¥ ={e,b}, ¥ ={u,v}and Z = {x, y}with the neutrosophic 
topologies are Tj, ={0.X.((0.3, 0.7), (0.4,0.8), (0.5, 0.9))}.z,, ={0.X.((0.3,0.8), (0.5,0.8), 


(0.5,0.8))}. on, ={0.¥}. o,, = {9. ¥. (.3,0.7),(.4,0.8), (0.5,0.9))}, a,, = {0.Z. 
(0.7.0.3), (0.6, 0.2), (0.5,0.1))} 


and "In, = {0,2} with the z -neutrosophic topologies are 
2r,0(X) = {0.X, ((.3,0.7), (0.4, 0.8), (0.5,0.9)), ((0.3,0.8), (0.5, 0.8), (0.5, 0.8))}, 20,007 ) = 


{0.¥,((0.3,0.7), (0.4,0.8),(0.5,0.9))} ang 2,02) = { 0.Z,((.7,0.3),0.6,0.2),(0.5,0.1))} . Let 


27, O(x) =(9-X.(.5,0.8), (0.5, 0.8), (0.5, 0.8)), ((0.3,0.7), .4,0.8), 0.5, 0.9)), (0.3,0.8).(9 5 gg), 
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(0.5, 0.8))} and 2e,," OY ) = 9. ¥, ((.3, 0.7), ©.4,0.8), ©.5,0.9)), (0.7, 0.3), 
(0.6, 0.2), (0.5, 0.1)),((.7,0.7), (0.6, 0.8), (0.5, 0.1))} be the associated 2 -neutrosophic supra 
topologies with respect to 2t and 2¢,. Then the mapping f:¥ ~ ¥ and g:¥ — Z are defined 
respectively by f@) = uf@)=v.g@)=xzg9@)=y are S* - 2 -neutrosophic 
@ -continuous 5” - 2 -neutrosophic semi-continuous 5° - 2 -neutrosophic pre-continuous, 
§*-2-neutrosophic #-continuous. But g°fis not 5°-2-neutrosophic k-continuous. Consider the 
example 3.9. f and g is 5°-2-neutrosophic r-continuous. But g*f is not 5” -2-neutrosophic 


r-continuous. 


Theorem 4.16. If f:X—¥ be 5S” - N -neutrosophic & -continuous and gi: ¥—Z is 
N-neutrosophic continuous, then g* f :X ~Z is S*-N-neutrosophic k-continuous. 

Proof. Let ¥ be a N-neutrosophic open set in Z, then g~*{¥) is N-neutrosophic open in ¥ and 
f7%@7)) is N -neutrosophic supra k-open in X implies c°f)") is N -neutrosophic 
supra k-openin X. Therefore g*f is 5°-N-neutrosophic k-continuous. 

Theorem 4.17. If f:X—¥Y is WN -supra neutrosophic & -continuous and g:¥—~Z is 
5° - N -neutrosophic & -continuous (or N -neutrosophic continuous), then g°*f:X—Z is 
5*-N-neutrosophic k-continuous. 

Proof. Let ¥ be a N-neutrosophic open set in Z. Since g is 5°-N-neutrosophic k-continuous, 
then g™*(¥) is N-neutrosophic supra k-open in¥. Since f is N-supra neutrosophic 
k-continuous, then f~*(g7*@)) is N-neutrosophic supra k-open in ¥ implies @ef)"@) is 
N-neutrosophic supra k-open in X. Therefore g*f is 5°-N-neutrosophic k-continuous. 
Definition 4.18. Let (¥,Nt,) and (¥.No,) be N-neutrosophic topological spaces. Nt,” and 
Na,” be associated N-neutrosophic supra topologies with respect to Nt, and No. A mapping 
f : X +Y¥ is said to be N-supra neutrosophic k-openon X if the image of every Nt,,"-open set in 
X isa No,"k-openin ¥. 

Definition 4.19. Let (¥,Nt,) and (¥.No,) be N-neutrosophic topological spaces. Nt,” and 
No,,” be associated N-neutrosophic supra topologies with respect to Nt, and No,. A mapping 
f : X +Y¥ is said to be N-supra neutrosophic k-closed on X if the image of every Nt,"-closed set 
in X isa No,,"k-closed in ¥. 

Definition 4.20. Let (%.Nr,) and (¥.Noe,) be N -neutrosophic topological spaces. Nt," 
and Na,” be associated N-neutrosophic supra topologies with respect to Nt, and Noy. A 
mapping f : ¥ — ¥ is said to be 5°-N-neutrosophic k-open mapping on ¥ if the image of every 
N-neutrosophic open set in (¥,.Nt,) is N-neutrosophic supra k-open in (¥, No,,’). 

Definition 4.21. Let (¥,.Nt,) and (¥.No,) be N-neutrosophic topological spaces. Nt," and 
No,,” be associated N-neutrosophic supra topologies with respect to Nt and No,. A mapping 
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f:X-—Y is said to be S°-N-neutrosophic k-closed mapping on X if the image of every 
N-neutrosophic closed set in (¥,.Nt,) is N-neutrosophic supra k-closed in (Y.No,,’). 

Lemma 4.22. Every N-supra neutrosophic k-open mapping is 5°-N-neutrosophic k-open but the 
converse need not be true. 

Proof. The proof is trivially true from the definition, the converse part is shown in the following 


example. 
Example 4.23 Consider the example 3.15.(ii), g is 5°-2-neutrosophic k-open map on X but it is 
not 2-supra neutrosophic k-open map 
Theorem 4.24. Let f:¥—Y¥ be a N- supra neutrosophic k-open mapping. Then for each 
neutrosophic subset A of X, 

i. f (kint y, -(A)) © kinty, -(f(A)). 

ii. f(Kely,,-(A)) 2 kelyg +(f (AD). 


Proof. The proof is similarly follows from theorem 3.16. 
Theorem 4.25. Let f : ¥ + ¥ be a 5°-N-neutrosophic open mapping. Then for each neutrosophic 
subset A of X, 
i. f(kinty,, (A)) © kinty, -(f (A). 
f (kely,,,(A)) 2 kelyg,-(f(A)). 


Proof. This proof is straightforward from theorem 3.17. 

Theorem 4.26. Let (¥..Nt,) and (¥.Ne,,) be N-neutrosophic topological spaces. Nt,” and No,,” 
be associated N-neutrosophic supra topologies with respect to Nt, and No,. Let A be then 
neutrosophic subset of ¥. Then 

i If f:X¥—-¥ is WN -supra_ neutrosophic @ -closed if and _ only _ if 
clyg,+Cintya,(clyg,-(FA)))) © f (ely,-(A)). 

iii If f:X—-¥ is WN -supra_ neutrosophic semi-closed if and _ only if 
intyg,*(clvg,-(FA)) © f (Clvr,-(A))- 

iii, If f:X¥—-¥Y is WN -supra_ neutrosophic  pre-closed if and only __ if 
clye,*(intye,*(f(A))) © f(clyz,-A)). 

iv. If f:¥—-¥ is WN -supra  neutrosophic @ -closed if and only if 
inty,, +(clya,+(intys,-(FAD)))  f (elvr,-(A)). 

Proof. i. Assume Be f - N ae neutrosophic @-closed and ASX andecly,-(A4) is 


Nz,” -closed in ve *(4)) is, No,*a@ -closed in ¥ and s0, 
f (cle, -(a)) 2 cmc oe “an ( (cly.,-(AD cw)))) Now fA) ff(ely,,-(4)) then 
elyg *(f(A)) © elyg (wir and 
clyg*(int ys * C= (F(4))) c a Co (cine, (r (cl... a)))} Hence 


elyg *(intys *(clys -(f a © f(ely,," (A)). Conversely, suppose the ‘condition holds. Let F be 
any Nr,” -closed set in 4X. Then cly,*(F)=F. By the condition, 
elyg *(inty, *(cly, *(fF)))) cf (cly,,*)) = f(F) which gives f(F) is No,"@-closed in ¥ and 
so f is N-supra neutrosophic «-closed. 

ii. Assume that f be N -supra neutrosophic semi-closed and ASX and cely,,-CA) is 
Nr,” -closed in &. ,Then | f(elyr,*(A)), is No,” -semi closed in ¥ 
and f (cly;,-(A)) 2 inty,,- (cinnc(f (<tw.,-@))) Now fd) cf(cly.,-(4)) — then 
elyg “(f(A)) & ely (Ff (ely:,*C) 

and inty, *(cly,_*(fCA))) © inty , (cly,g* (f(ely,,*CA)))). Then 
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inty,* (clive, (Ft) cf (cly,,-(A)). Conversely, suppose the condition holds. Let F be any 
Nr,” -closed set in &. Then ely, *(F)=F. By the condition, 
inty, «(cle -(fF)) cf (cly,,*4A)) = Ff@) which gives f(F) is No,,"-semi-closed in ¥.So f is 
N-supra neutrosophic semi-closed. 

iii. Assume that f be N -supra neutrosophic pre-closed and A&X. Then ely, (A) is 
Nr,” -closed in X. Hence f(clyr,*(A)) is No,” -pre closed in ¥ and _ 50, 
f €ly;,*CA)) 2 el yg,,-Cintyg,,*(F(elws,,€A))))- Now f(A) © f(ely,,-CA)). That is 
inty, *(f(A)) Cinty, *(f(cly, =(4))). We have 
els * (inty,,- (f())) < c cn (F (<ine,-))) Hence 
ely, *(inty, *(f(A))) © f(cly,_-\A)). Conversely, suppose the condition holds. Let F be any 
Nr,” — -closed set in x. Then ely, *(F) =F. By the condition, 
elyg *(intys (fF) © f(ly,,*(A) = f(F) which gives f(F) is No,,"-pre-closed in ¥. Sof is 
N-supra neutrosophic supra pre-closed. 

iv. Assume that f be N-supra neutrosophic B- sc and A©& X. Then ely,;,*(A) is Nt,"-closed 


Xx. Hence f (cl y,_-fA)) is -closed in Y and so, 
ae -(A)) 2 inty,,- (0 inty, * (F (cts, Now Fa C f(cly,,-(A)). That is 
inty, *(f(A)) & inty , Uf (clyr,* have 


intyg,,“(Clye,*(inty,,* (FCA)))) © intys, -(clye,«Cintye,« (F(elv:, ayy. Hence 
inty sg *(clyz*(intys * (f(A) & Ff (clyr,*CA)). Conversely, suppose the condition holds. Let F be 
any Nr,” -closed set in X. Then cly,*(F)=F. By the condition, 
intys *(clyg*(inty, «(fF)))) & f(cly.,*(4)) = fF) which gives f(F) is No,”-pre closed in 
¥. Sof is N-supra neutrosophic 8-closed mapping. 
Theorem 4.27. Let (¥.Nt,) and (¥.No,) be N-neutrosophic topological spaces. Nt," and No,” 
be associated N-neutrosophic supra topologies with respect to Nt, and No,. Let A be then 
neutrosophic subset of X. Then 
iif f:¥—-¥ is S* - N -neutrosophic @ -closed if and _ only 
clya,-(inty,*(Clya,-(fA)))) © f (el: AD). 
iilf f:X¥—+¥ is S* - N -neutrosophic semi-closed if and only if 
intys, -(Clyg,-(fA)) © f (ely,,, A). 
iii. If f:¥—-¥ is S° - N -neutrosophic pre-closed if and only if 
clyg *(inty, *(f(A))) & f (ely, (AD). 
iv. If f:¥—¥ is S° - N -neutrosophic # -closed if and only _ if 
intyg,.+(Clyg,Cintys,*(FA)))) © f (lr, AD). 
Proof. This proof is similarly follows from theorem 4.26 
Theorem 4.28.Let (¥,Nt,) and (¥.Ne,) be N-neutrosophic topological spaces. Nt," and No,,” 
be associated N-neutrosophic supra topologies with respect to Nt, and No,. Let A be then 
neutrosophic subset of X. Then 
i If f:X—-¥ is N -supra_ neutrosophic @ -open if and_ only _ if 
f Ginty;,* (4) € inty, * (clyg,*(inty, ¢t) )))- 
iii If f:X—-¥ is N -supra_ neutrosophic semi-open if and only _ if 


f Ginty,,-CA)) = clyg *(inty, (f(A). 


iii, If f:X—¥ is N - supra’ neutrosophic pre-open if and _ only if 
f (inty..,-(A)) C inty, * (clive, (F())). 
iv. If f:r-y¥ is N -supra neutrosophic B -open 


f (inty,,-(A)) © elyg *(intys (Clg (Ff (4) )).- 
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Proof. This proof follows from theorem 4.26. 

Theorem 4.29. Let (¥,Nt,) and (¥.No,) be N-neutrosophic topological spaces. Nt," and No,” 
be associated N-neutrosophic supra topologies with respect to Nt, and No,. Let A be then 
neutrosophic subset of X. Then 


i fi:X¥>Y is S& N  -neutrosophic @ -open if and only __ if 
f (inty,, (A) & inty, + (lye, (inty,, -(f(A)))). 
iii f:X—-¥Y is S° - WN -neutrosophic semi-open if and only if 


f Ginty,, (A) © ely, + (inty,, -(f (AD). 
iii A mapping f:X—¥ is S* - N -neutrosophic pre-open if and only if 
f (inty,_ (A)) S inty g “(lye -(f AD). 
iv. A mapping f:¥—-¥ is S* - N -neutrosophic B -open if and only if 
f Gnty,, A) © ely, + (intys, *(clys,*(f )))). 
Proof. This proof is straightforward from theorem 4.26. 
5 Conclusion and Future Work 
Neutrosophic supra topological space is one of the new research areas to deal with the 
uncertainty concept and it is a generalized form of fuzzy supra topological spaces as well as 
intuitionistic fuzzy supra topological spaces. This paper theoretically introduced N-neutrosophic 
supra topological mappings with suitable examples. The properties and relationship between 
N -neutrosophic supra topological mappings are derived. We can construct the real-life 
application of these N-neutrosophic supra topological sets and mappings in the future and 
implement these concepts to other applicable research areas of topology such as Rough topology, 
Fuzzy topology, intuitionistic topology, Digital topology, and so on. 
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Abstract 

In this article, we propose a MADM-strategy based on hyperbolic cosine similarity measures under 
the single valued neutrosophic set environment. Further, we also give some properties of the 
similarity measures by giving some suitable examples. We also solve a numerical example to validate 


our proposed MADM-model. 


Keywords: MADM- Strategy; Neutrosophic Set; Similarity Measure; Distillation Unit. 


1. Introduction 

In the year 1998, Smarandache [18] grounded the concept of neutrosophic set (in short NS) as a 
generalization of the notion of fuzzy set [27] and intuitionistic fuzzy set (in short IFS) [1] theory to 
deal with incomplete and indeterminate information. In every NS, truth membership, indeterminacy 
membership, and falsity membership values of each element are independent of each other. 
Indeterminacy-membership plays a vital role in many real world multi attribute decision making (in 
short MADM) problems. In the year 2010, Wang et al. [21] presented the concept of single valued 
neutrosophic set (in short SVNS), which is the subclass of an NS. By using SVNS, we can represent 
incomplete, imprecise, and indeterminate information that helps in decision making in the real world. 
The notion of SVNS and the various extensions of SVNS have been used in the formation of MADM- 


model / MADM-algorithm in different branch (branches) of real world such as medical diagnosis, 
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educational problem, social problems, decision making problems, conflict resolution, etc. In the year 
(In) 2014, Biswas et al. [2] proposed the entropy based grey relational analysis (in short GRA) method 
and developed a MADM-strategy under SVNS-environment. Afterwards, Dey et al. [4] proposed a 
MADM model for the select ion of weaver based on extended GRA method under the interval NS 
environment. Later on, Dey et al. [5] also proposed a MADM-strategy under the interval NS 
environment based on extended projection method. In the year 2016, Mondal et al. [11] studied the 
role of SVNS in data mining. In the year 2016, Pramanik et al. [13] proposed a MADM- strategy to 
choose the logistic center location. Later on, Mondal et al. [10] defined a similarity measure under the 
SVNS environment namely single valued neutrosophic hyperbolic sine similarity measure, and 
proposed a MADM- strategy based on it. In the year 2015, Pramanik and Mondal [15, 16] proposed 
two MADM-strategies under the rough neutrosophic set environment. Afterwards, several MADM- 
strategies has been developed by Ye [22-25], Ye and Zhang [26], etc. using different similarity measure 
under the SVNS environment. 

In this study, we propose a MADM-strategy based using (on) the single valued weighted 
hyperbolic cosine similarity measure under the SVNS-environment. Further, we validate the 
proposed model by solving an illustrative numerical example entitled “Selection of the Most Suitable 
Distillation Unit under SVNS-Environment”. 

There is no study in the literature relating to MADM-strategy using single valued neutrosophic 
weighted hyperbolic cosine similarity measure under the SVNS-environment. To fill the research 
gap, we propose this MADM-strategy under SVNS-environment based on single valued 
neutrosophic weighted hyperbolic cosine similarity measure. 

The rest of the paper has been split into the following sections: 

In section-2, we recall SVNS and its different properties. In section-3, we introduce a new 
similarity measure namely single valued neutrosophic weighted hyperbolic cosine similarity 
measure of similarities between two single valued neutrosophic numbers. In section-4, we propose a 
MADM-strategy based on single valued neutrosophic weighted hyperbolic cosine similarity measure 
under the SVNS-environment. In section-5, we give a numerical example to show the applicability 
and effectiveness of the proposed MADM-strategy. In section-6, we conclude the work done in this 


paper by stating some future scope of research. 


2. Preliminaries and Definitions 
In this section, we give some basic definitions and results those are relevant for developing the 
main results of this article. 
Definition 2.1. [18] A single valued neutrosophic set K over a fixed set L is defined by 
K={(u, Tx(u), Ix(u), Fx(u)): u EL}, where Tx, Ix, Fx are truth, indeterminacy and falsity membership 
mappings from L to [0, 1], and so 0 < Tx(u) + Ik(u) + Fx(u) < 3. 
The null SVNS (On) and the absolute SVNS (1n) over a fixed set L are defined as follows: 
(i) On= {(u, 0, 1, 1): weL}, 
(ii) In= {(u, 1, 0, 0) : weL}. 
Example 2.1. Assume that L={a, b} be a fixed set. Then, K={(a,0.3,0.2,0.6), (b,0.9,0.5,0.8)} is a SVNS over 
Ts 


Bimal Shil, Rakhal Das, Carlos Granados, Suman Das, Bipul Das Chowdhury, Hyperbolic Cosine Similarity 
Measure Based MADM-Strategy under the SVNS Environment. 


Neutrosophic Sets and Systems, Vol. 50, 2022 411 


Definition 2.2. [18] Suppose that X={(u, Tx(u), Ix(u), Fx(u)): weL} and Y={(u, Ty(u), Iy(u), Fy(u)): ue L} 
be two SVNSs over L. Then, X c Y if and only if Tx(u) < Ty(u), Ix(u) 2 Iy(u), Fx(u)2 Fy(u), for all veL. 
Example 2.2. Assume that L={a, b} be a fixed set. Let K={(a,0.3,0.5,0.6), (b,0.2,0.5,0.8)} and 
S={(a,0.4,0.3,0.6), (b,0.4,0.5,0.6)} be two SVNSs over L. Then, K c S. 

Definition 2.3. [18] Assume that X = {(u, Tx(u), Ix(u), Fx(u)): ueL} and Y = {(u, Ty(u), Iy(u), Fr(u)): ueL} 
be two SVN-Sets over L. Then, XUY={(u, max {Tx(u), Ty(u)}, min {Ix(u), Ix(u)}, min {Fx(u), Fx(u)}): ueL}. 
Example 2.3. Suppose that K={(a,0.3,0.7,0.2), (b,0.9,0.4,0.8)} and S={(a,0.4,0.3,0.6), (b,0.4,0.5, 0.6)} be two 
SVNSs over a fixed set L={a, b}. Then, KUS={(a,0.4,0.3,0.2), (b,0.9,0.4,0.6)}. 

Definition 2.4. [18] Suppose that X = {(u, Tx(u), Ix(u), Fx(u)): ue L} and Y = {(u, Ty(u), Iy(u), Fr(u)): we L} 
be two SVN-Sets over L. Then, XNY = {(u, min {Tx(u), Ty(u)}, max {Ix(u), Ix(u)}, max {Fx(u), Fx(u)}): 
ueL}. 

Example 2.4. Suppose that K and S be two SVNSs over a fixed set L={a, b} as shown in Example 2.3. 
Then, K7S={(a,0.3,0.7,0.6), (b,0.4,0.5,0.8)}. 

Definition 2.5. [18] Suppose that X = {(u, Tx(u), Ix(u), Fx(u)): ue W} and Y= {(u, Tr(u), Ir(u), Fr(u)): ue L} 
be two SVN-Sets over L. Then, X= {(u, 1-Tx(u), 1-Ix(u), 1-Fx(u)): ue L}. 

Example 2.5. Assume that K={(a,0.3,0.2,0.6), (b,0.9,0.5,0.8)} be a SVNS over L={a, b} as shown in 
Example 2.1. Then, K={(a,0.7,0.8,0.4), (b,0.1,0.5,0.2)}. 


3. Single Valued Neutrosophic Hyperbolic Cosine Similarity Measure 

In this section, we introduce a new similarity measure namely single valued neutrosophic 
weighted hyperbolic cosine similarity measure under the SVNS-environment. Then, we formulate 
some basic results based on it. 
Definition 3.1. Suppose that M = {(ui, Tu(ui), Im(ui), Fu(ui)): uieL, 1=1, 2, ..., n} and W= {(ui, Tw(ui), Iw(ui), 
Fw(ui)): uieL, i=1, 2, ...,1} be two SVNS over a non-empty set L. Then, the single valued neutrosophic 
hyperbolic cosine similarity measure (in short SVNHCSM) of the similarity between the SVNSs M 
and W is defined by: 


SVNHCSM (M, W) = 1- 1 yn (canoe twols Hm Cipm tw Gol + uC =Fwoe) (1) 


n i=l 11 
Example 3.1. Let M = {(a,0.5,0.3,0.5), (b,0.3,0.5,0.4)} and W = {(a,0.6,0.4,0.3), (b,0.7,0.5, 0.4)} be two 
SVNSs over a fixed set L={a, b}. Then, SVNHCSM (M, W) = 0.9017206935. 


Definition 3.2. Suppose that M = {(ui, Tu(ui), Im(ui), Fau(ui)): uieL, 1=1, 2, ..., n} and W= {(ui, Tw(ui), Iw(ui), 
Fw(ui)): uieL, i=1, 2, ..., n} be two SVNSs over a fixed set L. Then, the single valued neutrosophic 
weighted hyperbolic cosine similarity measure (in short SVNWHCSM) of the similarity between the 
SVNSs M and Wis defined by: 


SVNWHCGSM (M, W) =1- tyr wy, (Cate tw + lu @i)—lw i) + Sworn ee), (2) 


noel 11 
where 0 $ w;< 1 and Yi w;,=1. 
Example 3.2. Let us consider two SVNSs M and W as shown in Example 3.1. Assume that w,= 0.5 
and w= 0.4 be the corresponding weights of M and W. Then, SVNWHCSM (M, W) = 0.9557743121. 
Theorem 3.1. Let SVNHCSM (M, W) be the single valued neutrosophic hyperbolic cosine similarity 
measure between the SVNSs M and W. Then, 0 < SVNHCSM (M, W) < 1. 
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Proof. Suppose that M = {(ui, Tu(ui), Iu(ui), Fu(ui)): ue, i=1, 2, ..., n} and W = {(ui, Tw(ui), Iw(ui), Fw(ui)): 
uieL, i=1, 2, ..., n} be two SVN-Sets over a fixed set L. 

Now, 0 < Tu(ui), Im(ui), Fu(ui), Tw(ui), Iw(ui), Fw(ui) < 1, for each i=1, 2, ...,.1 

=> 0 < 1 Tm(ui - Tw(ui)l + |Iu(ui - Iw(ui)| + |Fu(ui)- Fw(ui)| <3, for each i=1, 2, ..., 1 


cosh(|Tm(uj)-Tw(ui)| + Um (ui)—-Iw i) + FM) -Fw ud) 24 ter eachae 2 
11 s+, oe ee 


>0O0< n 


lon cosh(ITy@i)-Twua)| + UM ui)—lw ui) + FFM - Fw) 


nr <1 
nGi=l 11 


>0<1- 


=>0<SVNHCSM (M, W) <1. 

Theorem 3.2. Assume that SVNHCSM (M, W) be the single valued neutrosophic hyperbolic cosine 
similarity measure of the similarities between two SVPNSs M and W. If M = W, then SVNHCSM (M, 
W)=1. 

Proof. Suppose that M = {(ui, Tm(ui), Im(ui), Fu(ui)): wie L, i=1, 2, ..., n} and W = {(ui, Tw(ui), Iw(ui), Fw(ui): 
ui €L, i=1, 2, ..., n} be two SVN-Sets over a fixed set L such that M = W. 

So, Tu(ui) = Tw(ui), Im(ui) = Iw(ui), Em(ui) = Fw(ui), for each uieL (i=1, 2, ..., 11) 

=> |To(ui) - Tw(ui)l = 0, LIm(ui) - Iw(ui)| = 0, | Fu(ui) - Fw(ui)| =0, for each uieL (1, 2, ..., 1) 

=> cosh(|Ty (uj) — Tw(ui)| + UCud -—Iw(ud| + |Fu (ui) -— Fw (up|) = 0, for each uieL (1, 2, ..., 1) 


= a, ee WN wt pew oP =0 
lon cosh(ITy(ui)-Tw(ui)| + IM (ui)—lw i) + FFM (ua) -Fw uD =4 


lt i=1 11 


=> SVNHCSM (M, W) = 1. 

Theorem 3.3. Assume that SVNHCSM (M, W) be the single valued neutrosophic hyperbolic cosine 
similarity measure of the similarities between two SVN-Sets M and W. Then, SVNHCSM (M, W) = 
SVNHCSM (W, M). 

Proof. Suppose that M = {(u;, Tu(u;), Im(u;), Fu(u;)): ueL, 1, 2, ..., n} and W = {(uj, Tw(u;), Iw(uj), 
Fw(u;)): u,eL, i=1, 2, ..., n} be two SVN-Sets over L. 

Now, SVNHCSM (M, W) 


=j-lyn (cote Two Him tw ls Cp rw oP) 
nial 11 


245 : an (e es + Swipe eon) 
=SVNHCSM (W, M). 

Therefore, SVNHCSM (M, W) =SVNHCSM (M, W). 

Theorem 3.4. Suppose that SVNHCSM (M, W) be the single valued neutrosophic hyperbolic cosine 
similarity measure of the similarity between the SVN-Sets M and W. If Q be a SVN-Set over L such 
that McWcQ, then SVNHCSM (M, W) = SVNHCSM (M, Q) and SVNHCSM (W, Q) = SVNHCSM (M, 
Q). 

Proof. Suppose that M = {(ui, Tm(ui), Im(ui), Fu(ui)): wie L, i=1, 2, ..., n} and W= {(ui, Tw(ui), Iw(ui), Fw(ui): 
uicL, i=1, 2, ..., n} be two SVN-Sets over L. Let Q be a SVN-Set over L such that McWcQ. Since 
McWcQ, so | Tm(ui)-Tw(ui)| < | Tu(ui)-To(ui) |, m(ui)-Iw(ui)| < Lm(ui)-Io(ui)|, | Fu(ui)-Fw(ui | < | Fau(ui)- 
Fo(ui)l, VuieL, i=1, 2, ..., 0. 
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Now, we have 


SVNHCSM (M, W) 


=j-lyn (cet Two Hm ipm tw oh sy Cip wor) 
nial 11 


ae lon (<centaco—Tatudl + Huta! + Fue Fetuo)) 
= n i=1 11 


= SVNHCSM (M, Q). 
Therefore, SVNHCSM (M, W) => SVNHCSM (M, Q). 
Again, from McWcQ it can be say that | Tw(ui)-To(ui)|<|Tu(ui)-To(ui)|, |Iw(ui)-Lo(ui) |< Im(ui)- 
To(ui)|, | Em(ui)-Fw(ui)|<|Fu(ui)-Fo(uil, VuieL, i=1, 2, ..., 1. 
Now, we have 
SVNHCSM (W, Q) 


= lon (eee UFwCud Potent + Hw Cud)~toCut + Fw (ud) FoGu)) 
n i=1 11 


ae lon (<cenitaced Tatu + Hin ud —toGual + Fuad Foul) 
= n i=1 11 


= SVNHCSM (M, Q). 
Therefore, SVNHCSM (M, W) = SVNHCSM (M, Q). 


4. SVNWHCSM Based MADM Strategy 

Let Q = {Q1, Q2, ..., Qn} be the fixed set of possible alternatives and P = {P1, P2, ..., Pm} be the 
collection of attributes for a multi attribute decision making (in short MADM) problem. Then, a 
decision maker can provide their evaluation information of each alternative Qi (i= 1, 2, ..., m) against 
the attributes P; (j = 1, 2, ..., m) in terms of SVNS. Then, the whole evaluation information of all 


alternatives can be expressed by a decision matrix. 
The following are the steps of the proposed MADM-technique: 


Step-1: Construct the Decision Matrix Using the SVNS 

The whole evaluation information of each alternative Qi (i = 1, 2,..., 1) based on the attributes P; 
(j = 1, 2, ..., m) is expressed in terms of SVN-Set EQ,= {(Pi, Tij(Qi, Pi), 1ij(Qi Pi), Fij(Qi, Pi)): Pie Ph, 
where (T;;(Qi, Pi), 1ij(Qi, Pi), Fij(Qi, Pi)) denotes the evaluation assessment of Qi (i= 1, 2,..., 1) against 
Pj (j=1,2,..., m). 
Then, we can build the decision matrix (DM[Q1P] ) as follows: 


Pi P2 wee | Pin 

Qi [T11 (Q1, P1), hy (Q1, Pi), [T12(Q1, Po), Iy2(Q), Po), tees [Tim (Q1, Pm), lim (Q1, Pm), 
F,,(Q1, P1)] F2(Q1, P2)] Fm (Qt, Pm)] 

Q2 [To1 (Q;, Ps), Ih (Q2, Pi), [T22(Q2, Po), In2(Q2, P2), tees [T2m(Q2, Pm), Iom(Q2, Pm), 
F24(Q2, P1)] F22(Q2, P2)] Fam (Q2, Pm)] 
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Qn [Tn1 (Qn, P1), Tn (Qn, P1), [Tn2(Qu, P2), In2(Qn, P2), andkate [Tam (Qn, Pm), Iym(Qn, Pn), 
Fr1(Qn, P1)] Fr2(Qn, P2)] Fum(Qn, Pm)] 


Step-2: Determination of the Attributes Weight 

In an MADM-strategy, the weights of the attributes play an important role in taking decision. 
When the weights of the attributes are totally unknown to the decision makers, then the attribute 
weights can be determined by using the compromise function defined in equation (3). 

Compromise Function: The compromise function of Q is defined by: 
Q=Yiz1 (2+T;;(Qi, P))-Ii;(Qi, P))-F,;(Qi, P)))/3 (3) 
Then the desired weight of the j‘* attribute is defined by wj= a (4) 


Here, Dj=1wj=1. 


Step-3: Determination of ideal solution 
In any similarity measure based MADM- strategy, the selection of ideal solution is the key factor 
to find the most suitable alternative. In our proposed MADM-strategy, we take the absolute SVNS In 


as an ideal solution to find the suitable alternative. 


Step-4: Determination of single valued neutrosophic weighted hyperbolic cosine similarity value 

After the formation of ideal solution in step-3, by using eq. (1), we calculate the SVNWHCSM 
values for every alternative between the ideal solution and the corresponding SVNS from decision 
matrix DM[QIP] that formed in step-1. 


Step-5: Ranking Order of the Alternatives 

In this step, we arrange the all the single valued neutrosophic weighted hyperbolic cosine 
similarity value in ascending order. The alternative with the lowest single valued neutrosophic 
weighted hyperbolic cosine similarity value with the ideal solution is the most suitable alternative 


for selection. 
Step-6: End. 


5. Validation of the Proposed MADM-strategy 
In this section, we demonstrate a numerical example to show the real life applicability of the 
proposed MADM-strategy. 
Example 5.1. “Selection of the Most Suitable Distillation Unit under SVNS-Environment” 
Distillation units are one of the essential laboratory equipment in modern day science. A solvent 
distillation unit or distilled machine comes in various designs, capacities and lab grade solvent purity 
level. The distillation process removes minerals and microbiological contaminants and can reduce 


levels of chemical contaminants through boiling the target solvent. The distillation apparatus 
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structurally consists of flask with heating elements embedded in glass and a fused spiral coil tapered 


round glass, joints at the top double walled condenser with ground glass joints. 


Successful distillation depends on several factors, including the difference in boiling points of the 
materials in the mixture, and therefore the difference in their vapor pressures, the type of apparatus 
used, and the care exercised by the experimentalist. In heating, the lowest boiling distills first (most 
volatile), having a maximum boiling point distills last, and others subsequently or not at all. 
Distillation is a simple apparatus with entirely satisfactory for the purification of a solvent containing 
nonvolatile material and is reasonably adequate for separating liquids of wide-ranged boiling points. 
Industrially, distillation is the basis for the separation of crude oil into the various, more useful 
hydrocarbon fractions. Chemically, distillation is the principal method for purifying liquids (e.g. 
samples, or solvents for performing reactions). 

Structure: 

A distilling flask, a source of heat or a hot bath, condenser, receiving flask to collect the condensed 
vapors or distillate are the basic structural units of an ideal distillation apparatus. For laboratory use, 
the apparatus is commonly made of glass and connected with corks, rubber bungs, or ground-glass 
joints, wherein in industrial applications, larger equipment of metal or ceramic is used. The 
underlying mechanism of distillation is the differences in volatility between individual components. 
With sufficient heat applied, a gas phase (vapor) is formed from the liquid solution. The liquid 
product is subsequently condensed from the gas phase by the removal of the heat. 

Process: 

There are many types of distillation units used in modern laboratories and industries based on 
their application. Some are simple distillation, fractional distillation, steam distillation, and vacuum 
distillation. 

(i) Simple distillation: In simple distillation heating of the liquid mixture at the boiling point 
and immediately condensing the resulting vapors. This method is only effective for mixtures 
wherein the boiling points of the liquids are considerably different (~ 25°C). 

(ii) Fractional distillation: Simple distillation is not efficient for separating liquids whose boiling 
points lie close to one another. Fractional distillation is often used to separate mixtures of 
liquids that have similar boiling points. It involves several vaporization-condensation steps 
(which take place in a fractioning column). This process is also known as rectification. 


(iii) Steam distillation: Steam distillation is often used to separate components from a mixture of 


heat-sensitive components. The process is processed by passing steam through the mixture 
(which is slightly heated) to vaporize it. It establishes a high heat transfer rate without the 
need for a source of high temperatures. The resultant vapor is condensed to afford the 
required distillate liquid. The process of steam distillation is used to obtain essential oil 
constituents and herbal distillates from several aromatic flowers/herbs. 

(iv) Vacuum distillation: Vacuum distillation is ideal for separating mixtures of liquids with 
very high boiling points. To boil these compounds, heating to high temperatures is an 
inefficient method. Therefore, the pressure of the surroundings is lowered instead. The 
lowering of the pressure enables the component to boil at lower temperatures. Once the 
vapor pressure of the component is equal to the surrounding pressure, it is converted into 


vapor. These vapors are then condensed and collected as the distillate. The vacuum 
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distillation method is also used to obtain high-purity samples of compounds that decompose 


at high temperatures. 


Suppose that, a bio-science department of an institution needs a distillation unit for their laboratory 

research. In market there are several types of distillation units. But it is difficult to choose the most 

suitable distillation unit among the possible distillation units those are available in the market. For 

this the decision maker (institution) can choose the some attributes on which basis customers /users/ 

institutions are being interested to buy distillation unit for their laboratory purpose or other needs. 
“* Capacity or productivity (E1): Production of required solvent as per hour is one of the most 
important criteria that buyers looking for. On average a laboratory distillation unit can 
produce 2.0-2.5 liters of distillate per hour where an industrial unit can produce much more 
than a laboratory distillation unit. 

«* The material used in the vessel (E2): The distillation flask should preferably be round- 
bottomed rather than a flat-bottomed one for smoothness of boiling. The material used in the 
vessel should be very heat resistant and light-weighted. There are two major glass materials 
used maximum glass distillation units i.e. borosilicate glass and quartz glass material. 

«* Automation Grade of machine (Es): Machine-operating systems are the most advanced 
technology for all of us where it works automatically and without human involvement. So 
the criteria should be either a semi-automatic or automatic process. 

“* Usage/Application of machine (Es): The application of any machine defines the existence of 
that machine. This is one of the price-dependent criteria among all. 

“* Temperature Control Range (Es): Temperature measurement is acommon control parameter 
in distillation cooling and heating processes. Depending upon the application and process 
fluid, temperature control may be used for cooling distillate to condense high volatility 
products into liquid phase, or heating of process fluid to vaporize the high volatility 
components for easier separation. The lower limit of the range is the temperature indicated 
by the thermometer when the first drop of condensate leaves the tip of the condenser, and 
the upper limit is the temperature at which the last drop evaporates from the lowest point in 
the distillation flask. 

“* Price (Es): Generally, there are two types of cost named fixed cost and variable cost, which 
are used along with numbers of units for determining the selling price of the product. Cost 
of materials plays a very significant role in their selection. The application and material of 


glass are charged with the cost of distillation units issued to them. 


Hence, the selection of a suitable distillation unit for biological laboratory can be considered as a 


multi-attribute-decision-making problem. 


Assume that, the decision maker select four alternatives after the initial screening. Let U = 
{P1, P2, P3, Pa} be the universal set of available distillation units from which the decision maker will 
buy a suitable distillation unit. Let E = {E1, E2, Es, Es, Es, Eo} be the set of attributes based on which the 
decision maker will select the most suitable distillation units. Then, the tabular representation of the 
information of distillation units P1, P2, P3, Ps against the attributes F1, E2, Es, Es, Es, Es are given in 
Table-1. 
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Fi E2 Es Ea Es Eo 
Pi | (0.8,0.1,0.2) | (0.9,0.2,0.3) | (0.7,0.1,0.1) | (0.9,0.0,0.1) | (1.0,0.3,0.1) | (0.9,0.2,0.1) 
P2 | (0.2,0.6,0.5) | (0.1,0.4,0.3) | (0.0,0.2,0.3) | (0.1,0.2,0.0) | (0.5,0.1,0.1) | (0.0,0.1,0.2) 
P3 | (0.8,0.4,0.2) | (0.6,0.5,0.5) | (0.5,0.2,0.1) | (0.4,0.5,0.4) | (0.6,0.4,0.2) | (0.2,0.3,0.1) 
Pa | (0.8,0.2,0.2) | (0.7,0.3,0.2) | (0.9,0.0,0.1) | (1.0,0.2,0.1) | (0.9,0.2,0.1) | (0.8,0.1,0.1) 


Now, by using the eq. (3) and eq. (4), we have wi= 0.1607378, w2= 0.1528327, w3= 0.1712780, wa = 
0.1699605, ws = 0.1778656, and we = 0.1673254. 


The ideal solution is P*= 1n = {(E1, 1, 0, 0), (E2, 1, 0, 0), (Es, 1, 0, 0), (Es, 1, 0, 0), (Es, 1, 0, 0), (Es, 1, 0, 0)}. 
The single valued neutrosophic weighted hyperbolic cosine similarity measure of similarities 
between the possible alternatives (distillation units) and the ideal solution (ideal distillation unit) are: 
SVNWHCSM (P1, P*) = 0.9833013, 

SVNWHCSM (P32, P*) = 0.9669271, 

SVNWHCSM (P3, P*) = 0.9734845, 

and SVNWHCSM (P4, P*) = 0.9830226. 


Here, SVNWHCSM (P2, P*) < SVNWHCSM (P3, P*) < SVNWHCSM (Ps, P*) < SVNWHCSM (P1, P*). 
Therefore, the alternative P2 is the most suitable alternative among the set of possible alternative. 


Hence, the institution can buy the distillation unit P2 for their laboratory related work. 


6. Conclusions 

In the study, we have proposed a new similarity measure namely single valued neutrosophic 
weighted hyperbolic cosine similarity measures of similarities between two SVNSs and proved some 
of their basic properties. Further, we have developed a novel MADM- strategy based on the proposed 
single valued neutrosophic weighted hyperbolic cosine similarity measure under the SVNS 
environment. Then, we validate our proposed MADM- strategy by solving an illustrative MADM- 
problem namely “Selection of the Most Suitable Distillation Unit for Biological Laboratory under 
SVNS-environment” to demonstrate the applicability and effectiveness of our proposed MADM- 
strategy. 

The proposed MADM-strategy also can be used to deal with other real life problems in real world 
such as decision making [3-4, 6-8, 13], data mining [11], medical diagnosis [15-16]. 

The data used in this paper has not taken from any source. We have considered these numbers 


for the verification of our algorithm. However, this algorithm can apply for any real source data. 
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Abstract: In this paper, the concept of a neutrosophic stable random variable is introduced. Two 
definitions of a neutrosophic random variable are presented. We introduced both the neutrosophic 
probability distribution function and the neutrosophic probability density function, and the 
convolution with the neutrosophic concept. In addition, we proved some properties of a 
neutrosophic stable random variable, and three examples are discussed. 


Keywords: Random Variables; Stable Distributions; Gaussian Distribution; Cauchy Distribution; 
Lévy Distribution. 


1. Introduction 


The term stability in probability theory refers to a property of some probability distributions, 
which is that the random variable indicative of a sum of independent and identically distributed 
random variables has the same probability distribution for each of these variables. This property is 
true for a finite or infinite sum of random variables. Variables that achieve this specificity are called 
stable random variables. Stability in this concept is called classical stability, and stable distributions 
represent a large part of the family of all probability distributions. Regarding the tail of the 
distribution, all stable distributions are heavy-tailed except for the normal distribution, which is 
light-tailed. 

In 1925, Paul Lévy [1] presented stable distributions as a generalization of the normal 
distribution in several ways. The theory of stable distributions was developed in the messages 
exchanged between Lévy (1937) [2] and Khintchine (1938) [3], and work on these results was 
expanded by Gnedenko and Kolmogorov (1949) [4] and then Feller (1970) [5]. Paul Lévy defined a 
stable distribution by defining its characteristic function and used a Lévy- Khintchine representation 
for the infinitely divisible distributions. The second definition is the definition related to the stability 
property of independent and identically distributed random variables, and the third is the 
generalized central limit theorem, in which the stable distributions appear as the end of a set of 
independent and identically distributed random variables without imposing the condition 
contained in the central limit theorem [4], which revolves around the limitation of variance. A recent 
and condensed overview of the theory of stable distributions can be found in [6-12]. 

Fuzzy logic can be generalized to Neutrosophic logic by adding the component of 
indeterminacy. 

In probability theory, F. Smarandache defined the neutrosophic probability measure and the 
probability function. Some researchers introduced many other concepts through the neutrosophic 
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concept such as queuing theory, time series prediction, and modeling in many cases such as linear 
models, moving averages, and logarithmic models, more information can be founded at [13-23]. 


In this paper, depending on the geometric isometry (AH-Isometry) [20] (Under publication in 
Neutrosophic Sets and Systems), the concept of a stable neutrosophic random variable is introduced 
and provides two definitions of a neutrosophic stable random variable. We also presented some 
basic properties and present several well-known examples. 

2. Preliminaries 


2.1. a -Stable distributions 


Definition 2.1.1. A random variable X (which is non-degenerate) is said to have a stable 
distribution if for any positive numbers 4 and 8B, there isa positive number C and a real number 
D_ such that 


d 
AX, + BX,= CX+D, 


d 


where X,, X, are independent copies of X, and where = denotes equality in distribution. That 


d 
X is called strictly stable if the relation 4¥,+BX,= CX¥+D hold with D=0. 


Dedinition 2.1.2. (equivalent to definition 2.1). A random variable X (which is non-degenerate) 
is said to have a stable distribution if for any n 20, there is a positive number C, and a real 


number D. such that 
d 
X,+X,+..+X,= C,X+D,, 


where ee ¢ 


5,.,X, are independent copies of X . 


d 
And X is called strictly stable if X,+X,+...4X,=C,X+D, hold with Dp, =0. 


d 
Theorem 2.1.3. If ¥,+X,+...4.X,=C,X, C, has the form c, = n/@. See [5,9] for a proof. 


Theorem 2.1.4. If G is strictly stable with characteristic parameter a, then 


z 
Va Va Va 
A" xX +B x, =(4+8) Xx, 


holds for all 4>0, B > 0. See [5] for a proof. 


2.2. Neutrosophic Functions on R(1) 


Depending on information in [20], here are some interesting facts : 


Definition 2.2.1. 
Let RU) ={a+bl; a,beR\ where [ > =1 be the neutrosophic field of reals. The one-dimensional 


isometry (AH-Isometry) is defined as follows: [19] 


T:RU)>RxR 
T(a+bl) =(a,a+b). 
Some properties of an algebraic isomorphism 17 : 
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1. T is bijective. 


2. T is invertible by 
T':RxR-> RI) 


T (a,b) =a+(b-a)l 
T[(a+01)+(c +d!) =T(a+b1)+T(c+dr) 
T[(a+01).(c . 7) =T(a+b1).7(c+dl). 


And more can be found in [20]. 


And 


3. Neutrosophic Stable Random Variables 


Definition 3.1. Aneutrosophic random variable x, = ¥+¥ is said to have a neutrosophic 


stable distribution if for any positive numbers 4, = Ate and B, = B+BI, there is a positive 


number C,, = C+ and anumber D,, = D+DJ such that 


(a) (2) __ 
ApX BA =O, Ke Daey (1) 
d 
1 2 . : won 
where x =X,+¥7 and ree = X,+¥,1 are independent copies of x,,, and where "=" denotes 


equality in distribution. 
Remark 3.1. The right hand side of (1) takes the form 
CyXy t+ Dy =C,X+IL6-C,X]+D,, 
where C+C,=L,X+Y=¢. 
Proof By taking 7 for the left hand side of (1) we obtain 


d 
(1) (2) 7] _ 
Plax, + ByXy EC er Mca eoa tye Rea ae say 


d 
(AX (4, + AMX, +¥)+B*X + BMX, +¥)), 


d 
=(AX +BX,,(4 +4 XX +¥)+(B +B Y(X, +¥)). 


By taking T' for both sides we obtain 


d 


(2) 
+ByXy =AX +BX, +14 +4, (X +¥)+(B +B YX, +¥)-AX +BX]. 


(dy 
N 


A,X 


d d 
Since AX +BX, =CX+D,, (4 + AMX, + Y) + (B + BMX, + Yy) (Cc + Cx + Y)4 , + D,) then 


d 


(1) (2) 
+ ByXy =CX+D, + ILC, CX + Y) 4 (D, dD) (C,X +D,)1, 


N 


A,X 
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d 


() (2) 
and AyXy +ByXy =CX+I[(C, +C,(X+Y)-CX]+D,+D I. 


Finally 


CN ED, aH Ck ULE SC RVEDe. (2) 


Definition 3.2. A neutrosophic stable random variable is called neutrosophic strictly stable if 


(1) holds with Dy = 0. =0+0/, 


Definition 3.3. Aneutrosophic random variable x, = x +¥ is referred to as neutrosophic 


(n) (a) (1) 


Or ge) , = 8B, +B, 1 such that 


stable if there exist constants 0 < Phi =A +4, 1 and B 


n d 
(n) _(”) (n) 
pew =B, +A, Xy, (3) 
i=l 
a) LQ) ; f 
where *X, .X, »-. are independent neutrosophic random variables each having the same 


distribution as X,,. 


Again, if a =0,,then x, in (3) is called neutrosophic strictly stable, i.e. 


n d 
(n)(n) 

) gies Wee Fe (4) 

i=l 


Theorem 3.1. In relation (4), the constant ae has the form 


ly/ ly / 1/ 1/ 
A? an Pa =n 7 4 1(nl@ a2) =n * + Of, a, =a+al, 


> 


Proof Rewriting (4) as the sequence of sums 


d 
qd) (2) (2) 
ee Se, 
Q) (2) «4 G) 
Xy +Xy Xy =4Ay Xy 
Q) (2) (3) (4) (4) 
Xy Xy Xn + Xa, =A, Xy 


(5) 


We cosider only those sums which contain 2* terms, k =1,2,...: 


d 
1 2 2 
OE oO Jy 


xy N N N 


d 
OM ,@,@..4_ 4) 
xy xy Xv Xy Ay Xy 


d 
(1) (2) (3) (4) (5) (6) (7) (8) (8) 
xX xX X xX +X, +X, +X, +X, =Ay Xy 
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Making use the first formula, we transform the second one as follows: 


56 (10 4 2) (0 9 YEO 4 x2) EPP xy. 


d 
- +X - =X +X a . Applying this reasoning to the third formula, we 


Here we keep in mind that ¥ 


obtain 


Sy = OG) +N) Cae aN) + OG +R) + OG) #5) 


MAD + x2) 2 APD +2) 
£(42¥F xo (U2) x? 

(ao) Ge = fae y Dome 
For the sum of 2" terms, we similarly obtain 


d d 
5? - (Pine 0 8) 
N ~“"N N” “N N° 


Comparing this with (4), with 1 = 2‘, we obtain: 


(n) (2) \* (2) \Mogn)/log2 
Ay - (4) - (4) 


hence 
(1) (2) (log AP) )/log2 
log A,, = [(log) / log 2]log A,, = logn : 


Thus, for the sequence of sums we obtain 


(n) ly (a?) (2) (2) k 
Ay =n caaey a, =log2/log A, , n=2, k=1,2,... (6) 


Choosing now from (5) those sums which contain 3" terms, and repeating the above 


reasoning, we arrive at 


(2) wildy?) (3) (3) & 
Ay =n ‘ , @, =log3/ lag yn =k5s 1a eee (7) 


In the general case, 
Cy way) tm) ) k (8) 


Ay, » ay = log m / log AV”, n=m , k =1,2,... 


We set m= 4. By virtue of (8), 
a. = log 4/ log a 


whereas (6) with k =2 yields 
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4 2 
log A\” = (1, ja”) log 4 


Comparing the two last formulae, we conclude that 


Q) (4) 
ay =ay . 


By induction, we come to the conlusion that all a are equal to each other: 


(m) 


N ay: 


The following expression hence holds for the scale factors ae : 


yg 2 al @n 


bi ; n=1,2,3.... (9) 


whereas (4) takes the form 


d 
n 1 / 
st = > KP cag BON (10) 


(1,2) 


1, /a ae T ob (a 2a) 
r(r N r) =T|n(atal) |= T (n+01) atal) = (n,n) 


=(n, ence = (all@ a) 


By taking T' for both sides of the last relation, then 
gen = qe + 1{nlia_yVa), LU 
Remark 3.2. The right hand side of the relation (4) takes the form 
nnn xy = nex 1(n¥’@(xsy)-n/4x). 


In fact 
Ly /ar pa rasa ray) 
r(r N vx, Jer neta) On) |r (x 4yr) = 7 (n+01) N) r(x+¥) 


(-1,-1) 
= ane (1,2) (x,x4Y) re) (x,.x+Y) 


= (x4 pe ?2\ oY) = (nx nV(x49)). 


Note that 1, =1+/, and in the neutrosophic field: = (Pres : 


= | 


By taking T' for both sides of the last relation, the proof will be completed. 


Let us prove the relation Ay = [Pete in the general case where q, =a,+a,/: 
ay 
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Wee TEE og dy leg I) 4) fd 2), 
ay a@,t+at hy a,+aJ) (a,a,+a,) la, ata, 
=(l41)(@,+a,1)' > T|(1+0)(q+a,l)']=T(14+1)T (a, +at) 


(-L.-1) 1 1 1 2 
=(1,2)(@,@, +a) (12 ; }-[ ; } 
a, a,+a, a, ata, 


Theorem 3.2. If G,, is a neutrosophic strictly stable distribution with characteristic parameter 


a, =a+al then 


N 


d 
ly/a@ ly/a@ V/a 
(4yP™ xO (By xO (448) Xy, 
for A, B>0. 
A number B number 
Proof By recognizing the relation (10), for any positive numbers 4, B, let x i =1,2.,...,4, A+l,...,2. 


be neutrosophic strictly stable random variables. 


n 
Then, we have 7 ee = > ae ,and See by *®, hence 
i=A+l 


1/ 
ee a0 a (B) _ S xO. tila © and s oo D3 yoo (448) eae 
i=A+1 i=A+1 


(A) 


since ss = 5), then (4) x 4 (5) x2)(4 4.8)!” ay. uJ 


+8 
N N 


The neutrosophic convolution 
Let X, be aneutrosophic random variable, its neutrosophic density functionis fy (xy).We 


stand for the neutrosophic probability distribution function by Fy (x,) and we define it as 


Fy. (ty) = P(XySty) = T iultw) ty 
ee 


What the right hand side form is? 


Suppose that X,, = ¥ + ¥, and the probability density functions of X, Y are f, g respectively. 
By taking 7 for both sides, we obtain 


T( Fy, (y))=7 P Sfy(ty) dty (11) 
20 y 
Xn Xn 
PN cyl the) dg -7( 3 Jrliste)rlae) (12) 
00 jy ~ON 
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By taking | si J va Al ( A }} Tfelix)) = (fe(t).e)xar(t+)), 


and T (d(ty)) = T(d(1+h2)) = T (dt,+ldty) = (dt,,dt;+dty) = (dt,,d(44t,)). 


Hence, the right hand side of (12) becomes 


r( t Jrlsste)r (at) : ( j yi ) (F(t, sea) xay(trete)) (dtd 445)) 


—00 —00 


= ( i fy (t at, \? (Peg) xay(t+tr Pd (4 4+t ) : 


—00 


Now, the relation (11) becomes 
x x+y 
T( Fy, (xy)) = f fy(tea Wf Pe) xsy(t+te dq tty) 


By taking 7 for both sides, we obtain 
x x+y x 
Fy, (xy) = J fx ae, vf I (eZ) xsy (h +t, )d(t, +ty) ~ SF fy QM, : (13) 


Definition 3.4. Suppose that X,,, Y, are two independent neutrosophic random variables. 
Fy, (xy)> Gy. (yy) and iS fxy (xy), 2 = ey, (yy) are their neutrosophic probability 


distribution functions and neutrosophic probability density functions respectively. The 
neutrosophic convolution of F=Fy (ty) and G,, = Gy. (yy) can be defined as 


N 


F,*,G,= J (fwenew)¢ (ty), (14) 
where 
fy *) 8n = f Fulty-vu ey (yw) Oy: (15) 


004, 


Theorem 3.3. According to the above hypotheses, the relations (14) and (15) hold, and (15) 
takes the form 


fryay Sy = Ly ay Me, Rene WOOT; ve) | (16) 


where (f - 


4X8Y 4, \(t, +t,) is the convolution of the variables X = X,+X, and Y= bea oe 


Proof Because of the independence of X,,, Yy: 


Fy oy = J if I(x enw) d@y)d vy) 


Oy Oy 
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On ty Yn 
= J J fy(%y) dey) Sy(¥n dw) 
-0y| 20 | 
yy [ Xn 7 
=f) J fylty—yw) €@y) [gv (ow)d Ow) 
~y | 2 | 
Xy | oy 
= J} J fvl(y-yw) avon dor) A (ty)- 
—205,| 20 
Prove the relation (16) is similar to prove (13). LI 


Based on the previous facts, the convolution can be generalized for n. 
4. Applications 


There are three fundamental and well-known examples of stable laws, let g(x) is the probability 


density function of stable random variable X : 
4.1. Gaussian Distribution 


In (16), two classical convolutions are well-known for the gaussian distribution. Because of the 
independence and _ identically in distribution for stable random variables, 


(f af \(t,+t,) becomes the convolution of four gaussian random variables with one 
X1+X9 Yt Ie v2. 


dimensional. The same applies to the rest of the examples. 


We have 


2: 
1 
xa,o°)= ex 5 ao<x<ao, o>0. 
a( ) V210 . 20° 
Since (See [9]) 


q(x3a,,0,) *q(%3 4,,0,) =9(xja, +4, Jo; + Oo; ), 


G(X} a), O,) * G(X5 Ay, Oy) * Y(X3A,,03) * (X54, 04) = GG, +a, +4, +44, \o? +0; +03 +04), 


then 


. 2 2 ? 2 De 8 rar 2 2 
I+, In =q(x;a,+4,,J0; +03) +1| qa, +a, +a, +a, fo; tO, +0; +0,)—q(x3a, +45, Jo, +03). 


4.2. Cauchy Distribution 


Without losing generality, it is known that the convolution of a Cauchy probability density function 
with a scale parameter equal to one is 


g(x) *q(x)= Fie (+), 


And 
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x 


u(x) ¥q0s)*Q10) 4400) =F diasenon( 4} 


1 x 1 x) 1 x 
Ivey n = 5 Ix +¥, 3 + 4 LXtkat Kathy 4 mp hones ath 


4.3. Lévy Distribution 


Then 


We have for Lévy Distribution that 


qx) * g(x) = (1/4) q(x/4). 
And 
q(x) * q(x) = (1/4) q(x/4). 
q(x) * q(x) * q(x) * q(x) = (1/16)¢q(x/16). 
Then 


dys, dw = (1/4)q(x/4) + 1] 1/16)q(x/16) — (1/4) q(x/4)].- 


5. Conclusions 


In this paper, we suggested some basic definitions of the neutrosophic stable random variable 
and generalize some of the main properties of the classical stable distributions to the neutrosophic 
field. We also defined both the neutrosophic probability distribution function and the neutrosophic 
probability density function, then we defined the convolution with the neutrosophic concept. 
Finally, we supported the article with three examples of stable distributions with the neutrosophical 
concept, which are famous distributions in classical stability. Later, we will extend the work in the 
field of neutrosophic stability and work to generalize and prove more profound facts. 
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Abstract. Soft set-like models deal with single argument approximate functions while hypersoft set, an exten- 
sion of the soft set, deals with multi-argument approximate functions. The soft set cannot handle situations 
when attributes are required to be further divided into disjoint attribute-valued sets. To overcome this situation, 
a hypersoft set has been developed. In different fields like decision making and medical diagnosis, many re- 
searchers developed models based on the soft set for the solution of many problems. But these models deal with 
only one expert who creates many problems for the users, primarily in designing questionnaires. To remove this 
discrepancy, we present a neutrosophic hypersoft expert set. This model not only solves the problem of dealing 
with one expert but also solves the problem of different parametric-valued sets parallel to different character- 
istics. In this study, we first introduce the concept of neutrosophic hypersoft expert sets, which is a amalgam 
of both structures i.e., neutrosophic set and hypersoft expert sets. Certain essential basic characteristics (i.e., 
subset, equal set, agree, disagree set, null set, whole relative set, and whole absolute set), aggregation opera- 
tions (i.e., complement, restricted union, extended intersection, AND and OR ), and results (i.e., idempotent, 
absorption, domination, identity, commutative, associative and distributive law ) are discussed with examples. 
Some hybrid structures of the neutrosophic hypersoft expert set are developed with illustrated examples. In 


the end, a decision-making application is presented for the validity of the proposed theory. 


Keywords: Soft Set; Soft Expert Set; Neutrosophic set; Hypersoft Set; Neutrosophic Hypersoft Expert Set. 


1. Introduction 


In some real-life issues in professional and information systems where we have a situation 
to deal with the truth-membership along with the falsity-membership for a correct description 
of an object in an uncertain and an ambiguous environment. Smarandache character- 
ized neutrosophic set as a generalization of classical sets, fuzzy set, intuitionistic fuzzy set. 


Membership functions are use to define fuzzy sets (4), while membership and non-membership 
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functions both are used for intuitionistic fuzzy sets |5| and are used for solving problems hav- 
ing the data of imprecise, indeterminacy and inconsistent. Neutrosophic set (NS) has wide 
applications in different fields like decision making, medical diagnosis, data bases, control the- 
ory and topology etc. Wang et al (6| introduced single valued neutrosophic set (SVNS) and 
presented its set operations and different properties. The use NS and its hybridized structures 
in various fields has been continuing quickly [7|- [32]. 

Molodtsov constructed soft set by taking the advantage of parameterization tool. Rah- 
man et al. conceptualized m-convexity (m-concavity) and (m, n)-convexity ((m, n)- 
concavity) on soft sets with some properties. Maji et al. made development by introducing 
fuzzy soft set to solve parametrization problems with uncertainty. Many researchers [38}- 
advanced this theory and used in many fields. Rahman et al. conceptualized (m-n)- 
convexity(concavity)on fuzzy soft set with applications in first and second senses. Alkhazaleh 
et al. made extensions in soft set by introducing soft and fuzzy soft expert sets. They 
used these structures for applications in decision-making problems(DMPs). Ihsan et al. 
conceptualized convexity on soft expert set and fuzzy soft expert set with certain properties. 
Broumi et al. conceptualized intuitionistic fuzzy soft expert set and made its use in DMPs. 
Mehmet et al. defined neutrosophic soft expert sets and applied it in DMPs. 

In 2018, Smarandache extended soft set to hypersoft set and used in daily life problems. 
In 2020, Saeed et al. advanced this theory and explained its structures. In 2020, Rahman 
et al. [53], worked on hypersoft set and introduced its some new structures like complex 
fuzzy hypersoft set. They also gave the concept of convexity (concavity) on it and proved its 
some basic properties. Ihsan et al. introduced the structures of hypersoft expert set 
and fuzzy hypersoft expert set with applications in DMPs. Kamaci and Saqlain worked 
on n-ary fuzzy hypersoft expert set and applied in real life problem. Kamaci gave hy- 
brid structures of hypersoft set and rough set and applied in DMPs. He introduced the 
structure of simplified neutrosophic multiplicative refined sets and their correlation coefficients 
with Application in medical pattern recognition. The neutrosophic soft set like structures have 
been investigated and applied in different fields like game theory and DMPs in (63}65). 
Having motivation from [33]- [50], new notions of neutrosophic hypersoft expert set are devel- 
oped and some hybrids of neutrosophic hypersoft expert set are established. 

The remaining portion of the paper is constructed as: Section 2 describes the basic definitions 
of soft set, fuzzy set, intuitionistic fuzzy set, neutrosophic set, fuzzy soft expert set, hypersoft 
set and relevant definitions used in the proposed work. Section 3, presents notions of fuzzy 
hypersoft expert set, neutrosophic hypersoft expert set with properties. Section 4, describes 


the set theoretic operations of NHSES. Section 5, presents the basic properties and laws of 
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NHSES. Section 6 shows the hybrids of NHSES. Section 7, presents an application in decision 


making and section 8 contains the conclusions of the paper. 


2. Preliminaries 


In this portion, some elementary definitions are presented from the literature. 
Suppose W be a set of experts and O be a set of opinions, T = F x W x O. Taking S C T 


and A as a set of universe with P(A) is the power set of universe, while parameters set is F. 


Definition 2.1. A set ”F,” is called a fuzzy set written as F, = {(7, B(f))|7 € A} with 
B:A4-—Tand B(f) represents the membership value of 7 € F,. 


Definition 2.2. A set” J” is called an intuitionistic fuzzy set written as J = {(4,< 
Z7(a),X7(a) >),|(@) € A} with Z7 : 15 A, X7 : 1 A and Z7(a), X7(G) represent the 
truth, falsity membership functions of @ € A satisfying the inequality 0 < Z7(a@) + X7(a@) < 1. 


Definition 2.3. A neutrosophic set N in A is defined by 

N = {< y, (Tn(y), In(y), Fn (y)) >: y € F, Tw, In, Fw €]70,17[} 

where Ty ,Jy,Fn are truth, indeterminacy, and falsity membership functions and are real 
standard or nonstandard subsets of ]~0,1*[. Their sum does not have any restriction, that is, 
0- < Ty(y), Iv(y), Fv(y) < 3%. Here ]~0,1*| is named the nonstandard subset, which is the 
extension of real standard subsets [0, 1] where the nonstandard number 1* = 1+ €, 1 is named 
the standard part, and ¢€ is named the nonstandard part. ~0 = 0 —«, 0 is the standard part 


and ¢€ is named the nonstandard part, where «¢ is closed to positive real number zero. 


Definition 2.4. A pair (Wy,F) is named as soft set and Wj, is characterized by a 
mapping 
Ua :Fo P(A} 


where P(A) is the power set of universe of discourse. 
Definition 2.5. Let C CF. A fuzzy soft set is a pair (R,C) and R is characterized as 
R:C3I 
where I* represents the collection of all fuzzy subsets of A. 
Definition 2.6. A soft expert set is a pair (®77, S) with ®y is characterized by a mapping 
Oy: S — P(A) 


where S CF xW xO. 
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Definition 2.7. A fuzzy soft expert set is a pair (Vp, S) with Vp is characterized by a 
mapping 
Up: S314 


where S$ CF x W x O and [4 represents the collection of all fuzzy subsets of A. 


Definition 2.8. (6| Let K5,£L5 and Ma represent truth, indeterminacy and falsity membership 
functions, then 0 represents a single valued neutrosophic set such that 0 < Kg(G) + L(G) + 
Ma(B) < 3. While Ks, La, Ma € [0,1] for all 8 in A. 


Definition 2.9. 


Let 1, Ko, K3,.., Ke, with e > 1, be € different characters having parrallel characteristics 


values are the sets A1, A2,A3,..---, Ne, With ApNAg = G, for p 4 q, and p,q € {1, 2,3,...,e}. Then 
hypersoft expert set is a pair (Y, LZ) with YT is characterized by a mapping 


YT:L— P(A) 
where L = Aq X Ag X AZ X veces x Ae. 
3. Neutrosophic Hypersoft Expert Set (NHSES) 


In this portion, neutrosophic hypersoft expert set has been developed with the help of 


existing concept of neutrosophic soft expert set and some basic properties are presented. 


Definition 3.1. Fuzzy Hypersoft Expert Set (FHSES) 
A pair (£,F) represents a FHSES with £ is characterized by a mapping 
€:F3I* 


I is being used a collection of all fuzzy subsets of A 
eFCH=ExExAdA 


e = # X 2x /3x.... x Hp where #; are different characteristics-valued sets parallel 


to different characteristics e,;,7 = 1,2,3,...,p 
e & represents an expert set 


e A represents a conclusion set. 


Definition 3.2. Neutrosophic Hypersoft Expert Set (NHSES) 
A neutrosophic hypersoft expert set represents a pair (h, G) if 


h:G—owNF4 


with NF4 is being used as collection of all neutrosophic subsets of A and H C H = Ex(CExA. 
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Example 3.3. Assume that a worldwide organization expects to continue the assessment 
of specific experts about its sure items. Let A = {wy, w2,ws3,w4} be a set of products and 
JB, = {pi1, P12}, He = {po1, p22}, Hs = {p31, p32}, be different characteristics sets for different 


characteristics pj= simple to use, pg== nature, p3= modest. Now i = Ay x M2 x Hg 


e U= (P11, P21, P31), V2 = (P11, P21, P32), U3 = (p11, P22, P31), V4 = (p11, P22, P32), 


Us = (P12, P21, P31), V6 = (P12, P21, P32), U7 = (P12, P22, P31), Vs = (p12, P22, P32) 
Now H=Ex Cx A. 


(v1, c, 0), (v1, ¢, 1), (v1, d, 0), (v1, d, 1), (v1, e, 0), (v1, e, 1), (ve, €, 0), (va, ¢, 1), 
(v2, d, 0), (v2, d, 1), (va, e, 0), (va, e, 1), (us, ¢, 0), (us, ¢, 1), (vs, d, 0), (vs, d, 1), 
(v3, €, 0), (ug, e, 1), (va, c, 0), (va, c, 1), (v4, d, 0), (v4, d, 1), (va, e, 0), (v4, e, 1), 
T ) eeseO) Cine tona ea eect ene tenet tact. 
(v6, d, 0), (v6, d, 1), (ve, €, 0), (ve, e, 1), (v7, 0), (vz, ¢, 1), (v7, 4,0), (v7, d, 1), 
(v7, e, 0), (v7, e, 1), (ug, c, 0), (vg, c, 1), (vg, d, 0), (vg, d, 1), (vg, e, 0), (vg, e, 1) 


let 
(v4, Cc, 0), (v1, ¢, 1), (v4, d, 0), (v4, d, 1), (v1, e, 0), (v1, €, My 


G= (v2, C, 0), (v2, ¢, i), (ve, d, 0), (v2, d, 1); (v2, 0); (v2, €, Ly 


(v3, Cc, 0), (v3, Cc, 1), (v3, d, 0), (v3, d, 1), (v3, €, 0), (v3, €, 1, 
be a subset of H and CE = {c,d,e, } be a set of specialists. 


Following check relates the varieties of three specialists: 


a _ WI w2 w3 wa 
hy = hwr,c, 1) { <0.2,0.5,0.4>? <0.7,0.2,0.5>? <0.5,0.4,0.6>? <0.1,0.3,0.6> 


hg = h(vy,d, 1) 


WI w2 W3 Wa 
<0.4,0.2,0.3>? <0.8,0.1,0.5>? <0.4,0.5,0.6>? <0.2,0.5,0.3> 


he = hoy, 6,1).= 


Wi w2 w3 wa 
<0.7,0.2,0.3>? <0.5,0.3,0.6> 7 <0.6,0.3,0.7>? <0.3,0.5,0.6> 


hg =h (v2, ¢, 1) 


Wi w2 W3 Wa 
<0.9,0.1,0.3>? <0.4,0.5,0.4>? <0.7,0.2,0.6>? <0.3,0.4,0.8> 


is = h(vo, d, 1) 


Wi w2 W3 W4 
<0.4,0.5,0.6>? <0.8,0.1,0.7>? <0.3,0.6,0.5> 7 <0.2,0.6,0.7> 


= 
{ 
= 
| 
hg = hve, e, 1) ={ wi Ww wy wa 
= 
=I 
= 
= 


<0.5,0.4,0.7>? <0.3,0.6,0.4>? <0.6,0.2,0.5>? <0.8,0.1,0.6> 


iz = h(v3,c, 1) 


WI w2 W3 Wa4 
<0.2,0.7,0.5>° <0.9,0.1,0.4>° <0.4,0.5,0.7>? <0.5,0.4,0.8> 


hg = A(vg, d, 1) 


Wi w2 W3 Wa4 
<0.4,0.3,0.2> 7? <0.6,0.3,0.1> 7 <0.7,0.2,0.3> 7 <0.9,0.1,0.4> 


hg = h(v3, e, 1) 


Wi W2 W3 Wa 
<0.7,0.2,0.6>? <0.3,0.5,0.7>’° <0.5,0.4,0.5>? <0.2,0.7,0.8> 


iyo = A(vy,c, 0) 


Wy w2 W3 W4 
<0.3,0.2,0.1>? <0.2,0.4,0.5>? <0.4,0.5,0.8>? <0.1,0.8,0.3> 


ees Oa iO ie ea iO Ors 


— — WI Ww2 W3 W4 
har = Awd, 0) { <0.1,0.8,0.45° <0.9,0.1,0.2>° <0.6,0.3,0.45 <0.2,0.7,0.55 
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faz = hv, e,0) = { DIO TVSS? ZV10.8 065? L03,0.5 0.75? 050-4065 } 
haz = Ava, ¢,0) = { LEONE? 050.6075? L05 04085? 0.7 0.2,0.95 \ 
hia = R(v2,d,0) = { LTO.L05S? 070.6045? 090.1065) 040.5075 \ 
has = Rug, e,0) = { ZV60.2055? Z0.70.2045? 050.3045? 2030.70.65 \ 
hie = R(us,¢,0) = { B10.TO5S? LOA0S OTS? LV.70.2095' 080.2045 \ 
hy = Rus, d,0) = { ZVT0.TOAS? ZO90.1065? 080.2045) 203,050.75 \ 
has = h(u3,e,0) = { DSVAVIS? LV30.6 01S? 20.60.3025’ <O10.8 055 pe 


The NHSES can be described as (h, G) = 


WI w2 W1 Ww2 
<0.2,0.5,0.4>?° <0.7,0.2,0.5>° <0.4,0.2,0.3>? <0.8,0.1,0.5>? 
(v4, C, i), aie a (v1, d, 1), w3 wa 
<0.5,0.4,0.6>? <0.1,0.3,0.6> <0.4,0.5,0.6>? <0.2,0.5,0.3> 
Wi w2 W1 Ww2 
<0.7,0.2,0.3>° <0.5,0.3,0.6>? <0.9,0.1,0.3>° <0.4,0.5,0.4> 7 
(Wipes 1), w3 wa (v2, ¢, 1); w3 wa 
<0.6,0.3,0.7> 7 <0.3,0.5,0.6> <0.7,0.2,0.6>° <0.3,0.4,0.8> 
WI Ww2 WI w2 
<0.4,0.5,0.6>? <0.8,0.1,0.7>? <0.5,0.4,0.7>? <0.3,0.6,0.4>” 
(v2, d, 1, w3 wa (v2, €, 1), w3 wa 
<0.3,0.6,0.5>° <0.2,0.6,0.7> <0.6,0.2,0.5>? <0.8,0.1,0.6> 
WI Ww2 W1 Ww2 
<0.2,0.7,0.5>° <0.9,0.1,0.4>? <0.4,0.3,0.2>° <0.6,0.3,0.1>? 
(v3,¢, 1), oe . (v3, d, 1), i a 
<0.4,0.5,0.7>? <0.5,0.4,0.8> <0.7,0.2,0.3> 7 <0.9,0.1,0.4> 
WI w2 W1 w2 
<0.7,0.2,0.6>? <0.3,0.5,0.7>” <0.3,0.2,0.1>? <0.2,0.4,0.5>? 
(v3, e, 1); ails fia (v1, C, 0), w3 wa 
<0.5,0.4,0.5>° <0.2,0.7,0.8> <0.4,0.5,0.8>° <0.1,0.8,0.3> 
W1 w2 W1 Ww2 
<0.1,0.8,0.4>? <0.9,0.1,0.2>° <0.2,0.7,0.5>? <0.1,0.8,0.6>” 
(Oia, 0), w3 wa (v1, e, 0), ws wa 
<0.6,0.3,0.4>° <0.2,0.7,0.5> <0.3,0.5,0.7>° <0.5,0.4,0.6> 
WI we W1 W2 
<0.8,0.1,0.6>° <0.3,0.6,0.7>° <0.7,0.2,0.5>? <0.2,0.6,0.4>? 
(v2, ¢, 0), w3 wa (v2, d, 0), w3 ws 
<0.5,0.4,0.8>° <0.7,0.2,0.9> <0.9,0.1,0.6>? <0.4,0.5,0.7> 
W1 w2 W1 W2 
<0.6,0.2,0.5>? <0.7,0.2,0.4>” <0.1,0.7,0.5>° <0.4,0.5,0.7> 
(vo, e, 0), w3 wa (v3, C, 0), w3 Wa 
<0.3,0.5,0.4> ° <0.2,0.7,0.6> <0.7,0.2,0.9>? <0.8,0.2,0.4> 
WI w2 WI Ww2 
<0.2,0.7,0.4>? <0.9,0.1,0.6>? <0.5,0.4,0.2>° <0.3,0.6,0.1>7 
(u3, d, 0), ws wa (v3, e, 0), we wa 
<0.8,0.2,0.4>? <0.3,0.5,0.7> <0.6,0.3,0.2>° <0.1,0.8,0.3> 


Definition 3.4. Neutrosophic Hypersoft Expert Subset 
A NHSES (f1,G) is said to be NHSE subset of (fiz, P), if 
(i) G CP, (ii) V y € G, Ax (4) C fie(7) and denoted by (h,, G) 


C (he, P). 
Example 3.5. Considering Example [3.3| with two NHSESs 

G, = { (v1, ¢, 1), (vg, c, 0), (v1, d, 1), (v3, d, 1), (vg, d, 0), (v1, e, 0), (v3, e, 1) 
G2 = { (v1, ¢, 1), (v3, ¢, 0), (v3, ¢, 1), (v1, d, 1), (v3, d, 1), (v1, d, 0), (v3, d, 0), (v1, e, 0), (vs, e, 1), (v1, €, i) ; 
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It is clear that G1 C Gg. Suppose (f1, G1) and (hz, G2) be defined as following 


(f,Gi) = 


(h2, G2) = 


(v1, ¢, 1) 2 or 
1, ’ Soha ee a] 
(v1, d, 1) Ww we Ww 
1, | 030.4055? <0.6,0.40.65? <0.2,0.5,0.75? <0.10.5,0.65 
(v d, 1) wi we W3 W4 
35 > | <0.2,0.6,0.45 <0.5,0.4,0.7>’ <0.6,0.5,0.8>? <0.8,0.6,0.45 f }? 
(v3,€,1), | =p o4 035? 020.7065 040.5035? SO10.7045 pf)» 
(v1,¢€ ,0) wi we w3 wa 
> | <0-1,0.6,0.35° <0.1,0.7,0.45 <0.2,0.7,0.65° <0.1,0.6,0.75 f )? 
(v3,¢ ,0) WI we w3 WA 
>| SOLOS 065? 030.6055? 20603045’ <0.70.2065 f) > 
we W3 
05,4,0), | apathres coatioas:curtkoes: conto ) 


WI w2 W3 WA 
<0.2,0.3,0.6>° <0.7,0.4,0.7>? <0.5,0.4,0.8>? <0.2,0.4,0.5> 


wy w2 W3 Wa 
<0.1,0.3,0.4>’° <0.9,0.1,0.3>’ <0.4,0.5,0.4>° <0.5,0.3,0.4> ? 
wy w2 W3 Wa 
<0.4,0.2,0.3> 7 <0.6,0.3,0.6>? <0.7,0.4,0.5>° <0.9,0.5,0.2 , 
Wy we W3 Wa 


<0.7,0.2,0.4>? <0.5,0.2,0.6> 7 <0.6,0.2,0.7>? <0.3,0.5,0.8 


wW1 Ww2 W3 WA 
<0.7,0.3,0.1>? <0.3,0.5,0.4>? <0.5,0.4,0.2>? <0.2,0.6,0.3> 


wW1 Ww2 W3 WA 
<0.2,0.5,0.1>? <0.2,0.6,0.3>? <0.3,0.5,0.4>? <0.5,0.3,0.5> 

WL w2 WA 
<0.1,0.6,0.4>? <0.9,0.1,0.6> ’ 6005S? <0.2,0.6,0.8> 


Sa0-FoaS? Bao s0ss? ON UPL POEKOS OES 
Wy w2 W3 Wa 
<0.2,0.5,0.1> 7 <0.7,0.2,0.3> 7? <0.8,0.2,0.4>? <0.3,0.5,0.2> 


which shows that (h1,G 1) C (he, G2). 


Definition 3.6. Two NHSESs (fi, Gj) and (fz, G2) over A are said to be equal if (f1,G;) is 
a NHSE subset of (fz, G2) and (fz, G2) is a neutrosophic hypersoft expert subset of (hi, G1). 


Definition 3.7. The complement of a NHSES is characterized by as 


(h, G)° = e(h(c)) V ¢ € A while ¢ is a neutrosophic complement. 
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Example 3.8. Finding complement of NHSES find in [3.3] we have 


v1,C,1 wi w2 wa 
1, Z ZOAVS OTS? LO508 07S 20.60.6055) 20.60.7015 


Wi w2 W3 WA 
<0.3,0.8,0.6> 7? <0.5,0.9,0.8> 7 <0.6,0.5,0.4>° <0.3,0.5,0.2> 


U1; 


? 


wW1 W2 W3 Wa 
<0.3,0.8,0.7>? <0.6,0.7,0.5>? <0.7,0.7,0.6>? <0.6,0.5,0.3> 


V1 ’ 


WI w2 W3 WA 
<0.3,0.9,0.9>’ <0.4,0.5,0.4>° <0.6,0.8,0.7>? <0.8,0.6,0.3> 


v2 ’ 


W1 Ww2 W3 Wa 
<0.6,0.5,0.4>’ <0.7,0.9,0.8>’ <0.5,0.4,0.3>? <0.7,0.4,0.2> 


v] 


v2 ’ 


Wy w2 W3 W4 
<0.7,0.6,0.5>? <0.4,0.4,0.3>’° <0.5,0.8,0.6>’° <0.6,0.9,0.8> 


wy w2 W3 Wa 
<0.5,0.3,0.2> 7 <0.4,0.9,0.9>? <0.7,0.5,0.4>° <0.8,0.6,0.5> 


: | 
| 
z 


U3 ’ 


wi W2 W3 Wa 
<0.6,0.8,0.7>? <0.7,0.5,0.3>? <0.5,0.6,0.5>? <0.8,0.3,0.2> 


WI w2 W3 WA 
<0.1,0.8,0.3>° <0.5,0.6,0.2>? <0.8,0.5,0.4>? <0.3,0.2,0.1> 
Wy w2 W3 Wa 
<0.4,0.2,0.1>° <0.2,0.9,0.9>’ <0.4,0.7,0.6>? <0.5,0.3,0.2> 
Wy w2 W3 W4 
<0.5,0.3,0.2>’ <0.6,0.2,0.1>’ <0.7,0.5,0.3>° <0.6,0.6,0.5> 


U3 


‘} 


U1 


? 


UV 


U1 


? 


Wy w2 W3 Wa4 
<0.6,0.9,0.8>° <0.7,0.4,0.3>? <0.8,0.6,0.5>? <0.9,0.8,0.7> 


WI w2 W3 WA 
<0.5,0.8,0.7> 7 <0.4,0.4,0.2> 7 <0.6,0.9,0.9>° <0.7,0.5,0.4> 


wW1 W2 W3 Wa 
<0.5,0.8,0.6>? <0.4,0.8,0.7>? <0.4,0.5,0.3>? <0.6,0.3,0.2> 

W1 W2 W3 Wa 
<0.5,0.3,0.1>? <0.7,0.5,0.3>? <0.9,0.8,0.8>’ <0.4,0.8,0.8> 


v2 


2: 


UV 


? 


v2 ’ 


U3 


) 
1) 
1) 
0) 
0) 
0) 


1 
2 
U3, 
1; 
2) 
) 


d,1 
dl 
a, 1 
d,0 
d,0 
d,0 


Vv Wi w2 W3 WA 
? > | <0.4,0.3,0.2>° <0.6,0.9,0.9>’ <0.4,0.8,0.8>? <0.7,0.5,0.3> : 


v €, 0 WI W2 W3 W4 
35 > | <0.2,0.6,0.5>° <0.1,0.4,0.3>° <0.2,0.7,0.6>? <0.3,0.2,0.1> 


( 

( ) 

(v1, e, 1) 

( 

( ) 

(v2, e, 1) 

( 

( ) 
(i, G)° = oe 

( 

( yy 

(v1, €, 0) 

( 

( ) 

(v2, €, 0) 

( 

( ) 

( ) 


Definition 3.9. An agree-NHSES is described by as (h, H)ag = {hag(s) : 6 € Hx Gx {1}. 


Example 3.10. Finding agree-NHSES calculated in [3.3] we get 


(v1, ¢, 1) 12 w3 wa 
1; ’ DIOS OIS? DITR0SS? DOSVAVSS’ VOLO SUES 
(v d,1) wi we w3 w4 
1; , ZUE0.2035) SO80.1055? 2040.50.05 20305055 , 
(v1, e i) wi we w3 wa 
> | <0.7,0.2,0.3>? <0.5,0.3,0.6>? <0.6,0.3,0.7>? <0.3,0.5,0.6> ’ 
(v2,¢ aD wi we w3 wa 
» | <0.9,0.1,0.3> 7 <0.4,0.5,0.4>? <0.7,0.2,0.6>? <0.3,0.4,0.8> 3 
= wi w2 w3 wa 
(h,G) = (v2,d,1), <0.4,0.5,0.6>? <0.8,0.1,0.7> 7 <0.3,0.6,0.5>? <0.2,0.6,0.7> F 
(v2, e i) wi we wa 
, SULTS? Snes’ DS0D0SS’ DEOL ’ 
(v3,¢ 1), DIOTOSS? DIOLS’ DARTS’ VOSOLVES 3 
(v d,1) wi we w3 w4 
3) ’ 40.3025) 20603015? 20703035? 2050 04> , 
(v e, 1) W1 WwW2 W3 WA 
3) ? | <0.7,0.2,0.6>? <0.3,0.5,0.7>? <0.5,0.4,0.5>? <0.2,0.7,0.8> 


Definition 3.11. A disagree-NHSES is described by as 
(h, FE) dag = 1 Fidagls) :¢€ Hx Ex {O}}. 
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Example 3.12. Getting disagree-NHSES calculated in 3.3] 


WI w2 W3 Wa4 
> | <0.3,0.2,0.1>° <0.2,0.4,0.5>? <0.4,0.5,0.8> 7 <0.1,0.8,0.3> 


(v1,¢,0) bs 
( ), <0.1,0.8,0.4>° <0.9,0.1,0.2>? <0.6,0.3,0.4>? <0.2,0.7,0.5> ) 
(v1,e 0); DIOTOSS? ios0es? SORTS? 504065 

(v2,¢, 0) 

(v2, 4d, 0) ; 
(v2, ¢,0) 

(v3,¢, 0) 

(5.440) i) 
(v3,¢,0) } 


Wi w2 w3 WA 
> | <0.8,0.1,0.6> 7 <0.3,0.6,0.7>? <0.5,0.4,0.8> ? <0.7,0.2,0.9> 


(h, G) a 


Wy w2 W3 Wa 
> | <0.7,0.2,0.5>° <0.2,0.6,0.4>’ <0.9,0.1,0.6>? <0.4,0.5,0.7> 


Wy w2 W3 W4 
? | <0.6,0.2,0.5>° <0.7,0.2,0.4>° <0.3,0.5,0.4>° <0.2,0.7,0.6> 


WI w2 W3 WA 
> | <0.1,0.7,0.5>° <0.4,0.5,0.7>? <0.7,0.2,0.9> 7 <0.8,0.2,0.4> 


W1 w2 W3 WA 
» | <0.2,0.7,0.4>° <0.9,0.1,0.6>’ <0.8,0.2,0.4>? <0.3,0.5,0.7> 


Wy w2 W3 W4 
<0.5,0.4,0.2>? <0.3,0.6,0.1>° <0.6,0.3,0.2>? <0.1,0.8,0.35 V3 
Definition 3.13. A NHSES (f1,G;) is called a relative null NHSES w.r.t G; C G, denoted 
by (hi, G1) , if hi(g) = 0, VgeQG. 
Example 3.14. Considering Example [3.3 we 
(hi, G;) = {((w1, C, 1), 0), ((wa, d, Pi, 0), ((ws, €, 1}; 0))}. 
Definition 3.15. A NHSES (fe, G2) is called a relative whole NHSES w.r.t G2 C G, denoted 
by (hz, Ga)a , if hi(g) =A,Vg EQ. 


Example 3.16. Considering Example [3.3 we have 
(he, G2)a = {((w1, C, 1), A), ((we, d, 1), A), ((ws, €, 1), A)} where G2 CG. 


Definition 3.17. A NHSES (h,G) is called absolute whole NHSES denoted by (h,G)a, if 
i(g) =A,VgeG. 


Example 3.18. Considering Example [3.3 we have 


((wy,¢,1),A) , (Cw, d, 1), A), (ws, 6,1), A), (Gwg,¢, 1), A), 
((w3,d, 1), A), ((ws,e, 1), A), ((ws,¢,1), A), ((ws,d, 1), A), 

(W,S)a =4% ((ws,e,1), A), ((wi,c¢, 0), A), ((w1, d,0), A), ((wi,e,0), A), 
((w3,c, 0), A) , ((ws, d,0), A), ((ws,e,0), A), ((ws,c,0), A), 
((ws, 4,0), A) , (ws, e, 0), A) 


Proposition 3.19. Suppose (fi,Gi)a, (he,Ga)a, (h3,G3)a, be three NHSES-sets over A, 
then 

e (f1,G1) C (hia, Ga)a, 

e (fy, Gi)_ C (1, G1), 

e (fy,G1) C (&,G), 

e If (fi,Gi) C (ha, Ga), and (he, G2) C (fiz, G3), then (fi, Gi) C (h3,S3). 
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e If (h1,G1) = (fiz, Go), and (ha, G2) = (hig, G3), then (fi1, Gi) = (hig, Gs). 


Proposition 3.20. If (h,G) is a NHSES over A, then 


(1) (A, G)°)° = (h,G) 
(2) (h, G)ig 7 (h, G)dag 


(3) (h, G)Gag = (h, G)ag- 


4. Set Theoretic Operations of NHSES 


In this portion, some set theoretic operations are presented with detailed examples. 
Definition 4.1. The union of (f1,G) and (f2,R) over A is (f3,L) with L = GUR, defined as 
hia(s ;¢€G-R 
h3(s) = hig(<) -cs€R-G 


U(hi(s), fa(s)) 36 € GOR. 


where U(h(s), fa(s)) = {< u, max {v1 (6), v2(6)}, 1/2{r1(s) + v2(6)}, min {wn(s), w2(s)} >: 
u € A}. 


Example 4.2. Considering Example [3.3] we see 


Gi = { (v1, ¢, 1), (v3, ¢, 0), (v4, d, 1); (v3, d, 1, (u3, d, 0), (74,6,0), (ug, €, i) 


Ge = { (v1, C, 1), (v3, C, 0), (233, 1), (v1, d, 1), (v3, d, I), (v1, €, 1), (u3, d, 0), (v1, e,0), (v3, €, 1), (v1, d, 0) : 


Suppose (f;, G1) and (hz, G2) over A are two NHSESs such that 


(v1,¢, D4 contin L603 0IS? AVS OIS? 108055 \), 
(v1, 4,1), ) =pxo055> 060.3055? <05,0.5005? 010.8055 
(v3,4,1), 9 ox 06075? 20.50.2035 060.3055? <080.10.55 
(fi, G1) = (v3,€; 1), ) =peonods SOaOF OOS? LOLOs0SS? S10.504S 
(v1,€,9); ) =proa05S) SOO 700s? LOR07 04S? L040.6085 
(v3, ¢,0), ee 2050.60.75? 2060-1035" | 
(v3, 4,0), { ea SS} 
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Wi w2 W3 WA 
>) <0.2,0.3,0.4>° <0.7,0.4,0.5>° <0.5,0.4,0.6>? <0.2,0.4,0.7> 


W1 w2 WA 
<0.4,0.3,0.8>? <0.8,0.3,0.5>? Da0305S" <0.2,0.6,0.7> 


SIO 065° SO 0-L0TS? AO. 08S? 2050.30.55 ), 2 
W1 Ww2 W3 Wa 


<0.4,0.2,0.3>? <0.6,0.3,0.5>’ <0.7,0.4,0.5>° <0.9,0.5,0.7 
Wi w2 W3 W4 


<0.7,0.2,0.3>? <0.5,0.2,0.4> 7 <0.6,0.2,0.4>? <0.3,0.5,0.6 
wi w2 w3 WA 


<0.7,0.3,0.7>? <0.3,0.5,0.6> 7? <0.5,0.4,0.3> 7 <0.2,0.6,0.4> 
Wi w2 w3 WA 


<0.2,0.5,0.4>’? <0.2,0.6,0.3>?° <0.3,0.5,0.6>? <0.5,0.3,0.7> 
Wy w2 W3 Wa 


<0.1,0.6,0.3>’ <0.9,0.1,0.2>’ <0.6,0.3,0.4>? <0.2,0.6,0.3> 
Wy W2 Wa 


<0.2,0.7,0.5>? <0.4,0.5,0.6> ’ SOTO205S° <0.8,0.1,0.4> 
wi w2 W3 wa 


( 
( 
( 
( 
( 
(hz, G2) = ] 
( 
( 
( 
( 


, 20.2,0.504S? Z0.7,0.2035? L080.2065 203,050.75 
Then (fi1, Gi) U (hn, Go) = (hz, G3) 


WA 
{sates 070.3505" 05045015? vats |) 


WI Ww2 W3 
<0.4,0.35,0.5>? <0.8,0.25,0.3>? <0.4,0.4,0.5>? ao S035 


wi we 
<0.1,0.30,0.6>° <0.9,0.10,0.7> V0.5 0.85" Si 


VaAOsS cURL ESS OT 035 055° 50-5007 


BTID 2005S" 503005? 6020045" 50-5006 


W1 w2 W3 
<0.7,0.20,0.4>? <0.3,0.50,0.6>? <0.5,0.3,0.3> 7 20.20.5045 


WI w2 W3 
A I0AOAS LOT0.65055? L050.6045? 205015075 


ib 60035? aa t0aS? en s004S? OPA KTS 
wi Ww2 ‘W3 
<0.2,0.65,0.5> 7 <0.4,0.55,0.6>? <0.7,0.15,0.2>? PEKING S ESS 


( 
( 
( 
( 
(3, G3) = 
( 
( 
( 
( 
( 2000035" 8015025" 802004S? ed 


Definition 4.3. Restricted Union of two NHSESs (fh, G1) and (fz, G2) over A is (hg, L) with 
L = G,N Go, defined as fi3(¢) = fiz (¢) UR ha(s) for ¢ € Gi N Go. 


Example 4.4. Considering Example ]3.3| we see 
G, = { (v1.61), (v3, 6,0), (v1.4, 1), (v3, 4,1), (v3, 4,0), (v1,€,0), (v3, ¢, We G2 = 
{ (v1, C, ine (v3, C, 0), (v3, C, 1), (v1, d, 1), (v3, d, 1), (v1, d, 0), (v3, d, 0), (v1, e, 0), (v3, e, une (v1, e, i}. 
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Suppose (f1, G1) and (h2,G2) over A are two NHSESs such that 


1,0, 4), soho ae ee] 
(v4 d 1) W1 w2 W3 
7&1), DIOLOSS? EROS DOSOGS’ SO s0sS 
34,1), ) =pa060.75> <050.2035' 060.3055’ 20.80.1095 
_ WI w2 W3 wa 
(M1, Gi) = (v3, e, 1), <0.6,0.2,0.4>? <0.2,0.7,0.6>? <0.4,0.3,0.5>? <0.1,0.5,0.4> 
Wi wa w4 
(v1, e,0), DLOS0SS? LIES DDS’ DAE VES 
(v3, ¢, 0), DLOsods? DSITeOTS’ DS0LOIS’ DTI 
W2 W3 
(v3, 4,0), | artnss: aostines: aortas: sorts } ) 
(v1,¢,1),) =aagauas OTOLUSS? OSOL0SS’ SDOLOTS ), 
(v d 1) Wi we W3 WA 
154,14), ) =0.40.3,0.8>° <0.8,0.3,0.5>? <04,0.3,0.5>? <0.2,0.6,0.7> f{ }? 
(v Cc 1) Wi we W3 WA 
3,€,1),) =pro e065) S050.L07S’ 20.40.5085) 20503055 
wi w2 w3 WA 
(v3,d,1), <0.4,0.2,0.3>) <0.6,0.3,0.5>? <0.7,0.4,0.5>? <0.9,0.5,0.7 f )? 
(v1 e i) W1 Ww2 W3 W4 
(fin, Go) = »€, 1); ) =0.7,0.9,0.3> <0.5,0.2,0.4>? <0.6,0.2,0.4>? <0.3,0.5,0.6 { }? 
2972 (v z 1) w1 we w3 wa 
31 ©) 4)5 ) =0.7,0.3,0.7>? <0.3,0.5,0.6>? <0.5,0.4,0.3>? <0.2,0.6,04> f{)? 
1,€,U); DiS 04S) DIVO0SS’ IOS 0ES’ BBVI07S , 
(v d 0) Wi we W3 WA 
1,4,0), ) =prp.6035° 20901025? 20603045’ 20206035 ¢)> 
W2 W3 W4 
(v3, 0,0), { = shoes: andthes: aeEher- aetna })- 
Wi w2 w3 Wa 
(v3, 4,0), | aateas corns cosines coatiors}) 


Then (fi1, G1) Ur (fg, Go) = (Ag, L) 


W1 Ww2 Wa 
<0.2,0.45,0.4>? <0.7,0.35,0.2> ? sos OTS’ LISS 


wi w2 W3 Wa 
<0.4,0.40,0.3>? <0.6,0.25,0.3>’ <0.7,0.35,0.5>? <0.9,0.30,0.7 2 
Wi w2 W4 
eicaene ae iene ae, : 
Ww3 
<0.7,0.20,0.4>? <0.3,0.50,0.6> ° astins aati} 


(hg, L) — 


Wi Ww2 W3 
<0.2,0.65,0.5>? <0.4,0.55,0.6>? <0.7,0.15,0.2>° <0.8,0.15,0.3> 


Wi we 
<0.2,0.60,0.3> 7 <0.8,0.15,0.2>? REAPS 30 6006S 


W3 
= <0.4,0.4,0.5> aantisoss}). 


<0.2,0.60,0.4> 7 <0.2,0.10,0.3> ” 35030045" 1 


Proposition 4.5. If (fii, G1),(h2,G2) and (hg,G3) are three NHSESs, then 
(1) (f1,G1) U (he, Ge) = (he, Ga) U (fi, Gi) 


(2) ((f1,G1) U (hz, G2)) U (hg, G3) = (A, Gi) U ((he, Ga) U (hg, N3)) 
(3) (h,G)U® = (h,G). 
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Definition 4.6. The intersection of two NHSESs (f1,G) and (hg, R) over A is (f3,L) with 
L=GNR, defined as 


hy(s) 
ha(s) = hy(s) 
(fils), ha(s)) 3s€GNR 


where (Fi (s), fa(s)) = {< u, min {01(s), v2(s)}, 1/2{v1(s) + v2(6)}, max {wn(s), w2(s)} >: 
wc A}. 


Example 4.7. Reconsidering Example [3.3 we have 


Gy = { (Ui, 1), (v3, ¢, 0), (v1, d, in (v3, d, 1; (v3, d, 0), (v1, e, 0), (v3, e, 1) 


Go = { (v1, C, 1); (v3, Cc, 0), (v3, ¢, 1); (v1, d, 1), (v3, d, 1), (v4, d, 0), (v3, d, 0), (v1, e, 0), (v3, e, 1), ; (v1, e, 1) 


Suppose (f;, G1) and (hz, G2) are two NHSESs over A such that 


1; 4 <0.1,0.6,0.45? <0.6,0.3,0.25? <0.4,0.5,0.15? <0.1,0.8,0.55 
(v d a wi we W3 W4 
154, +)) ) <0.3,0.4,0.5>? <0.6,0.2,0.3>? <0.2,0.5,0.6>? <0.1,0.5,0.3> f)? 
(v d 1) Wi w2 W3 WA 
314 1)s ) =0.2,0.6,0.7>? <0.5,0.2,0.3>’ <0.6,0.3,0.5>? <0.8,0.1,0.9> f)? 
— W1 Ww2 W3 WA 
(fi, Gi) = (v3, e, 1), <0.6,0.2,0.4>) <0.2,0.7,0.6>? <0.4,0.3,0.5>? <0.1,0.5,04> { }> 
(v e 0) W1 Ww2 W3 WA 
1,€,U); ) =0.1,0.3,0.5>? <0.1,0.7,0.6>? <0.2,0.7,04>? <0.4,0.6,0.8> ff)? 
(uv Cc 0) wW1 w2 w3 W4 
31€:U)s ) =0.1,0.6,0.9>? <0.3,0.6,0.7>’ <0.6,0.1,0.2>? <0.7,0.2,0.3> f)? 
Wi w2 W3 WA4 
(v3, d, 0), { sunthnas: <0.8,0.1,0.2>? <0.7,0.2,0.4>” aratitoes }) 


we w3 
(v1, 6, Vz 03,03,045? <0704055' <0.5,0.40.65° aa 
(v1,d, 1), {com SUES? LU80.305S? LAV 305S’ UZ060. =) 
(v3.6.1) 3 ” 
’ DLOS0ES? DOTLOTS DOLORES’ DOSOSUES 
Wy w2 W4 
(v3, d, 1), <0.4,0.2,0.3>° <0.6,0.3,0.5>° TOSS? <0.9,0.5,0. i) 
(v1 é 1) wy we w3 wa 
(h G ) = ma“) | <0.7,0.2,0.3> 7 <0.5,0.2,0.4>° <0.6,0.2,0.4> 9 <0.3,0.5,0.6 
29 N72 (v Zs 1) wi w2 Ww3 wa 
35&) *)5) <0, 7,0.3,0.7>? <0.3,0.5,0.6>? <0.5,0.4,0.3>? <0.2,0.6,0.4> 
(v e 0) W1 Ww2 W3 W4 
1, ©) 0) ) <0, 2,0.5,0.4>? <0.2,0.6,0.3>? <0.3,0.5,0.6>? <0.5,0.3,0.7> 
(v a 0) wy we w3 wa 
1,4, 0); | =01,0.6,0.3>’ <0.9,0.1,02>' <0.6,0.3,04>? <0.2,0.6,0.3> 
(v3, ¢,0), ees Danses’ NAPLES 801045 ‘ 
(v d 0); 4 we w3 wa 
3) , a a 
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Then (fi, Gi) M (he, Go) = (hg, G3) 


(v1.6, Vantin: RAUEEAESS AD As0GS? cumittas |) 
(v1, d, 1) t 3 
154) +)5 ) <0.3,0.35,0.8>? DENIES? 50.1005" Din sos ’ 
(v d 1) W1 we W3 Wa 
354, 4); ) <0.2,0.4,0.7>? <0.5,0.25,0.5>? <0.6,0.35,0.5>? <0.8,0.30,0.7> f )? 
— Wi w2 WA 
(hg, G3) = (v3, e, 1), 60.35,0.7S? <0.5,0.60065? 204035055) <0.10.55045 ’ 
(v1, e, 0), Dini0s>? SiN es0GS? DID EOUES? Av is0sS ’ 
(v Cc 0) wi w2 W3 WA 
356 V)s ) <0.1,0.65,0.9>? <0.3,0.55,0.7>’ <0.6,0.15,0.3>? <0.7,0.15,0.4> { )? 
(v3, d, 0) wy we _ 
34,0); BDin00dS? 8015035) 207030085 T0007 ’ 


Definition 4.8. Extended intersection of two NHSESs (fi1,S) and (f2,R) over A is (Ag, L) 
with L = SUR, defined as 


hi(s) -csES-—R 
h3(s) = ho(s) -cER-S 
hy(s) N ha(s) -seESNR. 


Example 4.9. Considering Example[3.3] we have 


Gy = { (v1, ¢, i), (U3, ¢, 0), (v1, d, 1), (v3, d, Ai, (v3, d, 0), (v1, e, 0), (v3, e, 1} 


Ge = { (v4, Cc, ibe (v3, Cc, 0), (U3, ¢, 1), (v4, d, 1), (v3, d, if), (ox d, 0), (v3, d, 0), (v4, €, 0), (v3, e€, Li (v4, €, 1) : 


Suppose (fi, G1) and (hz, G2) are two NHSESs over A such that 


(v1, ¢, 1) 2 ~ 3 
1, ’ Soh ee ae] 
(v4 d,1) wi w2 w3 
, | SVAVSS? LVG0.303S? ZVI. 065? 010.5055 
35 >| 20.2,0.60.75? <0.5,0.2,035 > <0.6,0.3,0.55? <0.8,0.1,0.95 
— WI w2 W3 WA 
(M1, G1) = (v3, € » <0.6,0.2,0.4>? <0.2,0.7,0.6>’ <0.4,0.3,0.5>? <0.1,0.5,0.45 ff)? 
(v1,¢€ ,0) Wi we wa 
| OL0305S? OL0.7 06S? V2.7 04S? 40.6085 pf)? 
(v3,¢, 0), a eae lan aeee oe , 
3) ’ aa a eS] 
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1; , W20304>) 704055? 20504065? 204075 
w2 W4 
(v1,d, 0) | eats centers arcs ants} 
(v3,¢ 1), DLOs0ES? DOTLOTS’ VOLO SOES’ DOSOSUES y 
(uv “ W1 w2 W3 W4 
3> > | <0.4,0.2,0.3> 7 <0.6,0.3,0.5>? <0.7,0.4,0.5>° <0.9,0.5,0.7 ’ 
(h G2) = ’ ZO70503S) S0503045) 20603045) 203,0506 , 
— ee ; iz Te oS a6 
>) <0.7,0.3,0.7>? <0.3,0.5,0.6>? <0.5,0.4,0.3>? <0.2,0.6,0.4> ’ 
’ 20.00.5045? 20.50.6035? 20505065? 20503075 ; 
: a W1 w2 W3 W4 
1; +) <0.1,0.6,0.3>° <0.9,0.1,0.2>° <0.6,0.3,0.4>° <0.2,0.6,0.3> a 
(v3,¢ ,0) WL w2 WA 
, DIO 0SS’ DAVS0SS’ LTO R0SS’ SOLOS a 
3) ; DIS 04S) DIVS035? VEO R08S’ 30 E07 


Then (fi1, Gi) Ng (he, G2) = (Ag, L) 


V1.C 1) W1 Ww2 W3 W4 
15 *)>) <01,0.6,0.45 <0.6,0.4,0.5>° <0.4,0.5,0.65 <0.1,0.8,0.7> 


Uv d 1) W1 Ww2 W3 W4 
1%) “J ) <0.3,0.4,0.85 ? <0.6,0.3,0.5>? <0.2,0.5,0.6>° <0.1,0.6,0.7> 


Vv d.1 Wy W2 W3 W4 
31 Oy Ad) 20.20.6,0.7S? <050.4055? <0.60.40.55 0.80.1,0.75 


wi w2 w3 WA 
> | <0.6,0.3,0.7>° <0.2,0.7,0.6>? <0.4,0.4,0.5> 7 <0.1,0.6,0.4> z 
wi w2 w3 WA 


( 
( 
( 
( 
(v1, €,0); \ =pro.505S? Z0106005? 2020-1085’ <040.0 085 
( 
( 
( 
( 
( 


(hg, L) = 


Uv c 0) WI W2 W3 W4 
35 V)s | <0.1,0.7,0.9>? <0.3,0.6,0.7> <0.6,0.2,0.3> <0.7,0.2,0.4> 


W1 w2 Wa 
v3,d,0), DLO OAS? DETR03S DTS’ DDT 


v,.d 0) wi w2 W3 wa 
1%) \)> ) <0.1,0.6,0.35 ? <0.9,0.1,0.25° 2.650.304" <0.2,0.6,0.3> 


v1.e.0 Wi w2 w3 wa 
LOM); <0.2,0.5,0.4>? <0.2,0.6,0.3>° <0.3,0.5,0.6>? <0.5,0.3,0.7> 


) WI w2 W3 WA 
> | <0.1,0.3,0.6>’ <0.9,0.1,0.7>? <0.4,0.5,0.8>? <0.5,0.3,0.5> 


Proposition 4.10. [f (fi, G1),(he, G2) and (h3,Gs3) are three NHSESs then 


(1) (Aa, Gi) N (he, Go) = (he, Ga) N (fh, Gi) 
(2) ((f1, Gi) (ha, Ga)) N (hg, Gg) = (fi, Gi) A ((h2, G2) N (hz, G3)) 
(3) (A, G)N¢ = ¢. 


Proposition 4.11. If (fii, G1),(he, G2) and (hg,G3) are three NHSESs, then 


(1) (fa, G1) U (fz, Ga) 9 (fiz, G3)) = 
((A1, G1) U ((A2, Ge)) A (fu, G1) U (fs, Gs)) 
(2) (Ai, G1) (Re, Ga) U (hg, G3)) = ((A1, G1) A (he, G2)) U (fi, G1) N (hg, G3)). 


Definition 4.12. If (Ai, G1) and (hz, G2) are two NHSESs over A then (fi1,G,) AND (fhe, G2) 
denoted by (fi, G1) A (hz, G2) is defined by 
(fi, G1) A (ha, Ge) = (fiz, Gi x G2), while his(¢, y) = fia(s) M1 hia(7), V(s, 7) € Gi x Go. 
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Example 4.13. Considering Example [3.3 we have 


G, = { (Ci, C, 1), (v1, d, 1), (ag. %; 0}, Go = { (ui,¢, 0); (v3, C, yh. 
Suppose (h;, G1) and (hz, G2) over A are two NHSESs such that 


(v Cc 1) Wi we w3 WA 
1,4); <0.1,0.6,0.4>° <0.6,0.4,0.5>? <0.4,0.5,0.6>? <0.1,0.8,0.7> ; 


== Wi w2 W3 Wa 
(t1,Gi) = (1,41), 4 atin <0.6,0.3,0.5>? <0.2,0.5,0.6>’ artes })- 


Wi w2 W3 WA 
(v3, ¢,0), { <onehoss: <0.3,0.6,0.7>? <0.6,0.1,0.25° aartinss }) 


(v Cc 0) Wi w2 W3 WA 
(h G ) —_ 1) U)s <0.2,0.1,0.3>° <0.7,0.2,0.4>? <0.5,0.2,0.5>? <0.2,0.3,0.6> ; 
one (v Cc ll) Wi w2 W3 Wa 

31 fA )) <0.1,0.5,0.6>?° <0.4,0.2,0.5>° <0.7,0.1,0.2>? <0.8,0.1,0.4> ; 


Then (hi, G1) x (hz, G2) = (h3, Gy Xx Go), 


= 
¢ 
a 
ao) 
=) 


W1 Ww2 W3 Wa 
> | <0.1,0.35,0.4> 7 <0.6,0.30,0.5>? <0.4,0.35,0.6>? <0.1,0.55,0.7> , 


WI W2 
; SOE0-250.85? 0.6 0.25055? L050.35005? 01045075 ? 


W1 
> | <0.1,0.45,0.8>° EOI 0ES? T3008" Bi035075 


WI Ww2 W3 WA 
> | <0.1,0.35,0.9>? <0.3,0.40,0.7>? <0.5,0.15,0.5>? <0.2,0.25,0.6> : 


Wi we WA 
; Dib ssOoS? BIOS BeOS’ DTS 2 


(v1, ¢, 1) ,0)) 
(( ) )) 
(( ) )) 
(v1, 6,1), (vs, 1)), | <o035065 0.4 0.30,055? £0.4,0.30,0.65? 20.1,0.45,0.75 f) > 
(( ) )) 
(( ) )) 


Definition 4.14. If (h;,G1) and (hz, G2) are two NHSESs over A, then (f1,G ,) OR (he, G2) 
denoted by (fi, G1) V (ha, G2) is defined by (1, G1) V (he, G2) = (fig, Gi x Ge), while hg(d,y) = 
hy (0) U hio(y), V(6, 7) € G, Xx Go. 


Example 4.15. Considering Example [3.3| we see 
G1 = { (v1, Cc, De (v1, d, 1), (U3, ¢, 0}, Go = { (v1, ¢,0), (v3, C, yh. 
Suppose (f1, G1) and (h2,Gz2) over A are two NHSESs such that 


(v Cc 1) Wi w2 w3 WA 
Ly %*)3 <0.1,0.6,0.4>’ <0.6,0.4,0.5>’ <0.4,0.5,0.6>? <0.1,0.8,0.7> ? 


_ WL w2 W3 Wa 
(fy, Gi) = (v1,d,1), <0.3,0.4,0.8>? <0.6,0.3,0.5>’ <0.2,0.5,0.6>? <0.1,0.6,0.7> ’ 


Wi we WA 
(v3, ¢, 0), <0.1,0.6,0.9>’ <0.3,0.6,0.7>? DEO LOES? <0.7,0.2,0.3> ) 


(v Cc 0) wy w2 w3 wa 
_ 1, ©) \')5 ) <0.2,0.1,0.3>? <0.7,0.2,0.4>? <0.5,0.2,0.5>? <0.2,0.3,0.6> ’ 
(he, G2) = 


(uv Cc 1) Wi we wW3 WA 
31 A)) <0.1,0.5,0.6>° <0.4,0.2,0.5>? <0.7,0.1,0.2>? <0.8,0.1,0.4> ; 
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Then (h3, G3) V (h2, G2) _ (h3, Gi Xx G2), 


(v1.61), (1,69), | paps 03s: 0<070.3004S? 05035055? <070.55 065 \) , 
(v1, 4,1), (v1, ¢,0)), ) apapasss: So70 sds? [05035055 IN 1506S ) , 
(fig: C x Gs) ((v1,d, 1), (v3,¢,1)), | apap asoes: Son 2505S? SOTO 3003S? EO sOIS fp} 
(v1, 6,1), (v3, ¢,1)), | zoroseoas <0.60.30,0.55? <0.70.300.25? 08045045 f)> 
((v3,¢,0), (v1, ¢,9)), | aoa seuss O70 04S? US O1SOIS? O70 OSS f)> 
((v3,¢,0), (v3, ¢,1)), | <oroseoes <040.40055 070100I5? eos 0a f)> 


Proposition 4.16. If (fi, G1),(h2, G2) and (hg,G3) are three NHSESs over A, then 
(1) ((A1,Gi) A (he, G2))* = ((f1, G1))° V ((h2, G2))° 
(2) ((f1,Gi) V (Az, G2))* = ((A1, G1))° A (2, Ga))°. 


Proposition 4.17. If (fi, G1),(h2, G2) and (hg,G3) are three NHSESs over A, then 
(1) ((f1, Gi) A (ha, Ga)) A (hg, G3) = (fi, Gi) A ((ha, G2) A (ha, G3)) 
(2) ((f1,G1) V (he, G2)) V (fg, G3) = (A, G1) V ((Re, Ga) V (As, Gs)) 
(3) (fi, G1) V ((A2, G2) A (As, G3) = ((1, Gi) V ((R2, Ga)) A (A, Gi) V (fis, Gs) 
(4) (fi, G1) A (Rez, Ga) V (hg, G3)) = ((fi1, G1) A ((f2, Ga)) V (fi, G1) A (3, G3)). 


5. Basic Properties and Laws of Neutrosophic Hypersoft Expert Set Operations 


In this important part of the paper, certain important characteristics and laws are explained 
for NHSES. 
Here (h, G), (h, G1), (A, Go), (h, G3) and (h,,G) are NHSESs over A 


e Idempotent Laws 
(a) (A, G) U (A, G) = (A, G) = (A, G) Up (h, G) 
(b) (h, G) N(R, G) = (h, G) = (Rh, G) Me (A, G) 
e Identity Laws 
(a) (h,G) U (h, G)e = (h,G) = 
(b) (A, G)N (A, G)a = (h, G) = (h,G) Me (A, Ga. 


| 
= 
C 

x 
= 
a 

e 


e Domination Laws 
(a) (h, G) U (h, G)a = (h, G)a = (h, G) UR (h, G)a 
(b) (A, G)N (A, G)o = (A, G)o = (A, G) Ne (A, G)o. 


e Characteristic of Exclusion 

(h, G) U (A, G)*® = (A, G)a = (A, G) Ur (hi, G)°. 
e Characteristic of Contradiction 

(h, G) N (A, G)* = (A, G)e = (A, G) Me (A, G)°. 


Muhammad Ihsan, Muhammad Saeed, Atiqe Ur Rahman, Neutrosophic Hypersoft Expert 
Set with Application in Decision Making 


Neutrosophic Sets and Systems, Vol. 50, 2022 


e Absorption Laws 
(a) (A, G1) U (A, Gi) 9 (A, Gi)) = (A, Gi) 
(b) (A, Gi) 7 (A, Gi) U (h, G1)) = (A, G1) 
(c) (Rh, Gi) Ur (A, G1) Me (h, Gi)) = (A, Gr) 
(d) (A, Gi) Ne ((A, Gi) Ur (A, Gi)) = (2, Gi). 


€ 


e Absorption Laws 


(a) ((A, G1) U (A, G2)) = ((A, Gi) U (A, Ga)) 
(b) (2, Gi) Ur (A, G2)) = ((A, Gi) Ur (A, G2)) 
(c) ((A, Gi) N (A, G2) = ((A, G1) 9 (A, G2)) 
(d) ((2, G1) Ne (A, Go)) = ((A, Gi) Ne (h, G2)). 


Associative Laws 

a) (h, Gi) U ((R, G2) U (Ar, G3)) = ((A, Gi) U (A, Ga)) U (Ai, Gs) 

b) (A, Gi) UR ((R, Ga) Ur (Ar, G3) = ((A, Gi) UR (2, G2)) Ur (Ar, G3) 
c) (h, G1) 9 ((R, Ga) N (ft, G3) = ((A, G1) 9 (A, Go)) N (Mi, Gs) 

d) (A, Gi) Me ((R, G2) Me (Ai, G3)) = ((A, Gi) Ne (A, Ga)) Me (Ar, G3) 
e) (h, G1) V((h, Ga) V (A, G3)) = ((A, G1) V (A, G2)) V (A, Ga) 

) (A, Gi) A((A, G2) ACP, G3)) = (A, Gi) A(R, G2)) AC, Gs). 


e De Morgan’s Laws 

a) ((h, Gi) U (h, G2))° = (R, Gi)* Ne (A, G2)® 
b) ((A, G1) Me (h, G2))° = (h, G1)° U (h, Go)® 
c) ((h, G1) V(A, G2))* = (A, Gi)° A(R, G2)° 
d) ((A, G1) A(R, G2))° = (RB, Gi)° V (A, G2)°. 


( 
( 
( 
( 
( 
(e 
( 
( 
( 
( 


Distributive Laws 


(a) (h, G1) U ((h, Ga) N (A, Ga)) = ((A, G1) U (A, G2)) N ((A, Gi) U (fi, Ga) 

(b) (A, G1) A ((A, G2) U (fi, G3)) = ((A, Gi) 1 (A, Ga)) U (A, Gi) N (fii, Gs)) 

(c) (A, G1) Ur ((A, G2) Ne (A, G3) = ((R, G1) Ur (A, Ga)) Ne ((A, G1) Ur (fi, G3) 
(d) (R, G1) Ne (A, G2) Ur (1, G3)) = ((R, G1) Ne (2, Ga)) Ur ((A, G1) Me (fi, Gs)) 
(c) (R, G1) Ur ((A, Ga) 9 (fr, Ga)) = ((A, G1) Ur (A, Ga)) 1 ((A, G1) Ur (A, Ga)) 
(e) (A, G1) 9 ((R, Ga) UR (fi, G3)) = ((A, Gi) 9 (RB, Ga) Ur ((A, G1) 9 (Ar, Gs). 


6. Hybrids of Neutrosophic Hypersoft Expert Set 


In this study, some hybridized structures of NHSES are presented. Suppose Y denotes the 
set of expert and O be a set of opinions, T = F x Y x O. Taking A C T and A denotes the 


universe, while F used for parameters. 
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Definition 6.1. A bipolar neutrosophic hypersoft expert set is a pair (B, A) and is character- 


ized by a mapping 


:A— P(A) 


where 


(B, A) = {(2, 2B (6) eae ViB5(6) (2), We) (x), VB) (@)s Vp(6) (2), WB(¢)(@)) :Ve€ A,x € A} 


+ + +, - - - 
, where VB(e) YB(e) “B(e) ° A — (0, 1], VB(e) YB)“ Ble) ° A = (0, 1]. 
Example 6.2. Considering Example with A = {w1,w2}, we have bipolar neutrosophic 


hypersoft expert set as 


(v1.61), | papsod- oT 0203S’ LOI 0506-02-05 -025 ) , 
(v1,4,1), 4 aaoaos—o co cols’ SDSS -OLSODoES fp)? 
(v1,e, 1), DIVO LOLS? ss 060 T0504 , 
(v2,¢,1), Bos 0s OTS ste 0070s ’ 
(B, A) = (v2, 4,1), ) =p.n0506—0%203,04S' 203060701L203,-045 f)> 
(v2,e, 1), SS OTOT OL LOD OSS? SOLO -0E 00a fe 
(v1,¢,0), | aoapa01-0 12052035’ 10805-00705 f)> 
(v1, 4,0), ) aorpEoa oO 0sS’ SODOTOS-0Ls0a=oas f)> 
(v1, e,0), DIOTOS 00S aS? DEVI -0L 0304S , 


Definition 6.3. A complex neutrosophic hypersoft expert set (C,A) is characterized by a 
mapping 


C:A3CN4S 


where CN“ denotes the collection of all complex neutrosophic subsets of A and 


(C, A) = {(2, vc(e)(£), Yale) (£), Woe) (@)) : Ve € A, x € A}, where 
Vole) (x) = aC(e)(2).P CO), vq(¢) (x) = bC(e)(x).° C9, wore) (x) = eC (e)(x).P COM 


for all u € A while v¢(e),Yc(e);¥o(e) are complex-valued truth, indeterminacy and _fal- 
sity membership functions and these values lie within the unit circle in the complex 
plane and both the amplitude terms aC(e)(x),bC(e)(x),cC(e)(x) and the phase terms 
uC(e)(x), vC(e)(x), wC(e)(x) are real valued such that 0 < aC(e)(x)+bC(e)(x)+cC(e)(x) < 3 
while aC(e)(x), bC(e)(x), cC(e)(x) € [0, 1]. 
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Example 6.4. Considering Example [3.3 we have complex neutrosophic hypersoft expert as 


C Wi w2 
1,°, ’ (0. 1e927 (0.3) | 0.6e327 (0.3), 0.732" (0.3)) ? (0.9e927 (0-3) | 0.76927 (0.3) | 0.8e327(0.3)) 


Wi W2 
(0. QeI27 (0.3) | 0.6e327 (0.3), 0.3¢e327(0.3)) ? (0.127 (0.3) | 0.8927 (0.3) | 0.2¢e927(0.3)) 


WI Ww2 
(0. 6e327 (0.3), 0.7e927 (0-3) | 0.8e327(0.3)) ? (0.6e327 (0.3) , 0.9e327 (0-3), 0.2e327(0.3)) 


W1 W2 
(0. 4eJ27 (0.3), 0.5e327 (0.3), 0.4¢32"(0.3)) > (0.1e727 (0-3) | 0.8927 (0.3) | 0.5¢927(0.3)) 


(C, A) = 


WI W2 
(0. 4eJ27 (0.3) | 0.7e927 (0-3) | 0.2e327 (0.3) ? (0.4e927 (0.3), 0.6e327 (0-3) | 0.6e327 (0.3)) 


Oe ee A@"” 


W1 W2 
(0. 3eI27 (0.3), 0.3e427 (0.3), 0.2e327(0.3)) ? (0.1e927 (0.3) | 0.6e927 (0.3) | 0.1e327(0.3)) 


WI W2 
(0. TeJ27 (0.3) | 0.4e427 (0.3), 0.2e727(0.3)) ? (0.127 (0.3) | 0.6e927 (0.3) | 0.2e327 (0.3)) ? 


W1 Ww2 
(0. 6eI27 (0.3), 0.7€927 (0-3), 0.4e927(0.3)) ? (0.5e927 (0.3), 0.9327 (0-3) 0.4e927(0.3)) ? 


WI w2 
| (0. 4eI27 (0.3) , 0.7e927 (0.3) | 0.4e327(0.3)) ? (0.6e527 (0.3) , 0.8e527 (0.3), 0.1e927(0.3)) 


W1 W2 
(0. 6eI27 (0.3) , 0.7e927 (0.3) | 0.5e327(0.3)\ ? (0.7e927 (0.3) , 0.9e527 (0.3), 0.3e327(0.3)\ 


Definition 6.5. A pair (F, H) is called a fuzzy parameterized complex neutrosophic hypersoft 
expert set(FP-CNHSES) over A, where F' is a mapping given by 


FeHsCN* 


where CN® is the collection of all complex neutrosophic subsets of A. 
It can also be written as (F, H) = {(t, |-e= ie A}) :tE€ H} 
where H CGxDxC= { (st :B,yE A) :a@E€G, BED, VE c} with S is a corresponding 


membership function of fuzzy set and 


(F, H) = (2, vere) (2), Voce) (2), Wore) (Z)) 1 Ve € Hx € A, 
where 
Ue(e)(2) = aC(e)(x).F OO, ve(@)(x) = bC(e)(a).P CO, worey(z) = cC(e)(a).F CO) 


for all x € A while uc(e), Yc(e), ¥c(e) are complex-valued truth, indeterminacy and falsity 
membership functions for or the FP-CNHSES and these values lie within the unit circle in the 
complex plane and both the amplitude terms aC(e) (x), bC(e)(x), cC(e)(x) and the phase terms 
uC (e)(x), vC(e)(x), wC(e)(x) are real valued such that 0 < aC(e)(x)+bC(e)(x)+cC(e)(x) < 3. 
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Example 6.6. Considering Example [3.3] with S = {25, 33, 3} as a fuzzy subset of FZ(E). 
We can define FP-CNHSES as 


(4 Cc 1) W1 Ww2 
0.29” ? (0.1e27 (9-2), 0.6e27 (0.2) , 0.7e27(0.2)) ? (0.9€27 (0-2) , 0.7e27 (0-2) | 0.8e27 (0. 2)\ 
(2, d,1) wi we 
0.39” ? (0.2627 (0-2) , 0.6627 (0.2) , 0.3e27(0-2))? (0.1e27 (0-2) , 0.827 (0-2) | 0.2e27 (0. 2)\ 
(2, e, 1) wi we 
05°” ’ (0.6e27 (0.2) , 0.7e27 (0.2), 0.8¢27(0.2))? (0.6€27 (0-2) , 0.9e27 (0.2) | 0.2e27 (0. 2)\ 
(24, ¢,1) wi we 
0.2° ? (0.4€27 (0-2) , 0.5¢27 (0.2) , 0.4e27(0.2)) ? (0.1e27 (0-3) , 0.8¢e27 (0-2) | 0.5e27 (0. 2)\ 
(2, d,1) wi we 
(F H) -_ 0.37% ? (0.4e27 (0.2) , 0.7€27 (0-2) | 0.4e27(0.2)\ ? (0.6e27 (0.2) , 0.8e27 (0.2) , 0.1e27 (0. 2)) 
mY) ((88,6,1) 4 w2 
0.59” ’ (0.4e27 (0.2) , 0.7e27 (0.2), 0.2€27(0.2))? (0.4€27 (0.2) , 0.6e27 (0-2) | 0.6e27 (0. 2)) 
(4 Cc 0) W1 w2 
0.29 ’ (0.3€27 (0-3) , 0.3¢27 (0.2) , 0.2e27(0.2)) ? (0.1e27 (0-3) , 0.6¢e27 (0-2) | 0.1e27 (0. 2)\ 
(22 d 0) W1 W2 
0.39” ’ (0.7€27 (0-2), 0.4e27 (0.2) , 0.2e27(0.2)) ? (0.1e27 (0.2) , 0.627 (0-2) | 0.2627 (0. 2)\ 
(2 e 0) WI W2 
0.59” ’ (0.6e27 (0.2) , 0.7e27 (0.2) , 0.4¢227(0.2))? (0.5€27 (0-2), 0.9e27 (0.2), 0.4e27 (0.2)) 
(3 Cc 0) W1 W2 
0.20 ) (0.6€27 (9-2) , 0.727 (0.2) , 0.5e27(0.2)) ? (0.727 (0-3) , 0.9e27 (0-2) | 0.3e27(0.2)) 


Definition 6.7. A pair (V,A) is called a neutrosophic vague hypersoft expert set is a pair 
(V,A), with V representing a mapping V : A > NV4, and NV4 is being used for the power 
neutrosophic vague set of A. Let mapping V is defined by as V(t) = V(t)(x), x € A. For 
each t; € A, V(ti) = V(ti)(x), where V(t;) represents the truth, indeterminacy and falsity 
membership functions of A in V(t;). Hence V(t;) can be written as 

V(t) = { ogi}. for i= 1,2,3.... 

where V(t;)(vi) = [v — w(ti) (ai), v + w(ti)(@a)], LE — w(t) (ai), P+ w(ti) (@)], lw — w(t) (wi), w + 
w(t;)(a;)| and v + w(t;)(aj;) = 1 — w(t)(ai),w + w(t)(a;) = 1-— uv — w(t;)(x;) with 
[vw (ti)(xi),v + w(t) (a;)], LE — w(ti) (as), T + w(ti)(a;)] representing the truth, indeterminacy 


and falsity-membership functions of each of the elements x; € A, respectively. 


Example 6.8. Considering Example with A = {w1,w2}, we have neutrosophic vague 


hypersoft expert set as 


we 
(v1,¢,1), {= [0.2,0.5),[0. z O01) [0.203]5° Z0.1,0.3),106,0.2),03,02]> \) ’ 
Wi Ww2 
(v1, d, 1), <[0.4,0.2],[0.3,0.1],/0.1,0.2]>° <[0.2,0.5],[0.3,0.1],[0.2,0.5]> : 
(v1, e, 1) wi we 
> | <[0.7,0.2],[0.3,0.8],[0.1,0.6]> ° <[0.3,0.5],[0.6,0.2],[0.3,0.4]> u 
(v2, c, 1) w1 we 
> | <[0-9,0-1),[0-3,0.3],[0.2,0.1]>° <[0.3,0-4],[0.8,0.1],[0.7,0.4]> f )> 
= Wi W2 
( ,A) — (v2, d, 1), <[0.4,0.5],[0.6,0.2],/0.3,0.4]>? <[0.2,0.6],[0.7,0.1],[0.3,0.4]> ) : 
(v9, e, 1) wt we 
> | <[0.5,0.4],[0.7,0.1],[0.2,0.3]> ° <[0.8,0.1],[0.6,0.2],[0.2,0.3]> ¢ 
(v1, ¢, 0) wi we 
>) <[0.3,0.2],[0.1,0.1],[0.2,0.3]> % <[0.1,0.8],[0.3,0.1],[0.7,0.2]> ‘ 
(v1, d, 0) w1 we 
Uy > | <[0.1,0.8],[0.4,0.1],[0.2,0.3]>° <[0.2,0.7],[0.5,0.1],[0.3,0.4]> ? 
WI w2 
(v1,€,0), 4 =oxprT5,0I,OS0aS? <5 04) 106,0.11 0304) ) , 
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7. An Application to Neutrosophic Hypersoft Expert Set 


An application of NHSES theory related to the decision-making problem is presented while 
using an algorithmic technique.. 
Statement of the problem 
Mr Jay needs to buy a mask from a business opportunity for his own wellbeing. He takes help 
from his a few companions (Henry, John and Watson) who have skill in mask buying. 
Proposed Algorithm For Selection Of Mask 


The accompanying calculation is embraced for this choice (purchase). 


Compute dj= )°, ti; for Agree-NHSES, 
Determine qj= >, ti; for Disagree-NHSES, 


Step-1 

Let eight categories of mask which are being used for the universe of discourse Q = 

{b1, b2, bs, ba, bs, bg, 67, bg} and X = {p, = Henry, p2 = John, p3 = Watson} be a set of 

experts. The prescribed attributes for the attribute-valued sets are : 

O; = Brand = {o1 = new, 02 = old} 

O2 = Price = {03 = l00dollar, 04 = 50dollar} 

Oz = Colour = {o5 = black, og = blue} 

O4 = Quality = {07 = good, og = better} 

Os = Shape = {09 = circular, 019 = square} 

and then O = O, x Og x O3 x O4 X Os 
(01, 03, 05, 07, 09), (01, 03, 05, 07, 010), 


01, 03, 06, 07, 010); (01, 03, 06, Og, 09), 


), (01, 03, 05, 08, 09), (01, 03, 05, 08, 010); (01, 03, 06; 07, 09), 
); (01, 03, 06, 08, 010); (01, 04, 05, 07, 09), (01, 04, 05, 07, O10), 
01, 04, 05, 0g, 09), (01, 04, 05, 08, 010), (01, 04, 06, 07, 09), (01, 04, 06, 07, 010), (01, 04, 06, O8, 09), 
01, 04; 06; 08, 010), (02; 03, 05, 07, 09), (02, 03, 05, 07, 010), (02, 03, 05, 08, 09), (02, 03, 05, 08, O10); 
), (02, 03, 06, 0g, 09), (02, 03, 06, 08, 010), (02, 04, 05, 07, 09), 
) ),¢ 
) 


02, 04, 05, 08, 010); (02, 04, 06, 07, 09 ) 02, 04, 06,07, 010); 


02, 03, 06, 07, 09), (02, 03, 06, 07; O10); 
02, 04, 05, 07, 010), (02, 04, 05, 08, 09), 
02, 04, 06, 08, 09), (02, 04; 06, O8; O10 
Now take Q C O as 

Q = {q = (01,03,05,07,09),42 = (01,03,06,07,010),93 = (01,04,06,08,09),q4 = 
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(02, 03, 06, 08, 09), 5 = (02, 04, 06, 07, 010) } 


((q1, 01,1) = {02, 03, 04, 05, 06, O8}), (41, 02, 1) = {01, 02, 03, 07}) , ((G2, 01,1) = {05, o8}), 
((q2, 02,1) = {01, 02, 03, 04, 05, 06, O8}) , ((3, P1, 1) = {04, 07}), ((43, 92,1) = {01, 02, 04, 05, Og}) , 
((q3, 03,1) = {01, 05, 07, o8}), 
((44, p1, 1) = {01, 07, o8}), (G4; p2,1) = {01, 04, 08}) , (G4, P3,1) = {01, 06, 07, O8}) , 
((q5, P1, 1) = {03, 07, 08}), (G5, P2, 1) = {01, 02, 03, 04, 05, 08}) , (45, 03,0) = {01, 03, 06}) 

(h,G) = ((95, 03, 1) = {02, 03, 05, 07, O8}) , ((q1, p1,0) = {03, 05, O6}), (G1; P2,0) = {02, 03, 06, 07}) , 
((q1, 03,0) = {03, 04}) , ((42, p1,0) = {01, 02, 04, 05, 06, 07}), ((G2, P2,0) = {02, 07}), 
((q2, 03,0) = {02, 03, 04, 05, 06 }) , ((43, 21,0) = {01, 02, 06, 08}), ((43, 22,0) = {03, 04, 06, 07}) , 
((q3, 03,0) = {02, 03, 04, 05, 07}), (45, 01,0) = {04, 06, O7}) 5 ((G4; P1,0) = {02, 03, 03, 04, 05,07}) , 
(44, 03,0) = {02, 03, 04, 05}) , ((95, 2,0) = {02, 03, 06, 07}) , 
((q1, p3, 1) = {01, 03, 04, 06, 07, O8f), ((G4; P2,0) = {02, 03,06, 07}) , 
((q2, P3, 1) = {01, 02, 04, 07, Og}) , 

is a NHSES. 

Step-2 


The Agree and Disagree-NHSES are represented by Table 1 and Table 2 respectively, also 
when 0; € F(8) then oj; = V = 1 diversely 0;; = x = 0, and if 


0; € Fo(B) 


then 0;; = Vv = 1 diversely 0;; = x = 0 while 0,;; are being used as members of Tables 1 and 
2. 

Step-(3-5) 

presents The dj= )7, 0;; for Agree-NHSES, q;= )°, 0;; for Disagree-NHSES are presented in 


Table 3 and g; = d; — q; have been shown and to choose product p,= max p; for solution. 


Step-6-Decision 


Since gg is maximum in above Table 3, so category bg is preferred to be selected for purchase. 


8. Conclusions 


In this paper, 

e The fundamentals of neutrosophic hypersoft expert set are established and some neces- 
sary properties like subset, equal set, agree and disagree set, relative whole and relative 
null set, absolute whole set are explained with detailed examples. 

e Some theoretic operations like union, restricted union, intersection, extended intersec- 
tion, complement, AND and OR are generalized. 

e Some basic laws such as idempotent, absorption, domination, identity, associative and 


distributive are discussed with examples. 
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(3 


TABLE 1. Agree-NHSES 


B by bo b3 ba bs be by bs 
(p1, p1) x Vv Vv v v Vv x x 
(p2, p1) x v x x x x ff x 
(ps, p1) x x x Vv x x Vv x 
(pa, p1) ¥ x x x x x ¥ ¥ 
(ps, P1) Vv Vv Vv Vv x x x Vv 
(p1, p2) v x Vv x x x v x 
(pe, p2) Vv Vv Vv x Vv Vv x Vv 
(ps3, p2) x Vv Vv x x x Vv x 
(pa, P2) ¥ x x x x x x ¥ 
(ps, P2) x x x x v x x x 
(p1, p3) v x v Vv x Vv Vv x 
(p2, p3) Vv Vv x Vv Vv x Vv x 
(p3, P3) v x v x v x v x 
(pa, P3) v v v V x v V x 
(ps5, p3) x Vv Vv v Vv x v x 
dj=S,nij d=09 dg=08 ds=9 di=7 d3=06 dg=4 dy=10 dg=11 


TABLE 2. Disagree-NHSES 


B bi bs bs ba bs be by bs 
(Pi, pL x x v x x v x x 
(pe, P1) v v x v x v v x 
(3, P1 v Vv x x x v x Vv 
(Pa, pi x "4 "4 "4 V v x x 
(ps5, p1) x x x "4 x "4 "4 x 
(Pi, p2 x v v x x Vv Vv x 
(p2, p2) x "4 x x x x "4 x 
(p3; p2) v Vv x x x "A x Vv 
(pa, p2 x v v x x v v x 
(ps5, p2) x "4 "4 x x "4 "4 x 
(P1, p3 x x v v x x x x 
(po, p3 x x v x v v x x 
(p3, P3) x Vv Vv Vv Vv Vv x x 
(pa, p3 x v v Vv v x x x 
(ps, P3) x v x v x v x x 
p= > ny nm=3 p2=11 ps3 =9 pa=T7 D5 =4 Po=12 pr=6 pg = 2 


e Some hybridized structures of neutrosophic hypersoft expert set are established with 


illustrative examples. 
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TABLE 3. Optimal 


d= 0; Mig = i Mig 95 = 45 — 4 
d, = 09 na=3 g, =6 

dz, =8 gz = 11 g2 = -3 
d3 = gg =9 93 = 

d4 = qa = 7 ga =0 

ds = 06 ds =4 95 =2 

dg =4 dg = 12 go = —8 
d7 = 10 q7 = 6 g7=4 

dg =11 gg = 2 gs =9 


e An algorithm is developed to explain the procedure of decision making problem. 

e An application related to the mask purchasing is described with the help of proposed 
algorithm. 

e Future task may include the extension of the existing work for other neutrosophic 
hypersoft expert-like hybrids i.e., generalized neutrosophic, generalized interval val- 
ued neutrosophic, neutrosophic vague , interval-valued neutrosophic, etc. This new 
work will give an outstanding extension to existing theories for dealing with truthness, 


indeterminacy and falsity membership functions. 
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Abstract. The aim of the study is to introduce a neutrosophic \V—subalgebra and neutrosophic MN —ideal of 
a Sheffer stroke BCH-algebras. We prove that the level-set of a neutrosophic M—subalgebra (neutrosophic 
N-—ideal) of a Sheffer stroke BCH-algebra is its subalgebra (ideal) and vice versa. Then it is shown that the 
family of all neutrosophic N’—subalgebras of a Sheffer stroke BCH-algebra forms a complete distributive modular 
lattice. Also, we state that every neutrosophic M’—ideal of a Sheffer stroke BCH-algebra is its neutrosophic 
N—subalgebra but the inverse is generally not true. We examine relationships between neutrosophic N/—ideals 
of Sheffer stroke BCH-algebras by means of a surjective homomorphism between these algebras. Finally, certain 
subsets of a Sheffer stroke BCH-algebra are defined by means of M’—functions on this algebraic structure and 


some properties are investigated. 


Keywords: Sheffer stroke BCH-algebra; subalgebra; neutrosophic \V— subalgebra; neutrosophic NV —ideal. 


1. Introduction 


Sheffer stroke (or Sheffer operation) introduced by H. M. Sheffer is one of the two operators 
that can be used by itself, without any other logical operators to build a logical formal sys- 
tem . Since it provides new, basic and easily applicable axiom systems for many algebraic 
structures, this operation has many applications in algebraic structures such as orthoimplica- 
tion algebras (J, ortholattices [3], Boolean algebras [15], strong Sheffer stroke non-associative 
MV-algebras |4) and their neutrosophic N-structures [19], Sheffer Stroke Hilbert algebras 
and their neutrosophic N-structures (17. Besides, the concepts of BCK-algebras and BCI- 
algebras were introduced by Y. Imai and K. Iséki ( [10], (11}) and BCK-algebras are proper 
subclasses of BCI-algebras. Also, a new class of these algebras so-called BCH-algebras is in- 
troduced and studied by Hu and Li ( [3], (9}) and the new class contains BCK-algebras and 
BClLalgebras. Some properties of these new algebraic structures have been investigated by 
Chaudhry ( [5], (6]), Dudek and Thomys (7. Recently, BCH-algebras with Sheffer stroke, 
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subalgebras, minimal and medial elements and BCA-parts of these algebras are studied by 
Oner et al [18]. 

On the other side, Zadeh introduced the fuzzy set theory which is a generalization of 
ordinary sets, has the truth (t) (membership) function and positive meaning of information. 
Hence, scientists have been interested in negative meaning of information, and so, Atanassov 
introduced the intuitionistic fuzzy set theory |2| which is a generalization of fuzzy sets, has truth 
(t) (membership) and the falsehood (f) (nonmembership) functions. Besides, Smarandache 
introduced the neutrosophic set theory which is a generalization of the intuitionistic fuzzy set 
theory and has the indeteminacy/neutrality (i) function with membership and nonmembership 
functions (23][24}. Thus, neutrosophic sets are defined on three components (t, i, f) [27]. In 
recent times, neutrospohic sets are applied to the algebraic structures such as BCK/BCI- 
algebras and BE-algebras [1.41/20}[25). 

We give basic definitions and notions on Sheffer stroke BCH-algebras, neutrosophic MV— 
functions and neutrosophic N—structures. Also, neutrosophic W—subalgebra, a neutrosophic 
N—ideal and a level set on neutrosophic NW —structures are introduced on Sheffer stroke BCH- 
algebras. Then we prove that the level set of a neutrosophic \V—subalgebra of a Sheffer stroke 
BCH-algebra is its subalgebra and the inverse always is true, and that the family of all neutro- 
sophic \V—subalgebras of a Sheffer stroke BCH-algebra forms a complete distributive modular 
lattice. Moreover, it is shown that every neutrosophic NV —ideal of a Sheffer stroke BCH-algebra 
is its neutrosophic \V—subalgebra but the inverse does not mostly hold. Finally, we define spe- 
cial subsets of a Sheffer stroke BCH-algebra by means of the ’—functions Ty, Iy and Fy and 
its any elements a;,a;,af and show that these subsets are ideals of this algebraic structure if 


a neutrosophic \’—structure on this algebraic structure is the neutrosophic NV —ideal. 


2. Preliminaries 


In this section, we give basic definitions and notions about Sheffer stroke BCH-algebras and 


neutrosophic WV —structures. 


Definition 2.1. Let A = (A,|) be a groupoid. The operation o on S is said to be a Sheffer 
operation (or Sheffer stroke) if it satisfies the following conditions for all a,b,c € A: 

(S1) alb = dla, 

(S2) (ala)|(a|b) = a, 

(53) a|((b|c)|(le)) = ((ald)|(alb) Ie, 

(S4) (a|((ala)|(6|6)))|(al((ala)| (|b) = a. 

Definition 2.2. A Sheffer stroke BCH-algebra is an algebra (A,|,0) of type (2,0) such 
that 0 is the constant in A the following axioms are satisfied: 

(sBCH.1) (al(a|a))|(a|(ala)) = 0, 
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(sBCH.2) (a|(b|b))| 
(sBCH.3) ((a|(b|b)) 
for all a,b,c € A. 


(a|(6[b)) = (l(a/a))|(6|(a]a)) = 0 imply a = 6, 
|(a|(6]b)))i(ele) = (Cal(ele) )I(al(ele)) )1Gl®), 


Definition 2.3. Let (A,|,0) be a Sheffer stroke BCH-algebra. Then a relation < on A 
defined by 
a < b if and only if (a|(6/b))|(a|(b|b)) = 0, 


is a partial order on A. 


Lemma 2.4. [18] Let (A,|,0) be a Sheffer stroke BCH-algebra. Then the following features 
hold for all a,b,c € A: 


(1) (a|(ala))|(ala) = a, 

(2) a|(((al([2))|(6]5))|((a|(B|b) )| (b|b))) = O|0, 
(3) (0/0)|(ala) =a, 

(4) (a|(0|0))|(a|(0|0)) = a, 

(5) al((A|(ele))|(6|(cle))) = b|((al(cle))|(al(ele))), 
(6) ((al(al(/2))) [Cal (al(12))))| (1b) = 010, 

(7) ((al(2]d))|(a|(6|6)))| (ala) = 0] (2|d), 

(8) O(a] (O[b)) = ((O|(ala))|(Ol(ala)))|(0] (|), 
(9) a< b implies 0|(a\a) = 0|(b|b). 


Definition 2.5. Let (A,|,0) be a Sheffer stroke BCH-algebra. Then a nonempty subset 
S of A is called a subalgebra of A, if (a|(b|b))|(a|(b|b)) € S, for all a,be S. 


Definition 2.6. A nonempty subset J of a Sheffer stroke BCH-algebra (A, |,0) is called 
an ideal of A if it satisfies 

(11) O€T, 

(12) (a|(b|b))|(a|(b|b)) € I and az € I imply a € J, 

for all a,b € A. 


Definition 2.7. A modular lattice is any lattice which satisfies a < b —+ aV (bAc) = 
bA(aVec). 


Theorem 2.8. [21] Every distributive lattice is a modular lattice. 


Definition 2.9. F(A, [—1,0]) denotes the collection of functions from a set A to [—1,0] 
and a element of F(A, [—1,0]) is called a negative-valued function from A to [—1,0] (briefly, 
N-—function on A). An N—structure refers to an ordered pair (A, f) of A and N—function f 
on A. 
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Definition 2.10. A neutrosophic M’—structure over a nonempty universe A is defined 
by 
A A 
An := = :aecA 
= isdn, FR) 'Cw(@)In(@), Pra) °§ 


where Ty,Iy and Fy are N—function on A, called the negative truth membership function, 


the negative indeterminacy membership function and the negative falsity membership function, 
respectively. 


Every neutrosophic N’—structure Ay over A satisfies the condition 


(Va E A)(—3 < Tn (a) + In (a) + F(a) < 0). 


3. Neutrosophic \V—structures 


In this section, neutrosophic \/—subalgebras and neutrosophic N—ideals of Sheffer stroke 


BCH-algebras. Unless indicated otherwise, A denotes a Sheffer stroke BCH-algebra. 


Definition 3.1. A neutrosophic V—subalgebra Ay of a Sheffer stroke BCH-algebra A is a 


neutrosophic \—structure on A satisfying the condition 


Ty ((a|(0]))|(a|(0[b))) < max{Ty (a), Tr (0)}, 
min{Iy (a), In (b)} < In ((a](|6))|(a|(0/))) 
and 


min{ Fy (a), Fiv(b)} < Fv ((a|(b|b))|(a|(o/2))), 
for all a,b € A. 


Example 3.2. Consider the Sheffer stroke BCH-algebra A where A = {0,z, y, 1} and Sheffer 
stroke | on A has Cayley table in Table 1 (18}: 


TABLE 1. Cayley table of Sheffer stroke | on A 


0/0 x y il 
Oj;/1 1 1 1 
x}lyteiy 
y{/l 1 a@ 2 
l/l y « 0 
Then a neutrosophic M—structure 
a 1 
An ={ > ae A—{l}}ut } 


(—0.63, —0.3, —0.08) (0, —0.98, —0.84) 


on A is a neutrosophic WV—subalgebra of A. 
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Definition 3.3. Let Ay be a neutrosophic \V—structure on a Sheffer stroke BCH-algebra A 
and a, 3,7 be any elements of [—1,0] such that —-3 < a+ 8+~7< 0. For the sets 


Ty :={a€ A: Tn(a) < a}, 


Ty = {a€ A: 8 <Iy(a)} 
and 

FY := {ae A:7< Fn(a)}, 
the set Ay(a,6,y) := {a € A: Tn(a) < a,6 < In(a) and y < Fy(az)} is called the 
(a, 8,y)—level set of Ay. Moreover, An (a, 8,7) =TRN ir nea 


Theorem 3.4. Let Ay be a neutrosophic N—structure on a Sheffer stroke BCH-algebra A 
and a, 8,7 be any elements of [—1,0] with -3 < a+8+y7< 0. If Ayn is a neutrosophic 
N—subalgebra of A, then the nonempty level set An(a, 8,7) of An is a subalgebra of A. 


Proof. Let Ay be a neutrosophic V—subalgebra of A and a,b be any elements of Ay (a, 3,7), 
for a, 8,y € [-1,0] with -3 <a+8+7<0. Then Ty(a),Ty(b) < a; 6 < In(a), In(b) and 
7 < Fn(a), Fn (b). Since 


Ty ((al(6|b))|(a] (lb))) < max{Tn (a), Tr (b)} < a, 
8 < min{Iy(a), In (b)} < In ((a](6|b))|(a| (]5))) 
and 
7 < min{ F(a), Fv (b)} < Fiv((al(6|))| (a) (10))), 
for all a,b € A, it follows that (a|(b|b))|(a|(b|b)) € Tx, Lone gt Then 


(a\(b|b))|(al(O|b)) € THO Ty FR = An (a, 6,7). 


Thus, An(a, 3,7) is a subalgebra of A. 


Theorem 3.5. Let Ay be a neutrosophic N—structure on a Sheffer stroke BCH-algebra A 
and Lacey et and FX. be subalgebras of A, for all a, B,y € [-1,0] with -3 <a+B+y7<0. 
Then Ayn is a neutrosophic N—subalgebra of A. 


Proof. Let Ti, and FR, be subalgebras of A, for all a, 8,7 € [—1,0] with 
se o4+0+7<5 0 


Assume that 
ay = max{Ty (a), Tv (0)} < Tr ((a|(6[b))|(a](O|b))) = aa, 


By = In ((a|())|(a|(b))) < min{In (a), Iv (b)} = Be 
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and 
V1 = Fry ((a|(b|d))|(a)(b|b))) < min{Fy (a), Fiv(b)} = 7. 
1 1 1 
a= 5 (m4 +a2),B= 5 (At + B2),7 = git + 72) € [-1,0), then ay <a <a, fi < B < Po 
and 1 < 7 < 72. Hence, a,b € T?, 1%, F% but (al(b|b))|(al(b|b)) ¢ Te, 10, Fy, which is a 


contradiction. Thus, 
Tn ((a|(0|5))|(a|(5|6))) < max{Ty (a), Tv (0)}, 


min{Iy (a), v(b)} < In ((a](/))|(a|(0|d))) 
and 
min{ Fy (a), Fiv(b)} < Fy ((al(/))|(a|(d|d))), 
for all a,b € A. Thereby, Ay is a neutrosophic V—subalgebra of A. 


Theorem 3.6. Let {Ay, :i © N} be a family of all neutrosophic N—subalgebras of a Sheffer 
stroke BCH-algebra A. Then {An, :1 € N} forms a complete distributive modular lattice. 


Proof. Let S be a nonempty subset of {Ay, : i € N}. Since every Ay, is a neutrosophic 
N-—subalgebra of A, for all i € N, it satisfies the condition (1), for all a,b € A. Then (|S 
satisfies the condition (1), and so, ()S is a neutrosophic W’—subalgebra of A. Let B be 
a family of all neutrosophic M—subalgebras of A containing U{Ay, : i € N}. Thus, (1) B 
is a neutrosophic N—subalgebra of A. If Ajey An, = Micw An, and Vicn An, = (8B, then 
({Ay, :7 © N}, V, A) forms a complete lattice. Also, this lattice is distibutive by the definitions 
of \/ and /\, and so, it is modular from Theorem 2.8. 4 


Lemma 3.7. Let Ay be a neutrosophic N—subalgebra of a Sheffer stroke BCH-algebra A. 
Then 
Tn (0) < Ty(a), In(a) < In(0) and F(a) < Fy(0), (2) 

for allac A. 
Proof. Let Ay be a neutrosophic N—subalgebra of A. Then it is obtained from (sBCH.1) that 

Ty (0) = Ty ((al(ala))|(al(ala))) < max{Ty (a), Tn (a)} = Tr(a), 

In (a) = min{In (a), Iv(a)} < In ((a|(ala))|(al(ala))) = Lv (0) 

and 

Fy (a) = min{Fry(@), Fiv(a)} < Fv ((a|(ala))|(al(ala))) = Frv(0), 
for alla € A. 


The inverse of Lemma 3.7 is not true in general. 
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Example 3.8. Consider the Sheffer stroke BCH-algebra A in Example 3.2. Then a neutro- 


sophic N—structure 
£ a 


An = U 
- {o05, 03, 0.29)! {7 =003, —0.08) 
on A satisfies the condition (2) but it is not a neutrosophic M—subalgebra of A since 
In ((x|(0|0))|(a|(0|0))) = In (x) = —0.3 < —0.03 = min{Iy (x), Inv (0)}. 


: ac A—{a}} 


Lemma 3.9. A neutrosophic N—subalgebra An of a Sheffer stroke BCH-algebra A satisfies 
Tn ((a|(0]d))|(a|(6]6))) < Tin (6), 
In (b) < In ((a|(0]2))|(a]([2))) 
and 
Fry (6) < Fv ((a| (6|6))| (a (6]6))), 
for alla,b € A if and only if Ty, In and Fy are constant. 


(3) 


Proof. Let Ay be a a neutrosophic N—subalgebra of A satisfying the condition (3). Since 
Ty(a) = Tw((al(0[0))|(a|(0/0))) < Ti(0), Iv(0) < In((al(0]0))|(a|(0|0))) = In(a) and 
Fn(0) < Fr((a|(0|0))|(a|(0|0))) = F(a) from Lemma 2.4 (4), it is obtained from Lemma 
3.7 that Ty (a) = Ty (0), In(a) = In (0) and Fy(a) = Fiy(0), for alla € A. Therefore, Ty, Iv 


and Fy are constant. Conversely, it is clear since Ty),,/Jy and Fy are constant. 


Definition 3.10. A neutrosophic V—structure Ay on a Sheffer stroke BCH-algebra A is 
called a neutrosophic N—ideal of A if 
Ty (0) < Ty(a) < max{Ty ((a|(b]b))|(a](6|6))), Tin (6) }, 
min{Iy ((a|(b/b))|(a|(b|b))), Lv (6) } < In (a) < In (0) 
and 
min{ Fy ((a|(0|b))|(al (|b), Fin (b)} < Fiv(@) < F'n (0), 
for all a,b € A. 


Example 3.11. Consider the Sheffer stroke BCH-algebra A in Example 3.2. Then a neutro- 
sophic N—structure 


a a 
An = { 


: c£=0 U 
S07, -OlL=00n° ae 
on A is a neutrosophic \V—ideal of A. 


: =y,l1 
(—048,-035,=1)° ° yl} 


Lemma 3.12. Let Ay be a neutrosophic N—structure on a Sheffer stroke BCH-algebra A. 
Then Ay is a neutrosophic N—ideal of A if and only if 
(1) a <b implies Ty (a) < Tn(b), In(b) < In(a) and Fn(b) < F(a), 
(2) Ty ((ala)|(b|b)) < max{Ty (a), Tv(b)}, min{ I (a), Lv (b)} < Inv ((ala)|(6|6)) and 
min{ Fy (a), Fiv(b)} < Fv((ala)|(6|b)), 
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for alla,be A. 


Proof. Let Ay be a neutrosophic N—ideal of A. 
(1) Suppose that a < b. Then (a](b|b))|(a|(b|b)) = 0. Thus, we have from Lemma 3.7 that 


Ty (a) < max{Ty ((a|(6/b))|(a|(6|b))), Tv (6)} = max{Ty (0), Tv (0)} = Tn (0), 
Ty (b) = min{ In (0), Lv (b)} = min{ Ly ((a](6[))|(a|(618))), Liv (0) < Lv (a) 
and 
Fy (b) = min{ Fy (0), Fin (6) } = min{ Fn ((a|(6/b))|(a] (61b))), Fv (®)} < Frv(a), 
for alla,b€ A. 


(2) Since (((((a]a)|(b]6))|(61b))|((Cala) [(618))1(15)))| Cala) )1((((Cala) | (lb) )|(G16))|((Cala)| I 
b))|(1b)) )I(ala)) = (CCala)|(1))1(CCala)|(612))1 (Cala) |(61b))))1((Cala) | (616) [((Cala)|(O16)) | 
((ala)|(b|b)))) = 0 from (S1), (S3) and (sBCH.1), we obtain from Definition 2.3 and 
(1) that 


Tn ((ala)| (6/6) 


max{Tn ((((ala)|(6]6))| (012) |(((ala)| (|b) |(012))), Ziv (b) 
max{Ty (a), Tn (b)}, 


min{ In ((((ala)| (616) |(61))|((Cala)| (1b) |(1b))), Lav (b) 
Ty ((ala)| (ld) 


IN IX 


min{Iy(a),In(b)} < 
< 


and 


min{ Fy (a), Fiv(6)} min{ Fry ((((ala)|(6[))| (1b) )|((Cala)| (12) )|(61b))), Fv () 


Fy ((ala)|(6|b)), 


IN. IX 


for alla,b€ A. 


Conversely, let Ay be a neutrosophic \—structure on A satisfying (1) and (2). Since 
(0|(a/a))|(O|(ala)) = (((O]O)|(O}O))|((0|0)|a))|(((0[0)|(0[0))|((O/0)|a)) = O from (S1)-(S2) and 
Lemma 2.4 (4), we get that 0 < a, for all a € A. Then it follows from (1) 
that Ty(0) < Tw(a), In(a) < In(0) and Fy(a) < Fy(O0), for all a € A. Since 
(a|(((a](b]b))[(]b))|(Cal(b]b))|(B]b))))|Cal((Cal (|b) (|b) |(Cal(b|b))|(6|b)))) = 0 from Lemma 2.4 
(2) and (S2), we have from Definition 2.3 that a < (a|(b|b))|(6|b), for all a,b € A. Hence, it is 
obtained (1), (2) and (S2) that 


Ty(a) < a ane) 
= Tw(((Cal(61b))| (al (615)))1 (Cal (61) [Cal (61)))) lb) 
< max{Tw((al(6]b))|(al ([))), Tv), 


min {Iv ((a] (|b) )|(a](6[b))), Ln ()} 


ll “A 


Tn ((((a|(6]b))| Ca] (b|8)))| (Ca) (6]b))| (a| (B|8)))) (2) 
Tn ((a|(b|b))| (|) 
Ty (a) 
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and 

min{ Fy ((a|(/b))|(a|(|d))), Fv(®)} < eee Aerie 
= Fy((al(0|d))| (lo) 
< Fy(a), 


for all a,b € A. Thus, Ay is a neutrosophic N—ideal of A. 


Lemma 3.13. Let Ay be a neutrosophic N—ideal of a Sheffer stroke BCH-algebra A. Then 
(1) Tn (6) < Tr (al (|b), In (al(Olb)) < In (b) and Fy (a|(5|b)) < Fiv(6), 
(2) Tw ((al([2))|(a|([b))) < max{T'y (a), Tv (b)}, min{ Ly (a), In (b)} < Ln ((a|(5|6))| (al (| 
b))) and min{ Fy (a), Fiv(6)} < Fin ((a|(5/b))| (al (/2))), 
(3) Tv(a) < Tw((al([b))|(]b)), Zn ((al(O]5))|(516)) < In(a) and Fy ((al(0|b))|(6|b)) < 
A. 


for all a,b,c 


Proof. Let Ay be a neutrosophic N—ideal of A. Then 

(1) Since 

(a| (|b) )| (al (15)))) 1 (I (Cal |) )I (al ()))) 
b|(b|b))| (| (B|b))))| Ca] ((b| (|b) )| (| ()))) 


from (sBCH.1), (S1)-(S2), Lemma 2.4 (3) and (5), we obtain that b < a|(b|b), for all a,b € A. 
Thus, it follows from Lemma 3.12 (1) that 


Ty (b) < Tr (al (6|b)), Liv(al(b]b)) < Iv (b) and Fy (a|([b)) < Fr (6), 


for all a,b € A. 
(2) Since 
|(ala))|(((a|(b]b))|(a](6|6)))|(ala)) 


((Ca](b[5) )I(a](0]6))) 
|(al(a}a)))) (C61) |(Cal(ala))|(al(ala)))) 


= ((0|b)|((al(ala)) 
((/)|0)|((6|6)|9) 
(((0|0)|(0/0))|((0/0)}b))[((CO}O)| (O|0) )| ((0|0)|®)) 
=0 
from (S1)-(S3), Lemma 2.4 (3), it is obtained that (a|(b|b))|(a|(b|b)) < a, for all a,b € A. 


Hence, we have from Lemma 3.12 (1) that 
Tn ((a|(5))|(al(lb))) < Tn (a) < max{Ty(a), Tv (0) }, 


min{Iy(a), Iv (6)} < In(a) < In ((al(0]6))| (a) (6|6))) 
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and 
min{ F'y(a), Fiv(b)} < F(a) < Fv ((a|(6|5))|(a|(6|))), 
for all a,b € A. 
(3) Since 
(a| ((Ca] (O1B)) | (515) )|(Cal (16) )1(12))) )1Cal((Cal (1) )1(b15)) [(Cal (16) )1(1)))) 


= ((a](]b))|(Ca] G16) | Cal (lb)))) 1 (Cal Glb))| (Cal (Glb))|Cal (618)))) 
=0 


from Lemma 2.4 (5) and (sBCH.1), it follows from Lemma 3.12 (1) that 
Tw (a) < Tr (Cal (b]6))|(610)), Lv (Cal (O16) |(6]8)) < Iv (a) and Fiy((al(b|b))|(6|b)) < F(a), 


for all a,b € A. 


Theorem 3.14. Let Ay be a neutrosophic N—structure on a Sheffer stroke BCH-algebra A. 
Then Ayn is a neutrosophic N—ideal of A if and only if 
((o|(ele))|(|(cle))) (ala) = 0|0 implies Ty(b) < max{T (a), Tv (c)}, 
min{Iny(a),I[n(c)} < In(b) and min{Fy(a), Fy (c)} < Fn(b), 
for alla,b,c € A. 


(5) 


Proof. Let Ay be a neutrosophic M—ideal of A and ((b|(clc))|(b\(clc)))|(ala) = OJ0. 
Since ((((cle))|(l(ele)))I(ala))|(Cl(ele))|(l(ele)))(ala)) = 0 from (S2), it follows that 
(b|(cle))|(b|(clc)) < a. Then it is obtained from Lemma 3.12 (1) that 


Tw (b) < max{Tw ((Ol(cle))|(6|(cle))), Tv (©)} < max{Tn (a), Tw(c)}, 


min{ Ty (a), Iv(c)} < min{Iy ((B|(ele))|(Ol(cle))), Ev(O} < Iw(0) 
and 
min{ F'y(a), Fiv (c) } < min{ Fy ((6|(clc))|(|(cle))), Fv (e)} < Fin (6), 
for all a,b,c € A. 
Conversely, let Ay be a neutrosophic NV—structure on A satisfying the condition (5). Since 
((0|(ala))|(0|(ala)))|(ala) 0|(ala) 
=  ((0|0)|(0]0))|((0/0)|a) 
= 0/0 
from ($2), (S3) and Lemma 2.4 (3), we have from the condition (5) that 


Tn (0) < max{Tyn(a), Ty (a)} = Ty(a), 


Iy(a) = min{Iy(a), Iv(a)} < In(0) 
and 
Fy(a) = min{ F(a), Fy(a)} < Fn(0), 
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for all a € A. Since 


(Cal (O/b))|Ca| O1B)))|((Cal (1B))| Cal (12))) | (Cal (|b) )| (al (2)))) 
= (a|(b|b))|((a|(b|b))|(a|(6|))) 
= 00 


from ($1), (S2) and (sBCH.1), it follows from the condition (5) that 
Ty (a) < max{Ty ((a|(6|))| (al (6lb))), Tv (6), 


min{ Ly ((a(b)b))|(a\(6)b))), Liv(b)} < Ly(a) 
and 
min{ Fy ((a|(5|b))|(a|(d|))), Fiv(6)} < F(a), 


for all a,b € A. Therefore, Ay is a neutrosophic N—ideal of A. 


Theorem 3.15. Let Ay be a neutrosophic N—structure on a Sheffer stroke BCH-algebra A 
and a, 8,7 be any elements of [—1,0] with -3 < a+8+y7< 0. If Ayn is a neutrosophic 
N—ideal of A, then the nonempty (a, 3, y)-level set An(a, 3,7) of An is an ideal of A. 


Proof. Let Ay be a neutrosophic \V—ideal of A and Ay (a, 6,7) #9, for a, B,y € [-1, 0] with 
—-3<a+6+7< 0. Since Ty (0) < Ty(a) < a, B < In(a) < In(0) and y < F(a) < Fn(0), 
for all a € A, it is obtained that 0 € Ty(a, 6,7). Let (a|(b|b))|(a](b|b)), b € An(a, 8,7). Since 


Ty ((al(6[b))|(a] (lb))), Tv() < a, 


B < In ((a](|b))|(a|(6[))), Ln () 
and 
1 < Frv((a|(6]6))| (al (6lb))), Fv), 
it follows that 
Ty (a) < max{Ty ((a|(b/b))|(al(61b))), Ti (b)} < a, 
8 < min{ Ly ((a|(6]6))|(al (616), Lv ()} < In (@) 
and 
7 < min{ Fy ((a](0]b))|(a|(610))), Fin ()} < F(a), 


for all a,b € A, which imply that a € Ay(a, 8,7). Thus, Ay(a, @,7) is an ideal of A. 


Theorem 3.16. Let Ay be a neutrosophic N—structure on a Sheffer stroke BCH-algebra A 
and T?.7 Fe be ideals of A, for all a, B,y € [—-1,0] with -3 <a+6+7<0. Then Ayn is 
a neutrosophic N—ideal of A. 
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Proof. Let Ay be a neutrosophic N—structure on A and Tx, I a FX, be ideals of A, for all 

a, 8,7 € [-1,0] with -3 < a+68+y7< 0. Assume that Ty(a) < Ty(0), In(0) < In(a) 
1 1 

and Fiy(0) < Fw(a), for some a € A. If a = 3 (Fn (0) +Ty(a)), B = 3 Ew (0) + In(a)) 


1 
and y = 3 (En (0) + Fy(a)) in [—1,0), then Ty(a) < a < Ty(0), In(0) < B < In(a) and 
Fy(x0) < 7 < Fy(a). Thus, 0 ¢ Tk, which is a contradiction with (I1). Hence, 
Tn (0) < Tn(a), In(a) < In(0) and F(a) < Fy(0), for all a € A. Suppose that 


ay = max{Ty ((a|(/b))|(a|(0|d))), Tv (0) } < Tn (@) = a2, 

81 = In(@) < min{Iy ((a|(5|d))|(a](6]6))), Lv (0) } = Ba, 
and 

V1 = Fiy(a) < min{ Fy ((a|(0]d))|(@|(6|0))), Fv (0) } = Y2- 


1 1 1 : 
Ifa* = 5 (4 + a2), oa = 5 (A + Bo) and al = (tt + 72) im [=14); then ay< Os Q2, 
By < BY < By and yy < y* < 4. Thus, (al(/d))|(al(d|b)), 6 € Te I, FY but 
ag To Fs which is a contradiction with (12). Thus, 


Ty (a) < max{Tn ((a|(6|b))|(a] (6|6)), Ziv (8) $, 

min{ Ly ((a|(b)b))|(al(6]6))), Liv(b)} < Ly(a) 
and 

min{ Fy ((a|(6|b))|(a|(5|6))), Fv(0)} < In (a), 


for all a,b € A. Hence, Ay is a neutrosophic N—ideal of A. 


Definition 3.17. Let (A,|4,04) and (B,|g,0g) be Sheffer stroke BCH-algebras. Then a 
mapping f : A —> B is called a homomorphism if f(a|4b) = f(a)|B f(b), for all a,b € A and 
F(Ga) = Op. 


Theorem 3.18. Let (A,|4,04) and (B,|p,0g) be Sheffer stroke BCH-algebras, f : A —> B 


be a surjective homomorphism and By = be a neutrosophic N—structure on B. 


(Ty, In, Fn) 


Then By is a neutrosophic N—ideal of B if and only if Bi = is a neutrosophic 


(Th IN, FR) 
N—ideal of A where the N—functions To de : A —> [-1,0] on A are defined by Ti (a) = 
Tw(f(a)), Th (a) = In(f(a)) and Fi(a) = Fy(f(a)), for alla € A, respectively. 


Proof. Let (A,|,0) and (B,|,0) be Sheffer stroke BCH-algebras, f : A —> B be a surjective 


homomorphism and By = be a neutrosophic \—ideal of B. Then T T(0 4 = 


(Tw, Iv, Fv) 
Ty(f(04)) = Tv (OB)) < T(x) = Tw (F(a) = TH(@), Ih (@) = In (f(@) = In(2) < Iv(Op) = 
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In(f(04)) = Th = (04) and FL(a) = Fv(f(a)) = Fw(2) < F(z) = Fw(f(04)) = FE = 
(0.4), for all a € A. Moreover, 


Ti(a) = Tw(f(a) 


| 


) 
max{Tn ((f(a)|a(f()laf(o))) laf (@)la(F(6)|Bf(6)))), Tr (F(6)) 
max{Ty(f((a|a(b|46))|4(ala(6|4b)))), Tv (F(6))t 

max{Ty ((ala(b| 4b))|4(ala(b|4b))), Tu (0)}; 


b 


), In (f(0))} 
a)|B(f()lBf()))), In (F(0))} 


min{I{((al4(b|4b))|4(ala(b|4d))), Lh ( 
= min{Iy(f((a|4(b|b))|a(ala(b|4d))) 
= min{In ((f(a)|B(f() |e f())) lB (F( 
< Iv(f(a)) 

= Ih (a) 


)} 
| 


and 


min{ Ff ((a| 4(b|.4))|a(ala(b| 4d), F%(b)} 

= min{ Fy (f((ala(b|48))|4(a|4(b|40)))), Fv (F(b))} 

= min{ Fy((f(a)|a(f Ole f))lef@le(f)|ef())), Ev (f(b))} 
< Fy (f(a)) 

= FY (a), 


A 
for all a,b € A. Hence, Bh = oF ok aie is a neutrosophic N—ideal of A. 
(Try, In, Fy) 
Conversely, let Bi be a neutrosophic N—ideal of A. Thus, 


Tw (0p) = Tn(f(0a)) = TH (Oa) < Ti (a) = Tw(f(a)) = T(2), 


Iy(x) = In(f(a)) = Ih(a) < 1404) = In(F(0a)) = Iv (0B) 


Fy(x) = Fy(f(a)) = Fi (a) < Ff (04) = Fv(f(0a)) = Fv (Oz), 
for all x € B. Also, 


Ty(«) = Tw(f(a)) 

Tx (a) 

max{T¥,((a|4(b]4b))|A(ala(b|40))), TH (0)} 
max{Tiy(f((a|4(b|4b))|a(ala(b|4b)))), Tv (F())} 

max{Ty ((f(a)|B(f() |e f()))la(F(@la (fle £(o)))), Tw (F(0)} 
= max{Ty((zla(yley))le(ele(yley))), Tw(y)}, 
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la(ylBy))), In 


min{ In ((#]a(yley))|a(« ( 
= min{Iy ((f(@)|a(f(b) la f(6)))laF@ |e Tn (F(6))} 
) ))), 2 


Ere 
a 
ae 
pane 
ia 
e 


| 
) 


= min{Iy(f((ala(b|4b))|a(ala(blab)))), Lv (f(b 7 
= min{I4,((a|4(b|4b))|a (ala (bad), 4 (0)} 
< Ih (a) 
= In(f(a)) 
= In(zx) 
and 
min{ Fy ((z|(yley))|e(le(yley))), Ev (y)} 
= min{ Fy((f(a)|a(fOlef))lef@la(fO)|ef))), Ev (f(b))} 
= min{ Fy (f((ala(b|48))|4(a|(b|40)))), Fv (F(b))} 


lA 
= min{ F¥((ala(b|4d))|4(ala(b|4d))), FX (b)} 
< Fi (a) 
= Fy(f(a)) 
= F(z) 


for all x,y € B. Therefore, By = is a neutrosophic N—ideal of B. 


(Tn, In, Fn) 


Theorem 3.19. Every neutrosophic N—ideal of a Sheffer stroke BCH-algebra A is a neutro- 
sophic N—subalgebra of A. 


Proof. Let Ay be a neutrosophic N—ideal of A. Since 


((Ca] (1) )|(a] (1) )1Cala) )1((Ca|(15) (a1 lb))) (ala)) 
= (0|(6]6))|(0](6[)) 

= (((0]0)|(O}O))|((O[0)[))|((CO]0)|(0[0))|(CO|0) 6) 

0 


from (S2), Lemma 2.4 (3) and (7), it follows that (a|(b|b))|(a|(b|b)) < a, for all a,b € A. Then 
it is obtained from Lemma 3.12 (1) that 


Ty (Cal (6]b))|(a] (6lb))) < Tiv(a) < max{Ty (a), Tw (0)}, 
min{In (a), Iv (b)} < In (a) < In ((al(6]b))|(a](l5))) 


and 


min{ Fly (a), Fy(b)} < Fiv(a) < Fiv((al(b]b))| (al (b|d 


we 
SS 
SS 


for all a,b € A. Thereby, Ay is a neutrosophic V—subalgebra of A. 


The inverse of Theorem 3.19 does notusually hold. 
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Example 3.20. Consider the Sheffer stroke BCH-algebra S in Example 3.2. Then a neutro- 
sophic N—structure 


0 1 a 


Ave a= 
N = {79.9 -0.49,-0.17)’ (0.1,-0.91,-08) /'(-0.61, -0.54,-03) °° 7 74} 


on A is a neutrosophic \V—subalgebra of A but it is not a neutrosophic \V—ideal of A since 
In (1) = —0.91 < —0.54 = min{Jy((1|(yly)) | (yly))), In (y) }- 


Lemma 3.21. Let Ay be a neutrosophic N—subalgebra of a Sheffer stroke BCH-algebra A 
satisfying 
Ty (a|(b|b)) < max{Ty ((al((d|(ele))|(6| (cle))))|(al (Col (ele) )| (| (ele))))), Zin (al (ele) ) } 
min{ In ((a|((|(cle))|(l(ele))) (al ((l (ele) |(4l (ele))))), Ln (al (cle) } < Ln (a|(6]6)) 
and 
min{ F'y ((a|((4|(ele))|(4l (ele) )1(al ((Al(cle))|(6l(cle))))), Fv (al(ele))} < Fin (a|(6]6)), 
for alla,b,c € A. Then An is a neutrosophic N—ideal of A. 


(6) 


Proof. Let Sy be a neutrosophic \/—subalgebra of A satisfying the condition (6). By Lemma 
3.7, Tn(0) < Tn(a),In(a) < In(0) and Fy(a) < Fy(0), for alla € A. By substituting 
[a := 00], [b := a] and [c := b] in the condition (6), simultaneously, it follows from Lemma 2.4 
(3) that 


Ty(a) = Ty((00)|(ala)) 
< _ max{Ty (((0]0)| (Cal (6]6))|(al(61b))))1(CO}0) (Cal 1b)) [Cal Cele))))), Fav ((0]0)| (16)) F 
= max{Ty((a|(6]>))|(a|(6|b))), Tn ()}; 


min{ Iv ((a|([b))|(a|(6|))), Lv (0)} = min{ Ly (((0]0)|((a|(5]5) )| (al (|) ))|((O| 
0)|((a|(b|b))| (a|(b]b))))), Ln ((O]0) | (15)) } 
< In ((0|0)|(ala)) 
= In(a) 
and 
min{ Fiy((a|(5|b))|(a|(o|o))), Fv (6)} = min{ Fry (((0/0)|((a|(5|6) )| (al (18))))|((O| 
0)|((a|(5|5) )| (al (b|b))))), Fi ((O|0)|(5|5) ) } 
Fy ((0|0)|(a|a)) 
Fin (a), 
for all a,b € A. Thus, Ay is a neutrosophic N—ideal of A. 


ll “A 


Lemma 3.22. Let Ay be a neutrosophic N—ideal of a Sheffer stroke BCH-algebra A. Then 
the subsets Ar, = {a € A: Ty(a) = Ty(0)}, Any = {a € A: In(a) = In(0)} and 
Ap, ={ae€ A: Fn(a) = Fn(0)} of A are ideals of A. 
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Proof. Let Ay be a neutrosophic \—ideal of A. Then it is clear that 0 € Ar,, Arn, Ary: 
Suppose that (a|(b/b))|(a|(b|b)), 6 € Ary, Ary, Ary. Since 

Ty (b) = Tn (0) = Tr ((a|(6|b))|(a| (0/))), 

In (b) = In (0) = Iv ((a|(b|b))|(a](6|b))) 

and 

Fy (b) = Fr (0) = Fr ((a|(b|d))| (al (6]6))), 
it follows that 

Ty (a) = Tn (a) < max{T'n ((a|(/b))|(a](6|b))), Tv (b)} = max{T'n (0), Tv (0)} = Tv (0), 


Ty (0) = min{Iy (0), Iv (0)} = min{Iy((a|(|b))|(a|(O[b))), In (b)} < In (a) 
and 
Fy (0) = min{ Fy (0), Fv (0) } = min{ Fy ((a] (0/6) )|(a|(0|))), Fv (0) } < F(a). 
Thus, Tw(a) = Tn (0), In(a) = In(0) and Fy(a) = F(0), and so, a € Ap,, Ary, Ary. Hence, 


Ar,, Ar, and Ap, are ideals of A. 


Definition 3.23. Let A be a Sheffer stroke BCH-algebra. Define the subsets 
AN := {ae A: Tr(a) < Ty(a)}, 
AX = {a € A: In(a;) < In(a)} 

and 
AY := {a € A: Fy(as) < Fy(a)} 


of S, for all az,ai,ar € A. Also, it is obvious that ay € A® aj € AX and af € Ay. 


Example 3.24. Consider the Sheffer stroke BCH-algebra A in Example 3.2. Let 


0, ea 0.17, ifa=1 
—U. ; 1 a = 
Ty(a)=< -0.46, ifa=x Iy(a) = ; 
0, otherwise, 
—0.23, a=y, 
a)= a, = x,a; = 0 and ay = 1. 
™ —0.4, otherwise, ; / 
Then 
AX ={ae A: Tyla) <Ty(2)} = {a}, 
AX = {a EA: Ty (0) < In (a)} = {0259} 
and 


Ax ={a€ A: F(1) < F(a)} = {2,y, 1}. 
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Theorem 3.25. Let az,a; and az be any elements of a Sheffer stroke BCH-algebra A. If An 
is a neutrosophic N—ideal of A, then AS, AN and AN are ideals of A. 


Proof. Let az,a; and af be any elements of A and Ay be a neutrosophic N—ideal of A. since 
Tn (0) < Ty(at)}, In(ai) < Iv(0) and Fy (ar) < Fy (0), for all az,a;,a¢ € A, it is obtained 
that 0 € A%, AS, Ai’. Suppose that (al(b|b))|(al(b|b)), b € AX, AS, AN?. Since 


Tw ((al (616) (al (O[b))), Tv (6) < Tv (az), 


Ty (ai) < Iy((al(610))|(al(010))), Lv(6) 
and 
Fy (af) < Fyv((al(b)b))|(al(6|8))), Fv(b), 
it follows that 
Ty(a) < max{Ty((al(0[6))|(al(b]6))), Tiv(6)} < T(ar), 
Ty(ai) < min{ Ty ((al(610))|(al(01b))), Liv(b)} < Lv(a) 
and 
Fy (a) < min{ Fy (al (6|d))|(al(610))), Fiv(6)} < Fiv(a), 


which imply that a € A%, AS, AS’. Hence, AS’, AS: and AX are ideals of A. 


Example 3.26. Consider the Sheffer stroke BCH-algebra A in Example 3.2. For a neutro- 
sophic NV —ideal 


a a 


A = : —0 U 
N={y 947, ~0a1) * @ =U 37 969,095 


e c= 91) 


of A and a; = 0,a; = z,a¢ = y € S, the subsets 
AX ={a¢A:Ty(a) < Ty(0)} = {0,2}, 


AS = {a€ A: In(x) < In(a)} = {0,2} 
and 
Av ={ae A: Fn(y) < Fy(a)} =A 


of A are ideals of A. 


Theorem 3.27. Let a;,a; and ar be any elements of a Sheffer stroke BCH-algebra A and Ay 


be a neutrosophic N—structure on A. 
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(1) If Ay, AN and Ay are ideals of A, then 


max{Tn ((0|(cle))|(6|(cle))), Tw} < Tn(@) > Tw (6) < Tr(a), 
Ty (a) < min{ Ly ((O|(cle))|(6|(cle))), In(Q)} > In (a) < Iv(b) and (7) 


Fry(a) < min{ Fy ((b|(cle))|(l(ele))), Fiv(e)} > F(a) < Frv(0), 
for all a,b,c € A. 
(2) If An satisfies the condition (7) and 
Tn(0) < Ty(a), In(a) < In(0) and F(a) < Fy(0), (8) 
for alla € A, then AX, AN and Ay are ideals of A, for all a; € Tes ay E ie and 
are Bees 


Proof. Let az,a; and ay be any elements of A and Ay be a neutrosophic ’—structure on A. 
(1) Suppose that A%, A%i and AY are ideals of A and 


max{Ty ((0|(cle))|(6|(cle))); Tw(©)} < Tn (a), 


Ty (a) < min{Iy((6|(cle))|(|(cle))), In (©)} 
and 

Fy (a) < min{ Fy ((4l(ele))|(l(e\e))), Fr(©)}- 
Since (b|(c|c))|(b|(cle)),¢ € AS, AN, AN where a; = a; = af = a, it is obtained that b € 
ASt, ASi, Ax’ where a, = a; = af = a. Thus, Ty(b) < Ty(a), In(a) < In(b) and Fy(a) < 
Fy(b), for all a,b,c € A. 

(2) Let Ay be a neutrosophic N—structure on A satisfying the conditions (7) and (8), 

for any a € Ty’, a € Iy' and af € Fx’. Then it follows from the condition (8) that 
Oc Ast, A%, At’. Assume that (al(b|b))|(al(b|b)), b € AS, AS, Ad’. Thus, 


Tn ((al (616) (al (6[b))), Ziv (6) < Tv (az), 


In (ai) < In (Cal (616) |(a|(1b))), Ly (8) 


and 
Fy (as) < Fr ((a|(6[))|(al (616), Fv (0). 
Since 
max{Ty ((a|(0|b))|(a] (lb), Tv) } < Tn (ae), 
Ty (as) < min{ In ((a] (|b))|(a](6[))), Lv (0) 
and 


Fy (af) < min{ Fiy ((a|(0]2))|(a| (0/0), Fv (6) f, 
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we have from the condition (7) that 


Ty (a) < Ty (az), In (ai) < In(a) and Fny(ar) < F(a), 


which imply that a € A%, A%i, AS’. Hence, ASi, AS and Ai? are ideals of A. 


Example 3.28. Consider the Sheffer stroke BCH-algebra A in Example 3.2. Let 


Ty(a) —1, ifa=0,y ae —0.79, ifa=a2,1 
a) = a)= 
2 —0.05, otherwise, ’ 0, otherwise, 


—0.02, ifa=0 
F(a) = , and a4=0,a;=1la EA. 
n(a) —0.72, otherwise, ’ ‘ cs! 


Then the ideals 
Ag = {0,y}, Ati = A and Ail = A 
of A satisfy the condition (7). 


Let 


a a 
> a=O0,y}U :a=a2,1 

(08, -0.82,0) © 77 UU a7 as, oer) CTE 

be a neutrosophic \V—structure on A satisfying the conditions (7) and (8). Then the subsets 


AX = A, AX = {0, y} and Ay = {0, y} of A are ideals of A, where a; = x, a; = y and af = 0. 


An 


4. Conclusion 


In this study, we introduce a neutrosophic \V—subalgebra, a neutrosophic N’—ideal and a 
level-set of neutrosophic M’—structures on Sheffer stroke BCH-algebras. Then we show that 
the level-set of a neutrosophic M’—subalgebra (a neutrosophic M—ideal) of a Sheffer stroke 
BCH-algebra is its subalgebra (an ideal) and vice versa. Also, we prove that the family of all 
neutrosophic M’—subalgebras of a Sheffer stroke BCH-algebra forms a complete distributive 
modular lattice. We analyze the situations which \V—functions are constant. Moreover, we 
present new statements equivalent to the definition of a neutrosophic —ideal of a Sheffer 
stroke BCH-algebra and its properties. By defining a homomorphism on a Sheffer stroke BCH- 
algebra, we demonstrate relationships between neutrosophic \V—ideals of two Sheffer stroke 
BCH-algebras by means of a surjective homomorphism. We propound that every neutrosophic 
N—ideal of a Sheffer stroke BCH-algebra is its neutrosophic M—subalgebra but the inverse is 
not true in general. Besides, the subsets A7y,,, Ay, and Af, of a Sheffer stroke BCH-algebra are 
its ideals for the neutrosophic \V—ideal which is defined by means of the \V—functions Ty, Iv 
and Fy. After that we describe the subsets AN, AX and AN of a Sheffer stroke BCH-algebra 
for its any elements a;,a;,af and state that these subsets are ideals of this algebraic structure 


if a neutrosophic N—structure on this algebraic structure is the neutrosophic MN —ideal. 
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In future works, we wish to study on fuzzy and plithogenic structures on Sheffer stroke 
BCH-algebras. 
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Abstract: In this article, we first provide a modified definition of SuperHyperGraphs (SHG) and we call 
it Restricted SuperHyperGraphs (R-SHG). We then generalize the R-SHG to the neutrosophic graphs and 
then define the corresponding trees. In the following, we examine the Helly property for subtrees of 
SuperHyperGraphs. 


Keywords: SuperHyperGraphs; Restricted SuperHyperGraphs; Neutrosophic SuperHyperGraphs; 
Neutrosophic SuperHyperTrees; Helly property; chordal graph; subtree. 


1. Introduction 

Hypergraph theory is one of the most widely used theories in modeling large and complex 
problems. In recent years, many efforts have been made to find different properties of these graphs [1- 
5]. One of these features that is also very important is the property of Helly. To read more about this 
property, you can refer to [4, 5]. Here we first rewrite the definition of SuperHyperGraphs from [1], 
which has the advantage that we have reduced the empty set from the set of vertices because in practice 
the empty vertex is not much applicable, and we have also categorized the set of vertices and edges 
according to its type. Then the adjacency matrix. We define the incidence matrix and the Laplacian 
matrix. 

Obviously, if a super hyper power graph contains a triangle, it will not have a highlight feature. We 
show here that some defined super hyper power graphs have subtrees that have Helly property. 
There are algorithms for detecting Helly property in subtrees that the reader can refer to [4] to view. 

In graph theory, a chordal graph is a graph in which each cycle is four or more lengths and contains 
at least one chord. In other words, each induction cycle in these graphs has a maximum of three vertices. 
Chord graphs have unique features and applications. To study an example of the applications of chordal 
graphs, you can refer to [7]. 

Definition 1 [4]. Let A be a set. We say that A has Helly property if and only if, for every non-empty set S 
such that S € A and for all sets x, y such that x, y € S holds x meets y holdsn S # @. 

Proposition 1 [4]. Let T be a tree and X be a finite set such that for every set x such that x € X there exists a 
subtree t of T such that x is equal the vertices of t. Then X has Helly property. 
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2. Neutrosophic Restricted SuperHyperGraphs 


In this section, we provide a modified definition of Restricted SuperHyperGraphs (RSHG), and then generalize this definition 
to neutrosophic graphs. 


Definition 2. SuperHyperGraph (SHG))[1] 


A Super Hyper Graph (SHG) is an ordered pair SHG = (xX Cc P(V)\@,E © P(V) x P(V)), where 

i. V = {v,, V2, ...,U,} is a finite set of n > 0 vertices, or an infinite set. 

ii. P(V) is the power set of V (all subset of V). therefore, an SHG-vertex may be a single (classical) vertex (Vs;), or a super- 
vertex (Vs,,) (a subset of many vertices) that represents a group (organization), or even an indeterminate-vertex (V,) 
(unclear, unknown vertex); 

iii. E = {€1,€2,..,€m}, for m= 1, is a family of subsets of V x V, and each e; is an SHG —edge, e; € P(V) x P(V). An 
SHG —edge may be a (classical) edge, or a super-edge (edge between super vertices) that represents connections 
between two groups (organizations), or hyper-super-edge that represents connections between three or more groups 
(organizations), or even an indeterminate-edge (unclear, unknown edge); @ represents the null-edge (edge that means 
there is no connection between the given vertices). 


Definition 2-1(2-Restricted SuperHyperGraphs) 


2-Restricted SuperHyperGraphs are a special case of SuperHyperGraphs, where we look at the system from the part to the whole. 
So, according to definition 2, we have 


Single Edges (E,;), as in classical graphs. 

Hyper Edges (E;,), edges connecting three or more single- vertices. 

Super Edges (Es,,), edges connecting only two SHG- vertices and at least one vertex is super Vertex. 

Hyper Super Edges (E,,;), edges connecting three or more single- vertices (and at least one vertex is super vertex. 
Indeterminate Edges (£,), either we do not know their value, or we do not know what vertices they might 


OV we Ne 


connect. 


Then, G = (X,E) where X = (Vi, Vsy,V,) S P(V)\G, and E = (Ey, Ey, Esy, Ens, E.) S PW) x PCV). 

Definition 3. (Neutrosophic Restricted SuperHyperGraphs) Let G = (X,E) be a Restricted SuperHyperGraph. If all vertices and 
edges of G belong to the neutrosophic set, then the SHG is a Neutrosophic Restricted SuperHyperGraphs (NRSHG). If x is a 
neutrosophic super vertex containing vertices {v,, V2, ...,V,}, where v; € V for1 <i <k, then 


Ty(x) = min{Ty(y),1 <i < k}, 
Iy(x) = min{ly(v;),1 <i < k}, 
Fy (x) = max{Fy(v,),1 <i < k}. 


Definition 4. Let G = (X,E) be a 2-Restricted SuperHyperGraph, with X = (V5;,Vs,V;) S P(V)\@, and E = (Es;, Ey, Es, Eys, E,) S 
P(V) x P(V). Then, the adjacency matrix A(G) = (a;;) of G is defined as a square matrix which columns and rows its, is shown by the 
vertices of G and for each 4,0; € X, 


0 there should be no edge between vertices v; and v;; 
1 there is a single edge between vertices v; and v,; 
aij = S there is a super edge between vertices v; and v,; 
H there is a hyper edge between vertices v; and v;; 
SH there is a super hyper edge between vertices v; and vj. 


Note that in the adjacency matrix A, a value of one can be placed instead of non-numeric values (S, H and SH) if necessary for 
calculations. So that, since A is a symmetric and values of A is positive, eigenvalues of A are real. 


Definition 5. Let G = (X, E) bea Restricted SuperHyperGraph, with X = (Voi, Vsu,V.) S P(V)\@, and E = (Esj, Ey, Esy, Eys, E,) S P(V) X 
P(V). If E = (e;, €2, ...,@m) then an incidence matrix B(G) = (b,j) define as 
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{ if v; € e, 
bij = ’ 
0 otherwise. 
Definition 6. Let G = (X, E) bea Restricted SuperHyperGraph, with X = (Vs, Vsy,V;) S P(V)\@, and E = (Esi, Ey, Esu» Ens, E,) S P(V) X 
P(V). If D = diag(D(1,), D(v,), ..., D(v,)) where D(v;) = Xvjex Gy iv; then, a laplacian matrix define as 
L(G) = D -A(G). 


Example 1. Consider G=(X,E) as shown in figure 1 (This figure is selected from reference [1]). Where X = 
{V1, V2, V3, Vi, V5,V6,V7,Vg,1Vo, SVa5,5Vi23} and E = {SiEs¢,1E78,SE12345, HE4s9.3, HSE\237,3}. We now obtain the SuperHyperGraph — 


related matrices in figure 1 using the above definitions. 


supervertos 
SVe5 


wu penctne 
Vian Mend = Shi pace 


1Ve. VeVad ~ NEw 
huperiedye 


Figure 1. a Restricted SuperHyperGraphG = (X, F) 


a. Adjacency matrix 


Vv} Vo v3 Vy Us Ve vz Ug Ivy Sva.s Sv; 24 
vy oO 0 0 ODO 0 0) 0 0 0 0 0 
v2 o O a O 0) 0 0 0 0) 0 0) 
U3 0 oO 0 ODO H H 0 0 H 0 0 
U4 > © 0 0) 0) 0 0) 0 () 
Us 0 O A OO 0 2,H 0 0 H 0 0 
A= 0 0 H 0 2H O , oo & 0 
U7 a oe f F 0 0 0 I 0 0 SH 
Us 0 0 O O 0 0 I 0 0 0 SH 
Tvq Dw HO Eek oo CG @ 0 
Svas - oe OF 0 0) 0 0 0) 0 Ss 
Svi.23 0 0 0 0) 0 () SH SH 0 Ss 0 
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b. incidence matrix 


UY) Ve Ve Uy Vs Ue Ur Ug Ivqg Sug, Svy23 
Es oa 0 '8 Be Eh 0 0 0 
SEy 23.45 Go tf 8 Tf eo DM 2 0 ! ] 
B= HEs3s569 od 2 0 & 3 th ® 1 0 0 
SHEi2378 |0 0 0 0 0 0 1 1 0 (0) 1 
IEz x Gwe 07 ® | 1 0 0 0 


c. Laplacian matrix 


To calculate the Laplacian matrix, we first obtain the diameter matrix D, in which the vertices 
on the principal diameter, the degree of vertices, and the other vertices are 0. Then its Laplacian 
matrix is calculated as follows. 


a 0 0 -1 0 -3 5 0 0 --1 O 0 


3. Neutrosophic SuperHyperTree 


In this section, we first provide a definition of Neutrosophic SuperHyperTree. We then define the 
subtree for Neutrosophic SuperHyperGraphs. In the following, we will examine the Helly property in 
this type of power graphs. 

Definition 7. Let G = (X,E) be a Neutrosophic SuperHyperGraph. Then G is called a Neutrosophic 
SuperHyperTree (NSHG) if G be a connected Neutrosophic SuperHyperGraph without a neutrosophic 
cycle. 
Definition 8. Let H = (A, B) be a Neutrosophic SuperHyperGraph. Then H is called a subtree NSHG if 
there exists a tree T with the same vertex set V such that each hyperedge, superedge, or hypersuperedge 
e € E induces a subtree in T. 

Note. Here we consider the underlying graph H* to find the subtree of NSHG. 
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Example 2. Consider G = (X, £) a Restricted SuperHyperGraph as shown in figure 2. 


Figure 2. A Restricted SuperHyperGraph 


As you can see, since G contains the cycle, so that G is not a Restricted SuperHyperTree. An 
RSH —subgraph induced by the subset {e7, €g, €9, es} of X, is a RSHT. 
Example 3. Consider G = (X,E) a Neutrosophic Super Hyper Power Graph as shown in figure 3. 
Note that in this example all vertices and edges belong to the neutrosophic sets. As you can see, G is 
a Restricted SuperHyperTree. 
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Figure 3. A Neutrosophic Restricted SuperHyperTree G 


Now we find a subtree according to definition 7 for G. 


Figure 4. A subtree for NRSHG G 


Now, let T = (A,C) be a tree, that is, T is a connected neutrosophic graph without cycle. Then, 
we build a connected NRSHGraph H in the following way: 
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1. The set of vertices of H is the set of vertices of T; 
The set of edges (hyperedges, superedges or superhyperedges) are a family E of subset V such 
that induced subgraph T; is a subtree of T where T; is produced by vertices located on edge e; € E. 
so that subgraph T; is a tree. 


Theorem 1. Let T = (V,E£’) be a tree. Also, H is a subtree Restricted SuperHyperGraph according to T. 
Then H has the Helly property. 


Proof. Since for each tree there exist exactly one path between the two vertices v;, v;. The path between 
two vertices v;, v; denoted P[v;, v;].suppose that, v;, vj and v, are three vertices of H. The paths P[1,;, v;], 
P[vj, Vx] and P[vz,v;] have one common vertex. Now, using theorem 1, for each family of edges 
(hyperedges, superedges and superhyperedges) where the edge contains at least two of the vertices 
v;,v, and v; have a non-empty intersection. 


Theorem 2. Let T = (V,E’) be a tree. Also, H is a subtree Restricted SuperHyperGraph according to T. 
Then L(#) is a chordal graph. 


Proof. Consider T = (V,E’) is a tree. Suppose H is a subtree Restricted SuperHyperGraph according 
to T. If |V| = 1, then H include exactly one vertex and one hyperdege, so that, the linegraph of H has 
only one vertex hence H is a clique. It turns out that H is a chordal graph. Next, assume that the 
assertion is true for each tree with |V] =n—1,n> 1. 

Now we have to show that the problem assumption is valid for n vertices as well. For that, 
suppose v € V is a vertex leaf on H. remember that in a tree with at least two vertices there exist at 
least two leaves. If T, = (V — {v}, E;), where T, is the subgraph on V — {v}, and 


H,V — {v}) = V — {v}, Ey), IVI > 1. 


The T, = (V — {v}, Ej) is a tree moreover H, = (V — {v},E,) is an induced subtree Restricted 
SuperHyperGraph associated with T,. Hence L(H,) is chordal. 
Now, if the number of edges should be the same, that is, |E’| = |E£{| then we have L(H) ~ L(H,) 
so that L(H) is a chordal graph. 
If |E"| # |E;| then we have 
{v} € E’ and |E"| > |E||. 


It is easy to show that a neighborhood from {v} in L(H) is a clique. Hence any cycle passing 
through {v} is chordal in L(H) and so L(H) is chordal. 


Corollary 1. A Restricted SuperHyperGraph G is a subtr Restricted SuperHyperGraph if and only if G 
has the Helly property and its line graph is a chordal graph. 
4. Conclusions 


In this article, we have defined a SuperHyperTree and Neutrosophic SuperHyperTree, and 
examined the Helly property, which is one of the most important and practical properties in subtrees, 
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for the super hyper tree introduced in this article. There are also algorithms for detecting Helly 
property that we have omitted here. 
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Abstract. This paper introduced and studied for the first time the object of neutrosophic quasigroup Qq,.) 
over a quasigroup (Q,-). It was shown that the direct product of any two neutrosophic quasigroups is a 
neutrosophic quasigroup. Also, it was established that the holomorph of any neutrosophic quasigroup is a 
neutrosophic quasigroup. The soft set theory which Molodtsov innovated is a potent mathematical tool used 
for solving mathematical problems with uncertainties and things that are not clearly defined. We broaden soft 


set theory by introducing soft neutrosophic quasigroup (Nr, A) over a neutrosophic quasigroup Q(g,.). 


2(Q,.) 
We introduced and established the order of a finite soft neutrosophic quasigroup with varied mathematical 
inequality expressions which exist between the order of a finite neutrosophic quasigroup and that of its soft 


neutrosophic quasigroup. 


Keywords: Soft set, Neutrosophic set, Quasigroup, Neutrosophic quasigroup, Neutrosophic subquasigroup, 


Soft neutrosophic quasigroup, soft neutrosophic subquasigroup 


1. Introduction 


Molodtsov introduced a better and more potent generalisation of set theory in solving 
classic mathematical problems represented by problems involving data structure that are de- 
ficient. Before then there exists some mathematical tools like rough set, fuzzy set, vague set, 
probability theory, intuitionistic set and neutrosophic sets among others. However, they have 
some limitations due to absence of adequate parametrisation tools that exists when solving 


mathematical uncertainties. Soft set has characteristics that makes it different from other 
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mathematical tools. For instance, it’s effectiveness is by using parametrisation in solving 
problems that involves incomplete data where grade of membership that is imperative in 


fuzzy set and grade of estimation in rough set are not needed. 


Smarandache launched the object of neutrosophic set in an attempt to generalise set 
theory involving uncertainties. Neutrosophic set is a mathematical tool that probe the origin, 
nature and the range of neutralities that is used for the generalisation of classical set, fuzzy set, 
interval fuzzy set and rough set etc. Neutrosophic set is used to solve mathematical problems 
involving imprecision, indeterminate, and inconsistencies. 

In the concept of neutrosophy, each suggestion or idea is approximated to have certain degree 
of subset of truthfulness 7 *, indeterminacy Z* and falsehood F*. Neutrosophic set theory is 
used in solving problems involving informations that are imprecise, indeterminate, false 
and not properly defined which exist mainly in belief methodology. Since its introduction, 
many authors have published works in it, such as Vasaijthh and Smarandache [25] in- 
troduced certain algebraic neutrosophic structures and N-Algebraic neutrosophic structures, 
neutrosophic vector space and nbutrosophic loops. Ali et al. [15] introduced soft neutrosophic 
loops and their] gdneralizations, and Ali et al. [16] worked on soft neutrosophic groupiod and 
their generalisations. Maji [13] worked on neutrosophic soft sets. 

Quasigroups are structures that generalises groups but they are not associative like groups. 
Quasigroups theory was introduced more than two centuries ago. Effectiveness of the applica- 
tion of the theory of quasigroups is based on its “generalized permutations” of some sort and 
the number of quasigroups of order n is larger than n! - (Denes and Keedwell (17]). Namely, 
both left and right translations properties in quasigroups are permutations. 

We refer readers to Aktas and Cagman 3], Molodtsov (14, Maji et. al. and studies 
in for works on soft sets. 

After the introduction of neutrosophic sets as generalization of intuitionistic fuzzy sets by 
Smarandache in 2002, Vasantha and Smarandache did a comprehensive introduction of 
algebraic neutrosophic structures and N-algebraic neutrosophic structures in 2006. Thereafter, 
Ali et al. studied neutrosophic groupoid, neutrosophic quasigroup and their soft sets 
deeply. Some recent developments in the study of 'soft neutrosophic' versions of various 
algebraic structures have been reported in while some latest developments in the 
study of 'neutrosophic soft' versions of some algebraic structures have been reported in 
33]57). 

The exploits done by different authors on algebraic characteristics of soft sets in general, 


and recent exploits on soft quasigroups in Oyem et al. inspired us to institute the 
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research on soft neutrosophic quasigroup structures. In this work, we introduced neutrosophic 


quasigroups and their soft sets. 


2. Preliminaries 


We start by reviewing some results concerning neutrosophic sets, quasigroups and soft 


sets. Various algebraic structures of neutrosophic sets have been introduced and studied 
in (FS) SITS) 


Definition 2.1. (Neutrosophic Set) If X is a universal set of discourse, then the set A on X 
is regarded as a neutrosophic set and denoted as; 
A={<4,Ta(#),Za(2)}, Fale) >,0 6 ¥ 
where T*,I*,F* :* —3]~0,1°[ and 0 < Ta(z) +Za(x) + Fa(x) < 37 


Quasigroups and loops have been studied in (1) 2) 7Hfo} {11} [22/26]. 


Definition 2.2. (Groupoid, Quasigroup) 
If G is a non-empty set with a binary operation (-) on G, the pair (G,-) is called a groupoid 
or Magma if for allaz,yeEG, «-yeG. If for any m,n € G, the equations: 


m-r=n and y°-m=n 


have unique solutions x and y in G respectively, then (G,-) is called a quasigroup. 


Let (G,-) be a quasigroup. (G,-) is called a loop if e € G such that for anyx € G,xv-e= 


e-Ll— sf. 


Assuming x is a member of a groupoid (G,-);z € G, such that the left and right translation 


maps of G represented as L, and R, are defined as 
yl, =x-y and yRy =y-. 


If in the groupoid (G,-), the left and right translation maps are permutations, then the 
groupoid (G,-) becomes a quasigroup. Thus, their inverse mappings LZ! and R;! exist. 
Therefore 

a\y = yL;' and ify = gi 
and note that 


Cy=2Se2—y and LYS 2 sy =x 


Definition 2.3. (Subquasigroup [24 

Assuming (Q,-) is a non-empty quasigroup and H Cc Q. Then H will be regarded as a 
subquasigroup of (Q,-) if (H,-) is closed under the operation of (Q,-) and it is a quasigroup 
on its own right. 
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In quasigroups, the cancellation rule holds, that is, if for z,y,z € Q, w-y=a-zoryu=2z-4 
then y = z. It means that in the Cayley table for a quasigroup, each element appears exactly 
once in each row and in each column, so the table forms a Latin square. The body of any 
finite quasigroup represented in Cayley table represents a Latin square. 


The following results and definitions will be used for our main results. 


Proposition 2.1. ( [26]) 


Take Q as a quasigroup of order n and P as a proper subquasigroup of Q or order p. Then, 


2p<n. 


Proof. Let x € Q-—P, ify € P, then ry €Q-— P. So xP CQ-—P. But xP has the order p 
since Q — P has order n — p; which implies that p< n — p = 2p < n. 


Therefore the order of a subquasigroup is equal to or less than half of order of the quasigroup. 


Proposition 2.2. Take Q to be a quasigroup, and let P and H be subquasigroups of Q, so 
that Q= PUH. Then, either P=Q or H=Q. 


Proof. Assuming P # H. If p€ P—H andh€ H, then ph ¢ H, and therefore ph € P and 
he P. So, H < P, therefore P = Q. 


Lemma 2.1. ( [26]) 


Take P to be a proper subquasigroup of (Q,-), so if 

(1) a€Q and P CQ, then |P| =|a-P| =|P-al. 

(2) (P,-) ts a groupoid and PC Q, then P CQ. 

(3) a€ PandPCQ,a€ P andb¢ P means ab ¢ P. 


Theorem 2.1. ( [26)) 
Take Q be a quasigroup with a proper subquasigroup P. Then, 


2|P| < |QI. 


Definition 2.4. (Lagrange Property ) 
Take Q to be a finite quasigroup such that P C Q. Then the subquasigroup P of Q is said 
to be Lagrange-like if |P| divides |Q|. 


Definition 2.5. (Weak Lagrange Property ) 
Take Q to be a finite quasigroup and let PC Q. Then Q is said to satisfy the weak Lagrange 
property if every subquasigroup P of Q is Lagrange-like, that is |P| divides |Q| for all P CQ. 
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Definition 2.6. (Strong Lagrange Property 2a) 
Take Q to be a finite quasigroup and P CQ. Q is said to have a strong Lagrange property 
if P satisfies the weak Lagrange property for all the PC Q. 


Remark 2.1. The order of a subquasigroup is not necessarily a factor of the order of the 
quasigroup, that is the Lagrange properties does not in general hold for quasigroups. For 
example, let Q be a quasigroup of order 10 with only two subquasigroups H, K of orders |H| = 2 
and |K| = 5 respectively such that H < K <Q. Since 2,5 divide 10, then Q has the weak 
Lagrange property. But Q does not have the strong Lagrange property since |H| is not a divisor 
of |K|. 


We now introduce soft sets and operations defined on them. Throughout this subsection, 


Q* denotes an initial universe, F is the set of defined parameters and A C E. 


Definition 2.7. (Soft Sets, Soft Subset, Equal Soft Sets [AAA [79 [24 (3H) 


Assume Q* is a universal set of discourse and E is a set of defined parameters such that 
C cE. The couple (G,C) is called a soft set over Q*, whenever G(c) C Q* V c € C; and 
F is a function mappings C to all the non-empty subsets of Q*, i.e G:C —> 27° \{0}. A 
soft set (G,C) over a set Q* is described as a set of ordered pairs: (G,C) = {(c,G(c)) :c€ 
C and G(a) € 20"), The set of all soft sets, over Q* under a defined set of parameters C, is 
denoted by SS(Q%). 


Suppose that (G*,C) and (K*,D) are two soft sets defined over Q*, then (K*,D) will be 
regarded as a soft subset of (G*,C) if, 
(1) DCC; and 
(2) K*(c) CG*(c) Vee D. 


Definition 2.8. (Restricted Intersection) 

Consider (G*,C) and (K*, D) to be two soft sets over Q* so that COND £0. We define their 
restricted intersection as a soft set (G*,C)M (K*, D) = (Z2*, E) where (Z*, E) is represented 
as Z*(e) = G*(e)N K*(e) Vee E and E=CND. 


Definition 2.9. (Extended Intersection) 
Consider (G*,C) and (K*, D) be two soft sets over Q* so that CM D is not empty. Their 
extended intersection is a soft set (Z*, E), where E =CUDV ee E, Z*(e) can be defined as; 


G*(e) whenever e€C—D 
Z (=< KE (e) whenever e€ D—C 
G*(e)N K*(e) whenever e€ CND. 
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Definition 2.10. (Union) 
The extended union of two soft sets (G*,C) and (K*,D) over Q* is defined as 
(G*,C) U(4K*, D) and it is called a soft set (Z,E) over Q*, as E =CUDVeeEE and 


G*(e) whenever e€ C—D 
Z*(e)=4 K*(e) whenever e€ D-C 
G*(e) UK*(e) whenever e€ CND. 


3. MAIN RESULTS 
3.1. Neutrosophic Quasigroup 


Definition 3.1. (Neutrosophic Quasigroup) 

Let (Q,-) be a quasigroup. The neutrosophic quasigroup over a quasigroup Q is Q = 
(QUN) generated by Q and neutrosophic element N coupled with a binary operation © 
such that O = ((Q UN) ,©) is a quasigroup. Q being a neutrosophic quasigroup over (Q,-) 
will sometimes represented by QQ,.) or Qa. 

Remark 3.1. If Qo is neutrosophic quasigroup over Q, then Q contains Q as a subquasigroup. 
Example 3.1. Let (Q,-) be a quasigroup of order 4 where Q = {1,2,3,4} and let 
Q=(QUM) = {1, 2,3, 4, IN, 2M, 3N7,4N5} 


be represented by the multiplication Table| i} Then Qg,.) = Qqg=V= ((Q UN) ,©) is a the 


neutrosophic quasigroup over Q. 


TABLE 1. Neutrosophic quasigroup of order 8 


© 1 2 38 4 IN 2M 3% 4% 
1 1 2 4 8 IN 2N, 3M 4M 
2 2 1 8 4 2M WG 4% 3M 
3 8 4 2 1 38M 4N 2N, 1M 
4 £ 8 1 2 AN, 3M, IN, 2M 
IN, 2M, IN, 4M 3M, 2 
2N, IN; 2N, 3A, 4M ot O28 8 
BN, 4Ny 3N, IM 2M 3 4 1 2 
AN, 3M, 4N, 2M) 1M 4 «8 2 1 


Example 3.2. Consider (G,+) to be a quasigroup of order 3 where G = {i,j,k} and let 
G = (GUN) = {i, 5,5, iN IN| KM} 
be represented by the multiplication Table|4. Then Gea) = Ga =G = ((G U Nj) ,®) is a the 


neutrosophic quasigroup over G. 
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TABLE 2. Neutrosophic quasigroup of order 6 


® it fj k iN iN kM 
i «@ gj k iM JN EM 
jog bk 4 GN, RN iM 
ko i 9 RN, iM IN, 
iN, GN; RM iM 4 Gk 
iN, iN GN KM ki 
kNV RN, iN GING k i 


Definition 3.2. (Neutrosophic Subquasigroup) 

Consider Q9 = ((QUN) ,©) to be a neutrosophic quasigroup over Q and #H C Q. 
Then, Hy will be regarded as a neutrosophic subquasigroup of Q if there exists H < Q such 
that Hy = ((H UN) ,©) is a neutrosophic quasigroup over H. This will often be expressed 
as Hy Si, Qo.. 


Remark 3.2. In Definition [3.2 if Hy = H, then Hy will be called a trivial neutrosophic 
subquasigroup of Q. Also, Hy = Qg will be regarded as a trivial neutrosophic subquasigroup 


of Q. 


Example 3.3. 

(1) In Example |3. 1} Hy = {1,2,1N,2N)} is a neutrosophic subquasigroup of Qq i.e. 
Huy Sy Qg because (Hy,©) is a neutrosophic quasigroup over H going by Table |i} 
However, K = {1,2, 3N}, ANG} is not a neutrosophic subquasigroup of Qg even though 
K < Qg. This is because by Table| i) there is no K <Q, such that Kx = (KUN) = 
{1,2,3M),4Nj}. Neither {1,2} nor {3,4} can be K. 

(2) In Example[3.2, Qo has no nontrivial neutrosophic subquasigroup judging by Table[4 


Remark 3.3. Based on Example[3.H1), not every subquasigroup of a neutrosophic quasigroup 
Qo is a neutrosophic subquasigroup of Qg. Ofcourse, every neutrosophic subquasigroup of a 


neutrosophic quasigroup Qg is a subquasigroup of Qg. 


3.2. Direct Product of Neutrosophic Quasigroups 


The direct product Q x H of two groups (quasigroups,loops) Q, H is a group (quasigroup, 
loop). For group (loop), it clearly contains at least one subgroup (subloop) isomorphic to Q, 
namely Q x {e}. However, this is not the case for a direct product of two quasigroups. Bruck 
gave examples of finite nontrivial quasigroups @ and H whose direct product has no proper 
subquasigroup. Foguel considered when the direct product Q x H of two quasigroups 
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Q,H contains a subquasigroup isomorphic Q. We shall now consider the direct product of two 


neutrosophic quasigroups. 


Theorem 3.1. (Direct Product of Neutrosophic Quasigroups) 
Take Qg,.) = ((QUN}) ,©) and Hi») = ((HUN),®) to be any two neutrosophic 
quasigroups. Their direct product 


(2 « H)@xu¢») = (Q* Waxa = 2x H= ((Q x HU(M,M)), (5%) 


is a neutrosophic quasigroup. 


Proof. 
Qq x Hy = (QUN)) x (HUN) = 
{(q,h), (GA4, 1), (42M), (GM AN Jig € Q,h € H} =(Q x HU(N,N)). 
So, Qg x Hy is a generated by Q x H and (MM), and thus ((Q x HU (M,M)) + 6.*)) is 


a quasigroup and has Q x H as a subquasigroup. 


Corollary 3.1. Let Qi.) = ((Q UN) ,©) and Hpy,*) = ((HUN) ,®) be any two neutro- 


sophic quasigroups with neutrosophic subquasigroups Q' (gr... and H' (x 4) respectively. Then, 
(Q',) (H',*) 
(QD x HQ #8) S(nqn,) (2 * We@xH«)) 


Proof. Going by Theorem 3.1} (Q x H)(QxH/.,«))- Since Q'(g,.) and H’ (yr) are neutrosophic 
quasigroups, then by Theorem |3.1| Thus, 


(QD! x Hr.) S(nqav,) (2 * Weextt.(.9)) 


because QO! x H’ CQO xH and Q’ x H’<Q~x H. 


Example 3.4. By considering the direct product of the neutrosophic quasigroups Qcg,.) and 
Gia) in Example and Example respectively, the multiplication table of the neutro- 
sophic quasigroup (Q x G)(agxay.4)) can be constructed by using the multiplication Table [7] 
and Table [Q 


3.3. Holomorph of Neutrosophic Quasigroups 


We recall the definition of the holomorph of a quasigroup. 


Definition 3.3. If we take (Q,-) to be a quasigroup and let A(Q,-) = A(Q) < AUM(Q,-) = 
AU M(Q) be the subgroup of the automorphism group of (Q,-). Let H(Q,-) = H(Q) = A(Q) x 
Q and define o on H(Q) as follows (a,x) 0 (6,y) = (af6,x28-y) for all x,y in Q and for all 
a,b € A(Q). Then, the pair (H(Q),°) (or H(Q)) is called the A(Q)-holomorph (or holomorph) 
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of Q. (H(Q),0°) is a quasigroup. The A(Q)-holomorph H(Q) of a quasigroup Q is a semi-direct 
product of Q and an automorphism group A(Q) of it. 


Moreover, many authors such as 42441 52|(53] have considered the holomorphs of 


A-loops, Bruck loops, Bol loops, conjugacy closed loops, extra loops, inverse property loops, 
weak inverse property loops. Jaiyéola also derived some results on the holomorph 
of certain varieties of loops. Adeniran et. al. studied the holomorph of generalized Bol 
Loops. Results on the holomorphy of Osborn loops and the holomorphy of middle Bol loops 
can be seen on Jaiyéolé and Popoola [49]; Isere et. al. and Jaiyéola et al. (50). Recently, 
Ogunrinade et al. studied the holomorphy of self distributive quasigroup, Ilojide et al. 
studied the holomorphy of Fenyves BCI-algebras; Oyebo et al. considered the Holomorphy 
of (r,s, t)-inverse loops while Effiong et al. considered the holomorphy of Basarab loops. 
Specifically, we cite the work of Bruck on inverse property loops (IPL), where he established 
that the holomorph of IPL is an IPL. Also, Huthnance Jr. established that the holomorph 
of WIP loops is a WIP loop. 

Let us now introduce the holomorph of a neutrosophic quasigroup and investigate if it is a 


neutrosophic quasigroup. 


Theorem 3.2. Take (Q,-) to be a quasigroup with A(Q)-holomorph (H(Q,-),°). Let Qa.) = 
((Q UN) ©) be a neutrosophic quasigroup over (Q,-) then, 
(1) (H(Q,-),0)®) is a quasigroup and the A (Q¢g,.), ©) -holomorph. of (Q(q,.), ©) ; and 
(2) (Hu(Q,-),0)®) is a neutrosophic quasigroup over (H(Q,-),°). 


Proof. 

(1) Note that since A(Q,-) < AUM(Q,-), then A (Q¢g,.), ©) < AUM (Q¢q,.),O)- Thus, 

since (H(Q,-),©) is a quasigroup, then with H = (Q UN) UA (Q(q,.)) = QQ, U 

A(QeQ,)); (H(Q,-),0)®) is a quasigroup, and so, A(QqQ,.),)- is holomorph of 
(Q@,)-O). 

(2) Notice that A(Q,-) = {a € A(Qq,.)) |a = alg, } < A(QeQ,)). Thus, (H(Q,-),0) < 

(Hu(Q,-),0)®): Therefore, (Hi(Q,-),0)®) is a neutrosophic quasigroup over 

(A(Q, ), 0). 


3.4. Soft Neutrosophic Quasigroup 


Definition 3.4. (Soft Neutrosophic Quasigroup) 
Assuming that Q(q,.) is a neutrosophic quasigroup, and suppose that E is a set of defined 


parameters and A Cc E. The couple (Nr, A) is regarded as a soft neutrosophic quasigroup 


Q(Q,.) 
over Qq,.) if Nr(a) is neutrosophic subquasigroup of Qqg Va € A, where Nr : A — 220, 
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We shall sometimes write (Nr, A)oio.) = {Nr(@)|a € A}. 
Example 3.5. Table{]| defines a finite neutrosophic quasigroup as a Latin square table; where 
Qo.) = (QUA) = (1,2, 3,4, 1N4,2N4,3N4, AN} 
Assume A = {(1, 82, 83} to be a set of parameters and let 
Np: A+ 22 + Np(S1) = {1,2}, Ne(G2) = (1,2,3,4}, Nr(Bs) = {1,2, 1N4, 2N}}. 


Then, (Nr, Ajo ) is regarded as soft neutrosophic quasigroup over neutrosophic quasigroup 


Qiqg,.) because Nr((;) Sn, On fort = 1,2,2: 
Now assume B = {31, B2, 03, Ga} be set of defined parameters and 
Np: B22 + Np(61) = {1,2}, Nr(62) = {1, 2,3, 4}, 
Nr(63) = {1, 2, 1M, 2N5}, Nr(64) = {1, 2,34, 4N5}- 
Then, (Nr; B)dys.5 
because Np((;) ap Qg fori =1,2,3 but Nr(G1) Ex, Qg. 


is not a soft neutrosophic quasigroup over neutrosophic quasigroup Q,Q,.) 


Definition 3.5. (Soft sub-neutrosophic quasigroup) 


If (Np, A) and (Ng, B) are two soft neutrosophic quasigroups over a common 


2(Q,-) 2(Q,-) 
neutrosophic quasigroup Q(Q,.)- (Ne A)oio.s is called soft neutrosophic subquasigroup of 
(Ne, Boi. ay 
(1) AC B, and 


(2) Nr(a) ay Ne(a), for alla € A. 
This will be expressed as (Np, A) aK (Ng, B). 


3.5. Order of Soft Neutrosophic Quasigroup 


Pflugfelder and Wall established that quasigroups might not neccessarily obey 
Lagrange’s theorem. We extend some results of Wall to soft neutrosophic quasigroup. 
The existence of identity element in the definition of the order of soft group in Aktas 
was considered. Hence we introduced new definition for the order of a soft neutrosophic 
quasigroup that is independent of identity element and associative property. We introduce 
the order of a soft neutrosophic quasigroup (Np, x) over a finite neutrosophic quasigroup Qg 
and to check for divisibility properties between |Qg| and |(Np,x)|, and prove that there are 
some algebraic connections existing between the orders of a neutrosophic quasigroup Qg and 


its soft neutrosophic quasigroup (Nr, x). 


Definition 3.6. (The Order of Soft Neutrosophic Quasigroups) 
Consider (NF, X)Q(,.) 
group QQ,.)- (NP X) 03 will be called a finite soft neutrosophic quasigroup. The order of 


to be a soft neutrosophic quasigroup over a finite neutrosophic quasi- 
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a finite soft neutrosophic quasigroup (Nr, x) 
defined as; 


(NP, XlQ0,) = INF. Xiao = l(Ne.Wle = I(Ne.x)1 = 2 |Nr(a)|, Ne(a) € (Nr, x), @€ x. 
acex 


2.) where y is the set of parameters, will be 


Definition 3.7. Consider VEN) On to be soft neutrosophic quasigroup over a neutrosophic 
quasigroup Qg. Then, we defined the arithmetic mean of a soft neutrosophic quasigroup and 


the geometric mean of soft einai quasigroup (Nr, x), where x #0 as; 


AMo(NF, x Fa * 57 |Ne(a) GMo(Nr, x) = )= wi/ TI |Nr(a 
acex acex 


Remark 3.4. (Np, v)q is a soft neutrosophic quasigroup over a finite neutrosophic quasigroup 
O as in Brample 3.9 We note that INv(a)|||(Ne, x) and \Nr(a)}||QI occurred for just one 


case of aE xX, INr(a)|||(Nr, x)| occurred one case of a € x and \Nr(a)|||QI occurred in all 


cases fora€ x. 


Lemma 3.1. Consider (Q¢q,.); ©) to be a finite neutrosophic quasigroup, then 
i If (Nr, x)q is a finite soft neutrosophic quasigroup over (Q(q,.),O)- For any a € 
(Q(@,),9); INr(a)| = |a © Np(a)| = |Ne(a) © ala € (Q9,),0). 
ii If (Nr,x)gq is a soft set over (Q(q,.),O). Then (Nr, x)gq is soft neutrosophic quasi- 
group iff (Nr, x)o is soft neutrosophic groupoid. 
iii Consider (Nr, x)gQ to be soft neutrosophic quasigroup. Hence, 
(a) of for anyae x, a€ Nr(a) and 6 ¢ Nr(a) means a© Bb ¢ (Q(g,.),O). 
(b) Nr(a) © (Q¢g,.), ©) \Nr(a@) c (Q¢q,.), ©) \Nr(q) for alla € x. 


Proof. 


(1) Assume (Np, x) to be a soft neutrosophic quasigroup over a finite neutrosophic quasi- 
group (Q¢q,.)O)- From (i) of Lemma 2.1} Np(a) C (Q¢q,),O) for all a € x, for any 
a € QoQ.), |Nr(a)| = |a © Ne(a)| =|Nr(a)Oa|Vae (Q(q,.),O)- 

(2) If (Nr, x) is soft set over (Qig,.),©), and (Nr, x)( 
group, and (Nr, x)( 


is soft neutrosophic quasi- 
Q(Q,.) 0) 12 qd 


Q@,).0) 2 soft neutrosophic groupoid. Hence, if (NF; X)(Q¢9,,0) 
is soft neutrosophic groupoid, then Np(a) is also neutrosophic subgroupoid of 
(Q¢g,.), ©) Ya € x. From (ii) of Lemma [2.1] Nr(a) is neutrosophic subquasigroup 
of (Q¢g,.), ©) Yaex. Therefore, (Nr, X)(2,.0) is soft neutrosophic quasigroup. 

(3) If (Nr, x) QQ.) 18 soft neutrosophic quasigroup, therefore 
(a) Nr(a) Sy (QQ,.); ©) Va € x, from (iii) of Lemmaf2.1} for any a € x, a € Np(a) 

and 6 ¢ Nr(a) imply a© 6 ¢ (Q¢q,.)O)- 
(b) This follows from (a) above. 
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Theorem 3.3. Consider (Nr, x)( 
the following holds; 


; Th 
Sie 518) to be a finite soft neutrosophic quasigroup. Then 


1. |(Ne,x)| = IXIAM(Ne, x); 2. 2|(Ne, x)| < Ixll (Q9,),O) |; 3- | (Qg,), ©) | = 2AM(NF, x). 


Proof. We derived |(Nr,x)| = |x|AM(Nr,x) from the combination of the definition of 
\(Nr,x)| and AM(Nrx). IF (Nee 5,0) 
Nr(a) Sy, (Qig,.),©) Va € x. From Theorem [2.1| 2|Nr(a)| C | (Qq,),O) | for all a € x. So 


from x = {a1,42,°-- , an}, 


is a soft neutrosophic quasigroup, then 


2|Nr(a1)|+2|Nr(a2)|+-+-+2|Nr(an)| < IxIl (Q@,),0)| > 25 |Ne(@] < Ixll (Qe@,9,) | > 
acex 


2I(Nr,x)| < Ixll (Q@,)»®) |: 


Also, 25° |Nr(a)| < |xll (Q@,),) | + | (Qe@,).9) 21 Lele a)| > |(Qe,),O) | = 
acx acx 
Remark 3.5. 


(1) From Theorem 3.3} if equation |(Nr, x)| = |x/AM(F, x) is considered as a Lagrange’s 
Formula for finite soft neutrosophic quasigroup. We let |y| and AM(Np, x) to take 
the character of the order of subgroup and its index in the group theory, which may 
not be an integer. 

(2) In Theorem [8.3] both |(Nr,x)| = IxIAM(Np, x);and 2|(Nr,x)| < |xll (Q@,+2) | 
gives both an upper and lower bound for the order of a finite soft neutrosophic quasi- 
group. 

Also in Theorem [3.3] the second part from is proved from 1 of Lemma |[3.1| such that for any 
a € (Q@Q,),O), |Nr(a)| = |eONe(a)| = |Nr(a)OalVa € (QaQ,),O). Hence, if a € (Qig,.), ©) 
and a ¢ Nr(a), clearly from 3 of Lemma|3.1] 


(Ne. xX)1 < S51 (Q@,)1 ©) \Nr(a)| > Ie, < 45 ©)| - |Nr(a)|) = 
acx acx 
3-1 (Q@,),)|- $2 Nea) > |(Ne, x1 < IxIl (Q@,,) |- (NF x) > 
aex acA 


2\(NF,x)| < Ixll (Qe@,),O) |. 


From Example if we consider (Nr, x) as a soft neutrosophic quasigroup over a finite 
neutrosophic quasigroup (Q¢a,.); ©) . Then it can be observed that if |x| = 3, | (Q¢g,.), ©) |= 
8, |\Vr,x)| = 10, then the equations in Theorem [3.3] will be satisfied. 
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Theorem 3.4. Consider (Nr, x)( ) to be a finite soft neutrosophic quasigroup. We 


Q(Q,.),O 
have, 


(i) | (Qe@,),©)| = 2x reel [Nr(a)|, (#) | (Qe,),O)| = 2AM(Np, x) and 
acex 


(ii) | (Q,),O) | > AM(Ne, x) + GM(Np, x)- 


Proof. From Theorem |2.1| we have, 


Ix! Ix! 
[[2¥r(a 1<[]I(2 (Q,)) | => 2” x TT Ne(@)! < TI! (Qe@,9,®) | 
acx acx i=1 
| (Q@..2)|\™ 
= glx! x II INr(a)| < | (Qe,-),) |! > a 2 II |F(a)| 
acx acx 


> ao > nf TL @l = 1(Q@9.9)122* wif Tel = 
ae acx 


| (Q¢q,),) | > 2GM(Nr, x). 


By Theorem | (Q¢@,),©)| = 2AM(Nr, x), therefore 2| (Qig,.),©)| > 2AM(Nr, x) + 


Remark 3.6. The (i) and (ii) of Theorem |3.4] defines the lower bounds of the soft neutro- 
sophic quasigroup by taking into consideration the order of the soft neutrosophic quasigroup in 


relations to both the arithmetic and geometric means of the soft neutrosophic quasigroup. 


Example 3.6. Based on Table || and Example[3.5 (Nr, x) is a soft neutrosophic quasigroup 
over a finite neutrosophic quasigroup (Q¢q,.); ©) . It will be noticed that; 


10 : 
Ix! = 3, | (Q@,),0) | =8, |(Nr,x)| = 10, AM(Ne, x) = 3 GM(Nr, x) = 32. 


Therefore, all the inequalities in Theorem|3.4| are satisfied. 


4. Conclusion 


In conclusion, we introduced and studied the abstraction of neutrosophic quasigroup 
(Q¢q,),) over a quasigroup (Q,-). It was discovered that the direct product of any two 
neutrosophic quasigroups is neutrosophic quasigroup and that the holomorph of any neutro- 
sophic quasigroup is a neutrosophic quasigroup. Furthermore, soft set theory was broadened 


by studying soft neutrosophic quasigroup (JV. F+Xx)( ) over a neutrosophic quasigroup 


Q(Q,.)O 
(Q(q,.); ©). From the study of order of finite soft neutrosophic quasigroup, we introduced and 
established the order of finite soft neutrosophic quasigroup with varied mathematical inequality 
expressions that exist among the order of finite neutrosophic quasigroup and the order of soft 
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neutrosophic quasigroup over the same quasigroup. From the study of their arithmetic mean 


AM(Npr,x) and geometric mean GM(Np, x) of finite soft neutrosophic quasigroup (Nr, vy), 


Lagrange’s like Formula |(Nr, x)| = |x| AM (Nr, x) for finite soft neutrosophic quasigroup was 


est 


for 


ablished. In future work, Definition [2.8] Definition [2.9] and Definition will be studied 


soft neutrosophic quasigroups. 


References 


1 
2 
Pi 
3 
4 


5 


6 


iG 
8 


9 


10 
in 


11 


12 
M 
13 
14 
15 
so 
16 


17 
of 
18 


19 
20 


(2 
21 


Albert, A. and Baer, A.,Quasigroups, I, Trans. America Mathematical Society. 55 (1944), 401 — 419. 
Ajala, S. O., Aderohunmu, J. O., Ogunrinade, S. O., and Oyem, A., On Bruck Loop and its parastrophs, 
oneer Journal of Algebra, Number Theory and its Applications. 5(2) (2013), 47-54. 

Aktas, H. and Cagman, N., Soft Sets and Soft Groups, Inf. Sci. 177 (2007), 2726 — 2735. 

Aslihan, S. and Atagun, O., Soft groups and Normalistic soft groups, Computer and Maths with application. 


62(2) (2011), 685~ 698. 


Ashhan, S., Shahzad, A., Adnan, M., A new operation on Soft Sets: Extended Difference of Soft Sets, 


Journal of New Theory. 27 (2019), 33 — 42. 


Asim, H., and Muhhammad, S., Algebraic structures of Neutrosophic Soft Sets, Neutrosophic Sets and 


Systems. 7 (2015), 53 — 61. 


Bruck. R. H., Contribution to the theory of quasigroups, Trans. Amer. Math. Soc.60(1946), 245- - 354. 
Chen, D. Tsang C, Yeung, D. and Wang, X., The parameter reduction of soft sets and its applications, 


Comput. Math. Appl. 49 (2005), 757- - 763. 


Chein, O., Pflugfelder, O. H. and Smith, J. D., Quasigroups and Loops: Theory and Applications, Helder- 


mann Verlag (1990). 


Jaiyéola, T. G., Some necessary and sufficient condition for parastrophic invariance of the associative law 
quasigroup, Fasc. Math. 40 (2008), 23- - 35. 


Jaiyéold, T. G.,A study of new concepts in smarandache quasigroups and loop, ProQuest Information and 


Learning(ILQ), Ann Arbor, 127 (2009). 


Maji, K., R. Roy, A. and Biswas, R.,An Application of Soft Sets in a decision making problem, Comput. 
ath. Appl. 44 (2002), 1077- - 1083. 

Maji, P. K., Neutrosophic Soft Sets, Ann. Fuzzy Maths. Inf.5(1) (2013), 2093 — 9310. 

Molodtsov, D., Soft Set Theory - First Results, Comput. Math. Appl. 37 (1999), 19 — 31. 

Ali, M., Dyer, C., Shabir, M., Smarandache, F., Soft Neutrosophic Loops and their generalization, Neutro- 
phic Sets and Systems. 4 (2014), 55 — 75. 

Ali, M., Smarandache, F., Shabir, M., Soft Neutrosophic Groupiods and their generalization, Neutrosophic 


Sets and Systems. 6 (2014), 62 — 81. 


Denes, J. and Keedwell, A. D., Latin Squares: New Development in the Theory and Applications, Annals 
Discrete Mathematics. 46 North-Holland (1991). 


Smarandache, F., Neutrosophic set, a generalisation of intuitionistic fuzzy sets, International Journal Pure 


applied Maths. 24 (2005), 287 — 297. 


Sai, B. V., Srinivasu, P. D, Murthy, N. V., Soft Sets-Motivation and Overview, Global Journal of Pure and 


applied Mathematics. 15(6) (2019), 1057 — 1068. 


Sezgin, A. and Atagun, A. O., On Operations of Soft Sets, Computers and Math with Application 61 
011), 1457— 1467. 


Foguel, T., Direct product of Quasigroups and generalized diagonal subquasigroup, Quasigroup and Related 


Systems. 16 (2008), 31 — 36. 


A. 


Oyem, T.G. Jaiyéola, J.O. Olaleru and B. Osoba. Soft Neutrosophic Quasigroups 


Neutrosophic Sets and Systems, Vol. 50, 2022 504 


22| Pflugfelder, H. O., Quasigroups and Loops: Introduction, Sigma series in Pure Math. 7, Heldermann Verlag, Berlin, 
(1990) 147. 

23] Pei, D. and Miao, D., From soft set to information systems, Proceedings of Granular computing IEEE, 2 (2005), 
617-621. 

24] Ping, Z. and Qiaoyan, W., Operations on Soft Set, Journal of Applied Mathematics (2013), Article Id 105752. 

25] Vasantha, W. B and Smarandache , F., Some Neutrosophic Algebraic structures and neutrosophic N-Algebraic 
structures, Hexis, 219 (2006). 

26] Wall Drury, Subquasigroups of finite quasigroup, Pacific Journal of Mathematics. 7(4) (1957), 1711-1714. 

27| Zadeh, L. A., Fuzzy sets, Information and Control, 8(1965), 338-353. 

28] Shabir, M., Ali, M., Naz, M., Smarandache, Soft Neutrosophic Group, Neutrosophic Sets and Systems, 1(2013), 
13-25. 

29) Ali, M., Smarandache, F., Shabir, M., Naz, M., Soft Neutrosophic Bigroup and Soft Neutrosophic N-Group, 
Neutrosophic Sets and Systems, 2(2014), 55-81. 

30] Mehmood, A., Ullah, W., Broumi, S., Khan, M. I., Qureshi, H., Abbas, M. I., Kalsoom, H., Nadeem, F., 
Neutrosophic Soft Structures, Neutrosophic Sets and Systems, 33 (2020), 23-58. 10.5281/zenodo.3782841 

31] Alkhazaleh, S., Plithogenic Soft Set, Neutrosophic Sets and Systems, 33 (2020,) 256-274. 10.5281/zen-odo.3783023 
32] Qamar, M. A., Ahmad, A. G., Hassan, N., On Q-Neutrosophic Soft Fields, Neutrosophic Sets and Systems, 32 (2020), 
80-93. 10.5281 /zenodo.3723603 

33] Oyem, A., Olaleru, J. O., Jaiyéo 14, T. G., Akewe, H.; Some algebraic properties of soft quasigroups, 
International Journal of Math. Sci. and Optimization, 6(2) (2020), 834-846 

[34] Oyem, A. and T. G. Jaiyeola, Parastrophes and Cosets of Soft Quasigroups , International Journal of Mathematical 
Analysis and Optimization: Theory and Applications 8 (1) (2022), 74 - 86. 

[35] Oyem, A., Jaiyéo 14, T. G., Olaleru, J. O., Order of Finite Soft Quasigroups with Application to 
Egalitarianism, Discussiones Mathematicae, General Algebra and Applications 42(1) (2022)135 - 157, doi.org/ 
10.7151/dmgaa.1381. 

36] Broumi, S., Smarandache, F., Dhar, M., Rough Neutrosophic Sets, Neutrosophic Sets and Systems, 3 (2012), 60— 
65. 
37] Abbas, M., Murtaza, G., Smarandache, F., Basic operations on hypersoft sets and hypersoft point, Neutro-sophic Sets 
and Systems, 35 (2020), 407-421 

38] Adeniran J. O., On holomorphic theory of a class of left Bol loops, Scientific Annal of A.I.I Cuza Univ., 51(1) 
(2005), 23-28. 

39] Adeniran J. O., Jaiyeola T. G. and Idowu K. A., Holomorph of generalized Bol loops, Novi Sad Journal of Mathemat- 
ics, 44(1) (2014), 37-51. 

40] Bruck, R.H. (1946), Contributions to the Theory of loops, Trans. American Maths. Soc. 60 (1946), 245-354. 

41] Bruck, R.H. and Paige, L.J., Loops whose inner mappings are automorphisms, Ann. Math. 63 (1956), 308-323. 
42] Chiboka, V. O. and Solarin A. R. T., Holomorphs of conjugacy closed loops, Scientific Annals of Al.I.Cuza. Univ. 37(3) 
(1991), 277-284. 

43] Effiong, G. O., Jaiyéo 14, T. G., Obi, M. C. and Akinola, L. 8., Holomorphy of Basarab Loops, Gulf Journal 

of Mathematics, to appear. 

44] Huthnance, E.D. Jr., A theory of generalized Moufang loops, Ph.D Thesis, Georgia Institute of Technology(1968). 
45] Tlojide, E., Jaiyéo lA T. G., Olatinwo, M. O., On Holomorphy of Fenyves BCI-Algebras, Journal of the 

Nigerian Mathematical Society, 38(2) (2019), 139-155. 


A. Oyem, T.G. Jaiyéold, J.O. Olaleru and B. Osoba. Soft Neutrosophic Quasigroups 


Neutrosophic Sets and Systems, Vol. 50, 2022 503 


[46] Isere A. O., Adeniran J. O. and Jaiyéolé T. G., Holomorphy of Osborn loops, Analele Universitatii De Vest 
Din Timisoara, Seria Matematica-Informatica, 53(2) (2015), 81-98. DOI: 10.1515/awutm -2015-0016. 

[47] Jaiyéolé, T. G., An holomorphic study of the Smarandache concept in loops, Scientia Magna Journal, 2 (1) 
(2006), 1-8. 

[48] Jaiyéolé, T. G., An holomorphic study of Smarandache automorphic and cross inverse property loops, 
Proceedings of the 4th International Conference on Number Theory and Smarandache Problems, Scientia 
Magna Journal. 4(1) (2008), 102-108. https: //doi.org/10.5281/zenodo.9150 

[49] Jaiyéolé T. G. and Popoola B. A., Holomorph of generalized Bol loops II, Discussiones Mathematicae- 
General Algebra and Applications, 35(1) (2014), 59-78. (doi:10.7151/dmgaa.1234) 

[50] Jaiyéola, T. G., David, S. P., Ilojide, E. and Oyebo, Y. T., Holomorphic structure of middle Bol loops, 
Khayyam Journal of Mathematics, 3(2) (2017), 172-184. DOI: 10.22034/kjm.2017.51111. 

[51] Ogunrinade, S. O., Ajala, S. O, Olaleru, J. O. and Jaiyéold, T. G., Holomorph of self-distributive quasigroup 
with key laws, International Journal of Mathematical Analysis and Optimization: Theory and Applications, 
(2019) (1) 426-432. 

[52] Robinson, D.A., Bol loops, Doctoral thesis of the University of Winsconsin, USA (1964). 

[53] Robinson, D. A., Holomorphy Theory of Extra Loops, Publ. Math. Debrecen, 18 (1971), 59-64. 

[54] Oyebo, Y.T., Jaiyeola, T. G. and Adeniran, J. O., A Study of the Holomorphy of (r,s,t)-Inverse Loops, 
Journal of Discrete Mathematical Sciences and Cryptography, Published Online: 14th November, 2021. 
https: //doi.org/10.1080/09720529.2021.1885810 


Received: Feb 15, 2022. Accepted: Jun 18, 2022 


A. Oyem, T.G. Jaiyéold, J.O. Olaleru and B. Osoba. Soft Neutrosophic Quasigroups 


@NSS Neutrosophic Sets and Systems, Vol. 50, 2022 


NM University of New Mexico 


~ o 


Rough Neutrosophic Ideals in a Ring 


V.S. Subha!*, G. Rajasekar? and S. Soundaravalli® 
Assistant professor (Deputed), PG and Research Department of Mathematics, Government Arts College, 
C. Mutlur, Chidambaram, Tamilnadu, India; dharshinisuresh2002@gmail.com 
? Associate professor, PG and Research Department of Mathematics, Jawahar Science College, Neyveli, 
Tamilnadu, India; grsmaths@gmail.com 
3 Assistant professor, PG and Research Department of Mathematics, Jawahar Science College, Neyveli, 
Tamilnadu, India ; soundara.sost@gmail.com 


“Correspondence: dharshinisuresh2002@gmail.com; 


Abstract. Aim of this paper is to introduce the notion of rough neutrosophic sets in rings also we discuss the 
sum and product of rough neutrosophic ideal in a ring. Also we prove the upper and lower approximation of 


neutrosophic subring is also a neutrosophic subring and some examples are discussed. 


Keywords: Rough set; Neutrosophic set; Rough neutrosophic set; Neutrosophic ideal; Rough neutrosophic 
ideal.) 


1. Introduction 


Fuzzy set is introduced and described using membership functions by Zadeh in 1965 in 
1965. The notion of Rough sets was introduced by Pawlak in his seminal paper of 1982. 
Crisp set and equivalence relation are the basic elements of Rough set theory. Rough set is 
based on result of approximating crisp sets known as the lower approximation and the upper 
approximation of a set introduced by Biswas and Nanda |2] in 1994. Approximation spaces are 
sets with multiple memberships but, fuzzy sets are with partial memberships. Many scholars 
Dubios et al [4], Gong et al (5), Leung et al (6, Sun et al has developed many models 
upon different aspects. Rough sets and fuzzy sets, vague set and Intuitionistic fuzzy sets 
combine with various notions such as Generalized fuzzy rough sets, Intuitionistic fuzzy rough 
sets, Rough Intuitionistic fuzzy sets, and Rough vague sets were introduced. 

Atanassov (1983) |1| introduced the notion of Intuitionistic fuzzy sets. They are the sets whose 
elements having degrees of membership and non-membership. Selvan, Senthil Kumar (8}{10], 
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introduced the notion of rough intuitionistic fuzzy ideal(prime ideal) in rings in 2012. The 
generalizations of the theory of intuitionistic fuzzy sets is the theory of neutrosophic sets. The 
words neutrosophy and neutrosophic were introduced by Smarandache (12). Neutrosophic 
concepts are very much useful in real life problem. For example, If a opinion is asked about a 
statement one may assign that the possibility that the statement true is 0.6 and the statement 
false is 0.8 and if it is not sure is 0.2. This idea is very much needful in various problems 
in real life situation. Neutrosophic sets are characterized by truth membership function , 
indeterminacy membership function and falsity membership function . Vildan cetkin and 
Halis Aygun introduced an approach to single valued Neutrosophic ideals over a classical 
ring and Neutrosophic subring in 2018. Rough neutrosophic set is introduced by Broumi, 
Smarandache, and Dhar [3]. 

In this paper, we prove that any neutrosophic subring (ideal) of a ring is an upper and lower 


rough neutrosophic subring (ideal) of the ring. 


2. Preliminaries 


See 3], (7, for basic concepts which are used in this work. 


3. Operations on Rough Neutrosophic sets in a Ring 


In this section we introduce the notion of RNJ in a ring. Some basic properties of these 
ideals are proved and examples are given. Let Cr denote the congruence relation on R, 


throughout this section. 


Theorem 3.1. Let Cr and Cr be the two congruence relations on R. If P and Q are any 
two NS of R, then the following properties are, 
(a)Ca(P) C P CORP) 


(b)Cr(Cr(P)) = Cr(P) 
(c)Cr(Cr(P)) = Cr(P) 
(d)Cr(Cr(P)) = Cr(P) 
(e)Cr(Cr(P)) = Cr(P) 
(f)(Cr(P*))” = Cr(P) 
(g)(Cr(P*))° = Cr(P) 

(h)Cr(P OQ) = Cr(P) 2M Cr(Q) 
(i)Cr(PNQ) C Cr(P)NCR(Q) 
(j)Cr(P U Q) = Cr(P) UCR(Q) 
k)Cr(PUQ) > Cr(P)U Cr(Q) 


—_~ 


= 


)P CQ => Cr(P) € Cr(Q) 
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(n)CrC Cr + Cr(P) 2 Cr (P) 
(0)Cr C Cr = Cr(P) C Cr (P). 


Proof. Proof is obvious. 


Theorem 3.2. If P and Q are any two NS of R, then Cr(P) + Cr(Q) C Cr(P 4+ Q). 


Proof. Since P and Q be any two NS of R. Then 
Cr(P) + Cr(Q) = {[Cr(P(nz)) + Cr(Q(nz))], [Cr(P(mi)) + Cr(Q(ri))], 

[Cr(P(nf)) + Cr(Q(nz))]}- 
Cr(P + Q) = {[Cr(P(me) + Q(ne))], (Cr(P(rs) + Q(na))], [Cr(P(my) + Q(nz))]}- 


we’ve to prove, Cr(P) + Cr(Q) C Cr(P + Q). 
For this we want to prove, VaeR 

(Cr(P(nz)) + Cr(Q(r)))(@) < ee + Q(nz))() 
(Cr(P(ni)) + Cr(Q(ni))) (a) = Cr(P ) 
(Cr(P(ny)) + Cr(Q(nz)))(@) 2 Cr 


Consider, 


(Cr(P(me)) + Cr(Q(m)))(@) = 
(P(ri)(@)) ACV (Q(m#)(Y))] 


V 
ty 2e[Blop yEllop 
= vy LV (Pl@)AQly)) 
=B+y tElBlop 
yehlop 


(P(ni)(2) A Q(ne)(y))] 


< v [( Vv 
a=B+y 2t+yelB+ op 


= V_ (P(nz)(x) A Q(nt)(y)) 


et+y€lalo 


= V_ (P(m)(2) A Q(nt)(y)) 


2€lalop 
z=x“+y 


(P(nt)(@) A Q(n4)(y)) 


= Vv V 
zelalo, tt 


= V_ [P(ne) + Q(ne)](z) 


z2€lalon 
= Cr(P(ne) + Q(ne)) (2) 
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And 


Cr(P(ni))(8) V Cr(Q(ni)) 1) 
KN (Plm)(@))VC A (Q(na)y))I 


x 
a=B+y 
x 

=B+7 tElBlop ye Der 


= A ( A (P(ni)(x) V Q(ni)(y))] 


+7 a€iBlop 
y€hlop 


(P(ni)(@) V Q(r4)(y))] 


> A [CA 
a=B+y 2+ye[B+ Ilo, 


= A (P(ni)(x) V Q(ni)(y)) 


z+y€[a] Cr 


= ly (P(ni)(x) V Q(ni)(y)) 
Hee 


(P(i)(@) V Q(na)(y)) 


= A A 
€[alog *=#+¥ 


[P(mi) + Q(ni)](2) 


ie 
= Cr(P(mi) + Q(ni)) (2) 


Also, 


(Cr(P(ny)) + Cr(Q(np)))(@) = Cr(P(np))(8) V Cr(Q(nz))(7)] 


KN  (P(ng)(#)) ¥ (Q(n7)(y))] 


Coe 
airy. tElBlo, y€hlop 


~ abil ace, MOY MeN) 


yehlop 


A 
a=B+y 
A 

=p 


(P(mz) (a) V Q(nf)(y))] 


> A ([( A 
a=B+y 2t+yelB+ Wop 


(P(np)(x) V Q(nz)(y)) 


t+yelalo, 


awe: (P(ng)(x) V Q(nz)(y)) 
en4y 


A A. (Plnp)(@) V Q(np)(y)) 


2€lalog 2+ 


= A [P(rs) + Q(ns)]) 


z€[a] CR 


= Cr(P(nz) + Q(nz))(2) 


Hence Proved. 
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Theorem 3.3. If P and Q are any two NS of R, then Cr(P) + Cr(Q) C Cr(P + Q). 


Proof. This proof is similar to Theorem [3.2 


Theorem 3.4. Let P and Q are any two NS of R, then Cr(P).Cr(Q) C CRr(P.Q). 


Proof. Since P and Q be any two NS of R. Then, 

Cr(P)-Cr(Q) = {[Cr(P(mt))-Cr(Q(ne))], [Cr(P(mi))-Cr(Q(ni))], [Cr(P(ms))-Cr(Q(nF))]} 
Cr(P.Q) = {(Ca(P(m).Q(ru))], (Cr(P(ri)-Q(ni))], [Cn(Plrg)-Q(np))]} 

To prove, Ca(P).Ca(Q) © Ca(P.Q). 

It is enough to prove that, VaeR 
(Cr(P(nz))-Cr(Q(m2)))(@) < Cr(P(ne).Q(ne) 
(Cr(P(ni))-Cr(Q(ni)))(@) = Cr(P(ni)-Q(ni) 
(Cr(P(ns))-Cr(Q(ns)))(a) = Cr(P(ny).Q(np) 


Consider, 


ae 

Fie 
Q 

WN 


V V ne)(xa)) A V 
a=By rElBlon ‘ etloe . 
= Vv [( _V_ (P(ne)(x) A Q(ne)(y))] 
a=By rElBlop 
yellop 


(P(ni)(2) A Q(ne)(y))] 


<vf{eeyv 
o=By  aye[BIlop 


= v_ (P(m)(z) AQ(n)(y)) 


ryelalo, 


= Vv (Pln)(e) A Q(rm)(y)) 


z€[a] Gx 
z=axry 


= VV. (P(ne)(a) A Q(nt)(y)) 


z€[a] one 


= V_ [P(nt).Q(ne)] (2) 


z€lalo, 
= Cr(P(nt).Q(nz))(2) 
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aay A 
a=By 


Cr(P(ni))(8) V Cr(Q(r)) (9)] 

A (Q(ni)(y))] 
yellop 
(P(ni)(x) V Q(mi)(y))] 


seth, POM) V 


( A 
tElBlo, 
yelop 


(P(ni)(@) V Q(na)(y))| 


( A 
tyelP yop 


(P(ni)(@) V Q(na)(y)) 


ryclalo, 


z€lalo 


(P(ni)(#) V Q(na)(y)) 


R 


z=axy 


> A 
a=By 


= x 


xy€[a] Cr 


x 
z€[a] og ey 


A (P(ni)() V Q(ri)(y)) 


Lae (P(mz)() V Q(np)(y))] 


yellop 


/\ 
2€[alo 


(P(mz) (a) V Q(nf)(y))] 


( A 
ryelBYop 


(P(ny)(x) V Q(np)(y)) 
(P(mz)(x) V Q(nz)(y)) 


R 


z=axy 


x 
z€lalop z=ry 


/\ 
z€lalop 


A (P(nz)(2) V Q(n7)(y)) 
[P(mf)-Q(nf)](2) 


= Cr(P(np).Q(nz))(z) 


Hence proved. 


Theorem 3.5. Let P and Q are any two NS of R, then 


Cr(P)-Cr(Q) C Cr(P.Q). 


Proof. This proof is similar to Theorem |3.4 
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4. Rough Neutrosophic Subring (RNSR) of Ring 
Definition 4.1. A NSR is called an RN SR if it is both upper RNSR and lower RN SR of 
R. 


Definition 4.2. A NSR is said to be an lower (upper) RNSR of R if its lower(upper) 


approximation is alsoa NSR of R. 
Theorem 4.3. If K be a NSR of R, then K is an upper RNSR of R. 


Proof. Since K isa NSR of R. Now,V a,be€ R 


Cr(K(m))(a—b)= VK (m)(©) 


= Vv K(n)(e-y) 


t—y€lalo, Pep 


[A (nz)(2) A K(ne)(y)] 


IV 
< 


Cr(K(mi))(a—b)= A K(na)(C) 


relalop 
y€lblop 

=[_A K(n@lv[_A K((y)] 
rElalo, Yello 


Cr(K(npf))(a—b)= A. K(ng)(c) 


= A K(np(e-y) 


t—yelalo,—Pep 


A [K(ng)(x) V K(ng)(y)] 


x€[a] Gs 
yElblop 


cel, ROMO Le, Kean 


= Or(K(ny))(x) V Cr(K(ny))(y) 
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Va,beR 


Cr(K(m))(ab) = _V 


Cr(K(nj))(ab) = _ A 


/\ 
ryelalon op 


< A 
t€lalon ¥EMop 


Ca(K(ns))(ab) = A 


< A 
relalo, Yeon 


x€[a] On 


[ A Kimp)(@)Vl_A 


K(ni) (xy) 


[A (ni)(2) V K(na)(y)]| 


= Or(K(ny))(x) V Cr(K (nyp))(y) 


Hence, Cr(K) is a NSR of R. Thus K is an upper RNSR of R. 


Theorem 4.4. If K be a NSR of R, then K is a 


Proof. This proof is similar to Theorem [4.3] 


lower RNSR of R. 


Corollary 4.5. Let K be the NSR of R. Then K is a rough RNSR of R. 


Proof. By applying Theorem [4.3] and [4.4] we get the result. 


Definition 4.6. A NIJ is called an RNJ if it is both upper RNJ and lower RNI of R. 
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Definition 4.7. A NI is said to be an lower (upper) RNI of R if its lower(upper) approxi- 


mation is also an NI of R. 
Theorem 4.8. If K be a NI of R, then K is an upper RNI of R. 


Proof. Since K is a NI of R. We’ve to prove that, Va,be€ R 
Cr(K (nz))(ab) = Cr(K (nt) (a) V Cr(K(ne)) (0) 

Cr(K(ni)) (ab) < Cr(K(ni))(a) A Cr(K(ni))(0) 
Cr(K(ny))(ab) < Cr(K(np))(a) A Cr(K(nz))(0) 


Now, 


CalK(m)N(ad) = LV Klna)(0) 


K(ne)(c) 


=> V 
c€lalcp ec, 


= VK (ne) (xy) 


ry€lalo, [lop 


Cr(K(ni))(ab) = A K(ni)(c) 


c€ [ab] Gn 


K(ni)(c) 


< /\ 
c€lalop bcp 


= A K (nj) (ry 
tyelalopblop ( M ) 


[A (ni)(@) A K(ni)(y)| 


< x 
t€lalo, ¥Eblon 


= Cr(K(ni))(x) A Cr(K(ni))(y) 
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Cr(K(np))(ab) = A K(ng)(c) 


c€ [ab] a. 


<A K(ng)(e) 


c€lalc, cp 


= A K(ng)(2y) 


ryelalo, lor 


E cae edie, RO) A Kemi) 


=| K(np)(@)]A[ A K(ng)(y)] 
tElalo, velo 


= Or(K(ny))(x) A Cr(K (nyp))(y) 


Hence, Cr(K) is a NI of R. Thus K is an upper RNI of R. 


Theorem 4.9. If K be a NI of R, then K is a lower RNI of R. 


Proof. This proof is similar to Theorem |4.8 


Corollary 4.10. If K be the NI of R. then K isa RNI of R. 


Proof. By applying Theorem [4.8] and [4.9] we get the result. 


5. Conclusion 


In this paper, we discussed the notion of rough neutrosophic set in a ring and their properties. 
Also, we proved that any neutrosophic ideal of a ring is an rough neutrosophic ideal of a ring. 


For further research one can extend this to other algebraic systems. 
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Abstract. Models of universe problems are brimming with complexities and uncertainties in almost every 
field of study, including engineering, mathematics, medical sciences, computer science, physics, management 
sciences, artificial intelligence, and operations research. To address these uncertainties, various theories have 
been developed, including probability, rough sets, fuzzy sets, soft ideals, and neutrosophic sets. Neutrosophic 
set theory is the focus of this paper. In this paper, we introduce the notions of neutrosophic N-filters and 
neutrosophic N-bi-filters in a semigroup and investigate several properties. Moreover, the relations of prime bi- 
ideal subset and prime neutrosophic N-bi- ideal structure; neutrosophic N-bi-filter and neutrosophic N-bi-ideal 
structure; left (resp., right) filter and neutrosophic N-left (resp., right) filter; neutrosophic N-left(resp., right) 
filter and prime neutrosophic N-left (resp., right) ideals in semigroups are discussed. Finally we prove that: let 
X be a semigroup and Xw be any neutrosophic structure. Then Xy is a neutrosophic N-bi-filter of X if and 


only if Xwe is a prime neutrosophic N-bi-ideal of X. 


Keywords: Semigroup; fuzzy sets; filter; bi-ideal; neutrosophic N-bi-ideals. 


1. Introduction 


In 1965, L.A. Zadeh [22] introduced the idea of Fuzzy sets which were represented using 
membership functions. Rather than a classic set, in the case of a fuzzy set A, x is an object 


that belong to this set with varying membership degrees in the range [0,1], where 0 and 1 
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denote, respectively, lack of membership and full membership. The investigation of algebraic 
structures has begun with the presentation of the idea of fuzzy subgroups in the spearheading 
paper of Rosenfeld [18]. Subsequently, many authors further studied fuzzy concept in semi- 
groups(See [9-11,19]). Of several higher-order fuzzy sets, the intuitionistic fuzzy set presented 
by Atanassov [3] has been seen as a profoundly useful idea in managing vagueness. Follow- 
ing the introduction of the intuitionistic fuzzy set concept, mathematicians published several 
papers extending classical and fuzzy mathematical concepts to the case of intuitionistic fuzzy 
mathematics. 

In 1999, F. Smarandache [20] introduced the concept of neutrosophic set, which is the gener- 
alizations of fuzzy sets and intuitionistic fuzzy set. Neutrosophic set is a useful mathematical 
tool for dealing with incomplete, inconsistent and indeterminate information. The neutro- 
sophic set theory is applied to algebraic structures, multiple attribute decision-making, and so 
on [1,2,6,7, 12-17, 21]. 

For additional informations about neutrosophic set theory, we refer the readers to the below 
website http://fs.unm.edu/neutrosophy.htm. 

In [12], M. Khan et al. introduced and investigated the concept of a neutrosophic N-sub 
semigroup of a semigroup. The conditions for neutrosophic N-structure to be neutrosophic 
N-subsemigroup were given, and the characterization of neutrosophic N-subsemigroup was dis- 
cussed using neutrosophic N-product. They also proved that the homomorphic preimage of a 
neutrosophic N-subsemigroup is a neutrosophic N-subsemigroup and that the onto homomor- 
phic image of a neutrosophic N-subsemigroup is a neutrosophic N-subsemigroup. The notions 
of neutrosophic N-ideals and neutrosophic N- bi-ideals were defined to semigroups and obtained 
many useful results (See [5,17]). 

As a follow-up, in this paper we define the concept of neutrosophic N-left (resp., bi-)filters in 
semigroup and describe the semigroup in terms of these notions. We also define prime neutro- 
sophic N-left ideals and prime neutrosophic N-bi-ideal structures of semigroup and characterize 
the relations of neutrosophic N-left filters and prime neutrosophic N-left ideals in semigroups. 

Throughout this paper, X denotes a semigroup and for kK,S C X, we denote KS := 
{ks : ke K,s€ S}. 


Definition 1.1. [4] Let X be a semigroup and ¢ 4 K C X. Then 


(i) K is called a subsemigroup of X if K? C K. 

(ii) K is called a left (resp., right) ideal of X if XK C K (resp., KX C K). 
(iii) If A is both a left and a right ideal of X, then it is called an ideal of X. 
(iv) K is called a bi-ideal subset of X if k € K and s € X imply ksk € K. 


Definition 1.2. [10] Let X be a semigroup and K a subsemigroup of X. Then 
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(i) K is called left (resp., right) filter of X if r,s © X, rs © K implies s € K (resp., r € K). 
(ii) K is called a bi-filter of X if r,s € X, rsr © K implies r € K. 


Definition 1.3. [11] Let X be a semigroup and ¢ #4 K C X. Then 


(i) K is called a prime subset of X if r,s © X, rs © K implies r € K or se K. 
Equivalently, $,7. CX, STC K implies SC K or T CK. 

(ii) K is called a semiprime subset of X if r € X, r? € K implies r € K. 
Equivalently, S C X, S? C K implies SC K . 


2. Preliminary definitions and results of Neutrosophic - structure 


In this section, we present the necessary fundamental concepts of neutrosophic X-structures 
of X that we need in the sequel. 

For a semigroup X, F(X,[{—1,0]) is the collection of negative-valued functions from a set 
X to [-1,0]. An element g € F(X, [—1,0]) is called a 8-function on X and N-structure means 
(X,g) of X. 


Definition 2.1. [12] A neutrosophic X- structure of X is defined to be the structure: 


= x = I tae 
AS (Iutu.fu) {rotor val x} 


where Thy is the negative truth membership function on X, Ij is the negative indeterminacy 


membership function on X and Fy is the negative falsity membership function on X. 
Note that for any k € X, Xyy fulfills the condition —3 < Tyy(k) + Im(k) + Fiuu(k) < 0. 


Definition 2.2. For a subset K of X, consider the neutrosophic N-structure 


= x 
XK(AN) = Getnpaenee 
where 
-l1 ifvwek 
xK(T) Nn ae Ges [-1, 0], v— 
0 ifag€ K, 
0 ifxek 
xe (Dn: X > [-1,0], « > 
—l ifx€é K, 
—-1 ifawek 
xK(F)w : X > [1,0], ¢> 
0 ifaé K, 


which is called the characteristic neutrosophic X-structure of K over X. 


Definition 2.3. [12] Let X be a semigroup. Then for any Xy := and Xj := 


et 
(Tn In Fn) 


xX 
(mtu fu) 
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(i) Xyz is called a neutrosophic X-substructure of Xv, denoted by Xv C Xy, if it satisfies 
the below condition for any 1 € X, 


Tn(l) > Tu (!), In() < In (l), Fn) > Fu (D). 
If Xyn C Xy and Xy C Xn, then we say that Xy = Xy. 
(ii) The union of Xy and Xj, is a neutrosophic N-structure over X is defined as 
Xy UX = Xnum = (X;TnumtJnum,F num), 
where 
(Tw UTu)(k) =T num (k) = Tn (k) A Tu (k), 
(In U Im)(k) =Inum(k) = In(k) V Im (k), 
(Fy U Fr)(k) =Fuum(k) = F(k) A Fur(k) for any k € X. 
(iii) The intersection of Xy and Xj, is a neutrosophic X-structure over X is defined as 
Xn Xu = Xam = (X;TNamtnnmu,F nm), 
where 
(In NTu)(k) =Twam(k) = Tn (k) V Tu (k), 
(In N Im )(k) =Inam(k) = In(k) A Iu (k), 
(Fy ON Fu)(k) =Foam(k) = Fy(k) V Far(k) for any k eX. 


Definition 2.4. [12] Let Xy = aa Then the complement of Xn, denoted by X ye 
over U, is defined to be a neutrosophic X-structure 
_ x 
X Ne = (Tyelne,F ne)? 


over X, where Tye(1) = —1 — Ty (1); Ine (1) = —1 — In (1) and Fye(l) = —1— Fy(l) Vl € X. 


Definition 2.5. [12] Let Xv = qf and w,A,v € [1,0] with -3 < w+A+v <0. 


Consider the following sets: 


TR = {ke X | Tw(k) < uh, 
IX= {ke X | In(k) > A}, 
I= {k © X|Fw(k) < v}. 
Then the set Xy(u,A,v) = {k € X|Tn(k) < pw, In(k) > A, Fv (k) < v} is called a (p, A, v)-level 


set of Xy. Note that Xw(u,A,v) = Th NIX OFX. 


Definition 2.6. [12] A neutrosophic N-structure Xj of X is called a neutrosophic X- 
subsemigroup if it satisfies: 
Tu(ks) < Tu(k) V Tus(s) 
(Vk,s€X)|  In(ks) > Inv (k) A In(s) 
Fyy(ks) < Fur(k) V Fu(s) 
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Definition 2.7. [5] A neutrosophic X-structure Xj of X is called a neutrosophic N-left (resp., 
right) ideal if it satisfies the below condition: for any k,s © X 
Tu(ks) < Tu(s)(resp., Tu (ks) < Tu(k)) 
Iv (ks) > In(s)(resp., In(ks) > In(k)) 
Fy (ks) < Fyy(s)(resp., Fu (ks) < Fur(k)) 
If Xj is both a neutrosophic N-left and a neutrosophic N-right ideal of X, then it is called 


a neutrosophic -ideal of X. 


Definition 2.8. A neutrosophic X-subsemigroup Xyy is called a neutrosophic N-left(resp., 
right) filter of X if it satisfies the below condition: for any k,s © X 
Tu (ks) > Tu (s)(resp., Ty (ks) > Ty(k)) 
Iu (ks) < In (s)(resp., In(ks) < In(k)) 
Fy(ks) > F(s)(resp., Fu (ks) > Fur(k)) 


Definition 2.9. A neutrosophic X-subsemigroup Xj is called a neutrosophic N-filter if it both 
a neutrosophic N-left filter and a neutrosophic N-right filter of X. 
Equivalently, a neutrosophic N-subsemigroup X yy over X is called a neutrosophic X-filter of 
X if it satisfies: 
Tu (ks) = Tu (k) V Tu (s) 
(Vk,s € X) | In(ks) = Inv(k) A Iu (s) 
Fu(ks) = Fi(k) V Fu(s) 


The following example shows that there are some neutrosophic X-subsemigroups in X, which 


are neither neutrosophic N-left filters nor neutrosophic N-right filters of X. 


Example 2.10. Consider the semigroup X, the set of all positive integers, with respect to 


multiplication. Then Xj = {rts :kEX \ is a neutrosophic N-subsemigroup of X, but 
ko? ok 


not a neutrosophic N-left filter as well as not a neutrosophic N-right filter of X. 


Example 2.11. Let X = {1,2,3,4,5} be a finite semigroup with the below multiplication 
table: 


Gye] cw] ewe] eR 

es ee 
mPR PRE} } | KH] dM 
meta} Re] de | Ke] Go 


mp Ri | Ww PRR [wR 
Gl} cd} RR] | a 


is 


= 1 2 3 4 5 
Then Xv { (=0.5,—0:7,—0:4)? (—0.4,—0.8,-0.3) ?,(—0-4;-0.8,—0.3) » (—04,—0.7, 0:3)? (—0.4,—0.7,-0.3) \ 
a neutrosophic N-subsemigroup of X. Here Iy(3.3) £ In(3). So Xy is neither a neutrosophic 


N-left filter nor a neutrosophic N-right filter of X. 
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Example 2.12. Let X = {k,r,s} be a semigroup with the below multiplication table: 


k r 5 
k |k k k 
r r r r 
8 5 5 S 


is a neutrosophic N-right filter, 


= k 
Then An { (—0.5,—0.5,-0.7)’ (04, 06, 0.6)’ (0.3, OT, 0.5) \ 


but not a neutrosophic N-left filter of X as Ty(kr) # Tw(r),In(kr) £ In(r) and Fy(kr) # 
Fy(r). 


Definition 2.13. A neutrosophic structure Xy of X is a neutrosophic N-bi-ideal structure if 


it satisfies: 


Tn (ksk) < Ty(k) 
(Vk,s € X) In(ksk) > In(k) 
Fy(ksk) < Fy(k) 


Definition 2.14. A neutrosophic X-subsemigroup Xj of X is called a neutrosophic N-bi-filter 


if it satisfies: 
Tn (ksk) > Ty(k) 
(Vk,s © X) | In(ksk) < In(k) 
Fy (ksk) > Fn(k) 


Example 2.15. Let X be the set of all non-negative integers except one. Then X is a 


semigroup with usual multiplication. 


0 2 3 6 
(—0.1,—0.8,—0.1) ’ (—0.6,—0.5,—0.6)? (—0.7,—0.4,—0.8)? (—0.8,—0.3,—0.9)’ 
otherwise 
(—0.2,—0.6,—0.3) 
Then Xjy is a neutrosophic N-bi-filter of X, but not a filter as Ty (2.3) = Ty (6) = —0.8 F 


Te By. 


Consider X jy = 


Definition 2.16. Let Xy = ——*——. Then Xy is called prime neutrosophic ®-structure 


(Ty tn,Fn) 
of X if it satisfies: 


Ty (ks) > Ty(k) A Ty(s) 
(Vk,s €X)| In(ks) < In(k) V In(s) 
Fy (ks) > F(k) x F(s) 
Definition 2.17. Let Xy = sty Fry Then Xvy is called semiprime neutrosophic X- 


structure of X if it satisfies: 
Tn (k?) > Tr (k) 
(Vk EX) | In(k?) < In(k) 
Fy (k?) > Fy (k) 


Note 2.18. Clearly every prime neutrosophic X-structure of X is a semi prime neutrosophic 


N-structure of X, but converse is not true. 
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Example 2.19. Let X = {0,k,r,s} be a semigroup with the following multiplication table: 


0 |k r S 
0 10 |0 |0 
0 0 $s i 
r 0 |s 0 |r 
5 0 |r k 0 


= 0) k r 8 : Sat 
Then Xy={ (—0.1,—0.9,—0.2’ (—0.4,—0.5,—0.6)’ (—0.5,—0.6,—0.7)’ (—0.6,—0.4,—0.8) \ Brea: See PE 
neutrosophic N- structure of X, but it is not a prime neutrosophic N-structure of X since 


Tn (kr) z Tn (k) A Tn(r); In (kr) a In(k) V In(r) and Fy (kr) E F(k) x Fy(r). 


3. Neutrosophic N-filters and Neutrosophic N-bi-filters 


= r.8 ; = x = x 
Lemma 3.1. Let Xy pers aoe XM Tala and Xo = (T5i1o,Fo) Then 
(i) Xn C Xy tf and only if Xne D Xe. 
(tt) Xo C§XnNUXy if and only if Xoe D XneN Xue. 
(itt) Xo CXNNXy tf and only if Xoc D Xne U Xe. 
Proof: (i) For any a € X, we have 
Ty (a) 2 Tu(a) 
Xn CXu S|] In(a) < Iv(a) 
Fy(a) 2 Fu(a) 
-Ty(a) < -Tu(a) 
S&S —In(a) > —Iy(a) 
—Fiy(a) < -F(a) 
—1-Ty(a) < -1-—Ty(a) 
=e —1—Iy(a) > —1—Iy(a) 
—1- Fy(a) < -1- Fy(a) 


&Xne D Xe. 
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(ii) For any a € X, we have 


X90 CXyUXn 


~To(a) < —(Ty(a) A Ty(a)) 
# | —Io(a) > —(Ey,(a) V In (a)) 
< 


—(Fiy(@) A F(a) 
) 


—To(a) < —Ty(a) V —T n(a)) 
S —Io9(a) > —Iy(a) A —In(a)) 
—Fo(a) < —Fyy(a) V —F'y(a)) 
—1—To(a) < (-1-T,,(a)) V (-1 -T(a)) 
| —1-Io(a) 2 (-1- Im(a)) A (-1- In(a)) 
-1- Fo(a) < (-1- Fy(a)) v (-1- F(a)) 


(iii) For any a € X, we have 


Xo CXyWNXN 


So XO G XvNUXM if and only if Xoc =) X we Xv. 


Theorem 3.2. For 64 K C X and Xy = =~+- X, the below assertions are equivalent: 
(Ty In fn) 


(t) xK(Xn) of X is a neutrosophic X-subsemigroup, 
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(ii) K of X is a subsemigroup. 


Proof: Suppose yx« (Xj) is a neutrosophic X-subsemigroup of X. Let k,s € K. Then 
(T)n(ks) <  xK(T)n(k) V xK(Z)n(s) = —1, 
()w(ks) > xxK()n(k) \x«()n(s) = 9, 
xK(F)n(ks) < xK(F)w(k) VxK(F)n(s) = -1. 
Thus ks € K and hence K is a subsemigroup of X. 


XK 
XK 


Conversely, suppose that K is a subsemigroup of X and let k,s © X. 
If k,s € K, then ks € k. Now 


xK(T)n(ks) = -1=xxK(T)y(k) V xK(T)n(s), 
xK(D)y(ks)= 0=xK()y(k) Axx) (h), 
XK(F)y(ks) = —-1=xK(F)y(k) V xK(F)y(h)- 


Ifk ¢ K ors ¢ K, then 
XK(T) (ks) S$ O=xXK(T) (hk) V xK(T) (8), 
xK()y(ks) 2 -L=xK(U)y(k) Axe) (3), 
XK(F)y(ks) $< 0=xK(F)y(k) V xK(F) (3). 


So vyK(Xy) of X is a neutrosophic X-subsemigroup. 


Theorem 3.3. For @¢A kK CX and Xy = the below assertions are equivalent: 


x 
(Ty InsFn)? 
(1) xK(Xyn) of X is a neutrosophic X-bi-ideal structure, 


(ii) K is a bi-ideal subset of X. 


Proof: Suppose yx (Xj) is a neutrosophic N—bi-ideal structure of X. Let k € kK ands € X. 
Then 
xK(T)y(ksk) < xK(T)y(k) = -1, 
xe (1) y(ksk) > xK(2)y(k) = 0, 
XK(F)y(ksk) < xK(F)y(k) = -1. 
Thus ksk € K and hence K is a bi-ideal subset of X. 
Conversely, suppose K is a bi-ideal subset of X. Let k,s © X. 
If k © K, then ksk € K. Now 


XK(T)y(ksk) = —-1=xxK(T)n(k), 
XK (I) y (ksk) = 0= xK (I) y(k), 
XK(F) y(ksk) = —1= xK(F)y(A). 


If k ¢ K, then 
XK(T)y(ksk) < O=xxK(T)y(k), 
xXK(D)y(ksk) > —1= xe) (h) 
XK(F) y(ksk) < 0=xK(F) (A). 


Therefore x«%(Xy) of X is a neutrosophic N—bi-ideal structure. 


Theorem 3.4. For@A kK CX and Xy = the below assertions are equivalent: 


gee 
(Ty tn fn)? 
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(1) xK(Xn) of X is a neutrosophic X-bi-filter, 
(ii) K of X is a bi-filter. 


Proof: Suppose xx (Xy) of X is a neutrosophic N-bi-ideal. Then by Theorem 3.2, K is a 
subsemigroup of X. Let k € K and s € X with ksk © kK. Then 
—1=xxK(T)w(ksk) < xx(T)n(k) = -1, 
0=xKU)w(ksk) > xx (D)n(k) = 0, 
—1=XK(F)w(ksk ) < xx(F)n(k) = -1. 
Thus & € K and hence K is a bi-filter of X, 
Conversely, suppose K of X is a bi-filter. Then by Theorem 3.2, we have yx (Xj) of X is 


a neutrosophic N-subsemigroup. 


Let s,k EX. 

If ke K, then ksk € kK. Now 
XK(L)y(ksk) = —1=xx(T)y(k), 
XK(I) y(ksk) = 0 =xK()N(k), 
XK(F) y(ksk) = —1=xxK(F*)n(k). 

Ifk € K, then 


XK(T) y(ksk) $< O=xK(T)y(k); 

XK (I) y(ksk) > —-1=xK(U)n(k), 

XK(F)y(ksk) <  O=xXK(F) (A). 
So vyK(Xy) of X is a neutrosophic N-bi-filter. 


Theorem 3.5. For Xy = ins Fuy the below assertions are equivalent: 
(i) Xn of X is a neutrosophic X— left (resp., right) ideal, 
ii) The non-empty sets TX, T®, and FY. are left (resp., right) ideals of X Va, 6,7 € [-1, 0}. 
No 4N N 


Proof: Suppose Xj is a neutrosophic N-left ideal of X and a, 3,y € [-1, 0]. 
Let ke TEN IR Fis © X. Then 


which imply sk € T¢.9 Le Na 86 TS, is and FX, are left ideals of X. 
Conversely, assume that Ty, I 5 and Fy, are left ideals of X for any a, 8,7 € [—1,0]. Then 
by Theorem 3.2 of [5], Xj of X is a neutrosophic N-left ideal. 


Theorem 3.6. For 6 4 K CX and Xy = OastysFx) the below statements are equivalent: 
(i) K is a prime left (resp., right) ideal of X, 
(it) xK(Xw) ts a prime neutrosophic &-left (resp., right) ideal of X. 


B. Elavarasan et. al., Neutrosophic N-filters in semigroups 


Neutrosophic Sets and Systems, Vol. 50, 2022 525 


Proof: Suppose that K is a prime left ideal of X. Then by Theorem 3.2 of [5], xx (Xw) of 
X is a neutrosophic N-left ideal. Let k,s € X. 
If ks ¢ K, then 
xK(T) (ks) = 0 > xK(T)n(k) AxK(L)n(s), 
xK (I) (ks) = -1< xx (D)n(k) V xx(D)n(8), 
XK(F) (ks) = 02 xK(P)n(k) A xK(F)n(8). 
If ks € K, then k € K ors € K. So 


xK(T)n(ks) = -1=xxK(T)n(k) A xK«(T)n(s), 
xK(U)wlks)= 0=xK()n(k) VxK()n(s), 
xK(F)w(ks) = —-1=xk(F)n(k) A xxK(F)n(s). 


Hence xx (Xvw) is a prime neutrosophic X— left ideal of X. 

Conversely, suppose xx (Xj) of X is a prime neutrosophic N— left (resp., right) ideal. Then 
by Theorem 3.2 of [5], K of X is a left ideal. 

Let k,s € S with ks € K. Suppose that k ¢ K and s¢ K. Then 


—L=xx«(T)w(ks) 2 xK(T) (hk) Axx (T)n(s) = 0, 
0=xK(U)wlks) < xK()N(k) V x«(D)n(s) = -1, 
—L=xx(F)n(ks) > xx(F)w(k) \xx(T)n(s) = 0 


which are not possible. Thus k € K or s € K, and hence K of X is a prime left ideal. 


Theorem 3.7. Let Xv = in Fu) Then the below assertions are equivalent: 


(i) Xn of X is a prime neutrosophic &- left (resp., right) ideal, 
(ii) The non-empty sets Ts, i and FX, are prime left (resp., right) ideals of X for all 
a, B,y € [-1, 0}. 


Proof: Suppose Xy of X is a prime neutrosophic N-left ideal. Then by Theorem 3.5, Ty, 
i, and FX, are left ideals of X for a, 8, € [—1, 0]. 

Let k,s € X with ks € TANT OFy. Then a > Ty (ks) > Ty(k)ATw(s) implies a > Ty (k) 
or a > Ty(s). Sok € Ty or s € Ty. Also B < In(ks) < In(k) V In(s) gives 6 < Iy(k) or 
B <In(s). Soke Te or s € i. Also y > Fy (ks) > Fn(k) A Fn(s) implies y > F'y(k) or 
y > Fn(s). Sok € FR or s € FR. 

Therefore Ty, I . and Fy, are prime left ideals of X. 

Conversely, suppose T'x;, [ a and Fy, are prime left ideals of X for all a, 8,7 € [—1, 0]. Then 
by Theorem 3.5, Xj, of X is a neutrosophic N-left ideal. 

Let k,s € X. Then Ty (ks) = a1; In(ks) = 8; and Fiy(ks) = 7 for some ay, 61,71 € [—1, 0] 
which imply s € Ty NI i Fx’. Since Ty’ is prime, we have k € Tj" or s € Ty’ which implies 


Tn(k) < ai or Ty(s) < ay. Since ie is prime, we have k € ie or s € i which implies 
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In(k) > fi or In(s) > 61. Since Pe is prime, we have k € Bye ors € rahe which implies 
Fy(k) <1 or Fy(s) <j. Now 


Tn(ks) = ay > Ty(k) A Ty(s), 
In(ks) = : < In(k) V In(s), 
Fy(ks) = 71> Fy(k) A Fy(s). 


So Xy of X is a prime neutrosophic N- = ideal. 


Theorem 3.8. For Xy = ty)? the below assertions are equivalent: 
(i) Xn of X is a semiprime neutrosophic X- left (resp., right) ideal, 
(ii) The non-empty sets Tx, ry, and I are semiprime left (resp., right) ideals of X for any 
a, 8,7 € [-1, 0}. 


Proof: Suppose Xy of X is a semiprime neutrosophic N- left ideal. Then by Theorem 3.5, 
fae ria and FX, are left ideals of X for a, 8, € [—1, 0]. 

Let r € X with r? € Ten ie Fy. Then a > Ty(r*) > Ty(r) implies a > Ty(r). So 
réTe. Also B < Iny(r?) < In(r) implies 8 < Iy(r). Sor € The Also y > Fy(r2) > Fy(r) 
implies y > Fy(r). So r € Fy. Hence Tg, De and FR, are semiprime left ideals of X. 

Conversely, suppose T¢, I i and Fy, are semiprime left ideals of X Va, 8,7 € [—1, 0]. Then 
by Theorem 3.5, Xj, of X is a neutrosophic N- left ideal. Let r €¢ X. Then Ty(r?) = a1; 
Iy(r?) = Bi and Fy(r?) = 71 for some ay, 31,71 € [—1,0] which imply r? € THN te dt 
Since: 2555 rie and FX" are semiprime, we have r € Ty gives Ty(r) < ai; r € rie gives 


Iy(r) > 6; and r € Fy? gives Fy(r) <1. 


Now 
Tn(r?) = a1 > Ty(r), 
In(r?)= 61 <In(r), 
Fy(r?)= > Fy(r) 


So Xj is semiprime neutrosophic N-left ideal. 


Theorem 3.9. Let Xv = ty Fry: Then the below assertions are equivalent: 


(i) Xn of X is a neutrosophic X-bi-ideal structure, 
(ii) The non-empty sets Ts, ty and FX, are bi-ideal subsets of X for all a, 8,7 € {[—1, 0]. 


Proof: Suppose Xj of X is a neutrosophic N-bi-ideal structure and a, 3,y € [—1, 0]. 
Let ke Te OIRO Fi; € X. Then 
Tn(ksk) < Ty(k) <a, 
In(ksk) > In(k) > 6, 
Fy(ksk) < Fk) <7 
which imply ksk € Ty, Tk (VE. So TS, i and Fy, are bi-ideal subsets of X. 
Conversely, suppose T'x,, I S and Fy, are bi-ideal subsets of X for all a, B,y € [-1, 0]. 
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If there are r,s € X such that Ty(rsr) > Ty(r), then Ty(rsr) > ta > T(r) for some 
ta € [-1,0) which implies r € T’¢(r) and rsr ¢ T(r), a contradiction. So Ty(rsr) < T(r). 
If there are r,s € X such that Iy(rsr) < In(r), then Iy(rsr) < tg < In(r) for some 
tg € (—1,0] which implies r € ie (r) and rsr ¢ re (r), a contradiction. So Iy(rsr) > In(r). 
If there are r,s € X such that Fy(rsr) > Fy(r), then Fy(rsr) > ty > Fy(r) for some 
€ [—1,0) which implies r € FY (r) and rsr ¢ FY (r), a contradiction. So Fy(rsr) < Fy(r). 


Therefore Xy is a neutrosophic N-bi-ideal structure. 


Theorem 3.10. Let Xy = (T 


ty Fry: Then the below assertions are equivalent: 
(i) Xn of X is a prime neutrosophic X-bi-ideal structure, 
(ii) The non-empty sets Tx, ie and FX, are prime bi-ideal subsets of X for any a, B,y € 


[-1, 0]. 


Proof: Suppose Xj of X is a prime neutrosophic N- bi-ideal structure and a, 3, y € [—1, 0]. 
Let k,s € X with ks € Ty avian Fx,. Then a > Ty (ks) > Ty(k) ATn(s) implies a > Ty(k) 
or a> Tyn(s). Sok € Te or s € TK. Also 8 < Iy(ks) < In(k) V In(s) implies 6 < Iy(k) or 
B < In(s). Sok € Th or s € ie Also y > Fy (ks) > Fn(k) A Fn(s) implies y > F'y(k) or 
y > Fy(s). Sok € Fy or s € Fy. Hence Te, in and Fy, are prime left ideals of X. 

Conversely, suppose Ty, re and ree are prime bi-ideal subsets of X Va,3,y € [—1,0]. 
Then by Theorem 3.9, Xy of X is a neutrosophic N-bi-ideal. Let k,s € X. Then Ty(ks) = 
ay;Iy (ks) = 8, and Fy(ks) = 1 for some ay, 61, 71 € [—1, 0] which imply ks € fieew er (taal aoe 
Since Ty’ is prime bi-ideal, k € Ty’ or s € Tx’ which implies Ty(k) < a1 or Ty(s) < a1. 

Since ee is prime bi-ideal, k € rie orseé€ rok which implies Iy(k) > 61 or In(s) > (81. Also 
Fx is prime bi-ideal, k € FX’ or s € Fx’ which implies Fy(k) <1 or F(s) < 1. Now 

Tn(ks) =ay > Tn(k) A Tn(s), 
In(ks) = By < In(k) V In(s), 
Fy(ks) = > Fw(k) A Fr(s). 


Therefore Xy is a prime neutrosophic N-bi-ideal structure of X. 


Theorem 3.11. For Xy = the below assertions are equivalent: 


ws aK 
(Ty tnFw)? 
(i) Xn is a semiprime neutrosophic -bi- ideal structure of X, 

(ii) The non-empty sets Tx, i and FX, are semiprime bi-ideal subsets of X for all a, B,y € 


[-1, 0]. 


Proof: It is similar to the proof of Theorem 3.10. 


Theorem 3.12. For Xn and B# K C X, the below statements are equivalent: 


_ x 
a (Ty tn,Fn) 
(i) K is a prime bi-ideal subset of X, 


(tt) xK(Xw) of X is a prime neutrosophic X-bi-ideal structure. 
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Proof: It is similar to the proof of Theorem 3.6. 


Theorem 3.13. For Xy = ain Fu) the below assertions are equivalent: 


(i) Xn of X is a neutrosophic '-bi-filter, 


(ii) Xne of X is a neutrosophic X-bi-ideal structure. 


Proof: It is trivial as for k,s € X, we have 


Tn (ks k) > Ty (k) Tne(ksk) < Tne(k) 
In (ks k) < In(k) = Inc(ksk) > Ine(k) 
Fy(ksk) > Fy(k) Frye(kek) < Fve(k) 


Theorem 3.14. For @#AK C X and Xy = OtnFw) the below assertions are equivalent: 


(i) K is a left (resp., right) filter of X, 
(it) xK(Xw) ts a@ neutrosophic X-left (resp., right) filter of X. 


Proof: Suppose K of X is a left filter. Then by Theorem 3.12, yn (Xw) of X is a neutro- 
sophic N-subsemigroup. Let k,t € X. 
If kt ¢ K, then 
xK(T)y (it) = 02 xK(T)y(t), 
xx(Dy (kt) = —1< xx(Dy(t) 
xx(F)y(kt) = 0 > xx (F)yy(6) 
If kte K, then k € K. So 


XK(T) y (kt) = —-1L=xk(T)n(), 
xK(D)y(kt)= 0=xK()n(t), 
XK(F) y (kt) = -1=xxK(F)y(t)- 


Hence xx (Xw) of X is a neutrosophic N-left filter. 
Conversely, suppose yx (Xn) of X is a neutrosophic N-left (resp., right) filter. Then by 
Theorem 3.12, K is a subsemigroup of X. 
Let r,s € S such that rs € K. Suppose that s ¢ kK. Then 
-1 =xk(T)n(rs) 2 xK(T)n(s) = 90, 
0 =xK()n(rs) < xK(D)n(s) = -1, 
-l = xxK(F)n (ty) 2 xK(F)n(s) = 0, 
which are not possible. 
Thus s € K and hence K of X is a left filter. 


Theorem 3.15. Let Xy= ——*——. Then the below statements are equivalent: 
(Tn; In, Fn) 
(i) Xn is a neutrosophic X— left (resp., right) filter of X, 
(ii) Xe is a prime neutrosophic X— left (resp., right) ideal of X. 
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Proof: Suppose Xj of X is a neutrosophic N— left filter. Then Xj of X is a neutrosophic 


N— subsemigroup. For k, s € X, we have 


Tn (ks) > Tn(s) Tne(ks) << Tne(s) 
In(ks) < In(s) | @& | Ine(ks) > Ine(s) (a) 
F (ks) > Fn(s) Fe(ks) < Fe(s) 


So Xwye of X is a neutrosophic X— left ideal. 


Since Xy is neutrosophic N- subsemigroup, we have 


Tw(ks) < Tw(k) V Tw(s) Trclke) > Pyelk) A Bye(s) 
In(ks) > In(k) AIn(s) | @ | Ive(ks) < Ine(k) V Ine(s) 
Fy (ks) < Fw (k) V Fn(s) Fe(ks) > Fre(k) A Fne(s) 


Therefore Xye is a prime neutrosophic N-left ideal of X. 


Conversely, suppose Xe of X is a prime neutrosophic N- left ideal. Then X ype of X isa 


neutrosophic N- left ideal. Then by (a), we have Xy of X is a neutrosophic N-left filter. 


Theorem 3.16. Let Xy = (T 


Tasty Fry’ Then the below statements are equivalent: 


(i) Xn is a neutrosophic S-bi-filter of X, 


(it) Xne is a prime neutrosophic X-bi-ideal structure of X. 


Proof: Suppose Xy is a neutrosophic N-bi-filter of X. Then Xy is a neutrosophic N- 


subsemigroup of X. For any k,s € X, we have 


Tn (ksk) < Tn (k) Tne (ksk) > Tne(k) 
In(ksk) > Iv(k) | | Ine(ksk) < Ine(k) (1) 
Fy (ksk) < Fy(k) F'ye(ksk) > Fye(k) 


So Xye is a neutrosophic N-bi-ideal structure of X. 


Since Xj is a neutrosophic N-subsemigroup of X, we have 


Tn (ks) < Tn(k) V Tn(s) Tne(ks) > Tye(k) A Tne(s) 
In (ks) > In(k) A In(s) => Ine(ks) < Ine(k) V Ine(s) 
Fy(ks) < Frn(k) V F(s) Frye(ks) > Fe(k) A Fne(s) 


Therefore Xye is a prime neutrosophic N-bi-ideal structure of X. 
Conversely, suppose Xye of X is a prime neutrosophic N-bi-ideal structure. Then Xye of 
X is a neutrosophic N-bi-ideal structure. Then by (1), we have Xy of X is a neutrosophic 
N-bi-filter. 


4. Conclusion 


In this paper, we have characterized the concept neutrosophic N-bi-filter of X and described 


semigroup as far as neutrosophic N-bi-ideal and neutrosophic N-bi-filter of X. We likewise 
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characterized the notions neutrosophic N-left filters and prime neutrosophic N-left ideals of X 


and portrayed semigroup in terms of these notions. 
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Abstract. Neutrosophic vague hypersoft set (nVHs-set) is a novel hybrid model that is projected to address the 
limitations of existing fuzzy vague set-like structures for degree of indeterminacy and multi argument approxi- 
mate function. This function maps the cartesian product of disjoint attribute valued sets to power set of initial 
universe. This study aims to characterize nVHs-set to tackle uncertainties more efficiently. Some essential prop- 
erties and set-theoretic cum aggregation operations of nVHs-set are characterized by employing axiomatic and 
analytical approaches respectively and explained with the help of suitable examples. An algorithm is proposed 
based on aggregations of nVHs-set for dealing real-world decision-making issues and problems. The proposed 
algorithm is validated by its implementation in real-world decision-making problem for the optimal selection of 
farmhouse. Moreover advantageous aspects of proposed model are assessed with the help of evaluating features 


through comparison analysis. 


Keywords: Soft set; Vague set; Hypersoft set; Neutrosophic vague soft set; Neutrosophic vague hypersoft set; 


Decision making. 


1. Introduction 


The concept of fuzzy set was generated by Zadeh |1) to address uncertainty and vagueness in 
daily life problems. Real life problems involving indecisive and ambiguous environment under 
fuzzy sets and fuzzy logic were addressed by different authors (2145). Gau et al. GF Atanassov 
and Pawlak also worked on research problems under uncertain situations. Neutrosophic 
set theory (9| generalized the concept of classical set, fuzzy set and intuitionistic fuzzy set. 
Neutrosophic logic is a logic where every proposition has different values for truth, falsehood, 
and indeterminacy which means that there exists some neutral part which is neither true, 


nor false, rather it is vague. Soft set theory was conceptualized by Molodtsov to handle 
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vagueness and uncertainty in data. The idea of soft set and fuzzy set with their amplified 
impacts on set theory were undertaken by Maji et al. (11), Feng et al. Zhang et al. (13}, 
Salleh et al. and Alkhazaleh et al. (15). Xu et al. developed the innovative concept 
of vague soft set where as Alhazaymeh et al. generalized the concept. Alhazaymeh et 
al. also discussed vague soft sets relations and functions. Intuitionistic fuzzy soft set and 
neutrosophic soft set were initiated by Maji et al. [19][20}. Broumi et al. and Deli 
depicted the idea of intuitionistic neutrosophic soft set and interval-valued neutrosophic soft 
sets and applied the concept in decision making. Recent work on interval-valued vague soft 
sets by Alhazaymeh et al. has created many slits for researchers (27}{31]. Different 
vague soft set variants were discussed by Hassan et al. (32/33). Vague set and neutrosophic set 
were hybridized to form neutrosophic vague set which became an efficient tool to discuss 
and solve problems with uncertain, incomplete and inconsistent data. 

Al Quran et al. developed neutrosophic vague soft set nVs-set as hybrid model of soft 
set and neutrosophic vague set which made it more effective and efficient for solving decision 


making problems. nVs-set deals with uncertain, incomplete and indeterminate type of data. 


1.1. Research gap and Motivation 


In many real life problems, it is essential to partition attributes into sets of sub attributive 
values. Soft set theory is incompatible and inadequate to deal with such type of problems. The 
concept of hypersoft set introduces multi argument approximate function which fulfills the 
insufficiency of soft set. Fundamentals of hypersoft set have been elaborated in (37. Many 
hypersoft set variants under uncertain environment have already been examined by Rahman et 
al. and Saeed et al. 50]. Recently the researchers made rich contributions 
towards the characterization of various hybrids of hypersoft set ad their application in decision 
making and other fields. 

The question arises ”Can we mingle the concept of neutrosophic vague soft set and hypersoft 
set”? In other words ” How is multi argument approximate function applicable to neutrosophic 
vague soft sets?” and ”How can this new hybrid structure of hypersoft set and neutrosophic 
vague soft set be more effective and useful than existing models”? The research paper aims 


to answer these questions. 


1.2. Main Contributions 


The major contributions of the study are given hereafter: 


(1) The existing models are made adequate with nVHs-set, 
(2) the scenario where parameters are divided into sub-parameters, is dealt, 


Muhammad Arshad, Muhammad Saeed, Atiqe Ur Rahman, A Novel Intelligent 
Multi-Attributes Decision-Making Approach Based on Generalized Neutrosophic Vague 
Hybrid Computing 


Neutrosophic Sets and Systems, Vol. 50, 2022 534 


(3) multi-attribute decision making is discussed based on nVHs-set through algorithmic 
approach, 

(4) real life decision making problem is solved using nVHs-set, 

(5) proposed model is compared with existing relevant models, 


(6) validity and generalization of proposed model is discussed. 


1.3. Paper Layout 


The research paper is divided into different sections as given below: 
Some basic definitions are discussed in section 2. The concept of nVHs-set is originated in 
section 3 whereas a decision making problem is solved in section 4. Comparison analysis 
of proposed model with existing models is done in section 5. Merits of proposed model are 


discussed in section 6. Finally section 7 concludes the paper with future directions. 


2. Preliminaries 


In this section, some basic definitions from literature are recalled. In this paper Z will 


represent universe of discourse. 


Definition 2.1. (6| Let z be a generic element of Z. Let V in Z denote vague set which 
contains a truth membership function Ty whereas Jy(z) € [0,1] is lower bound on grade 
of membership taken from the evidence for z and false membership function Fy whereas 
Fy (z) € [0,1] is lower bound on grade of non-membership taken from the evidence against z 


with condition Ty (z) + Fy(z) < 1. 


Definition 2.2. (9| A neutrosophic set V defined on universal set Z is given by 
N = {< 2; Tn (2); In (2); Fev(z) >3 2 € Z}, 
such that 7;Z;F : Z > ]—0,1*[ with —0 < Ty-(z) + Iw(z) + Frv(z) < 37. 


Definition 2.3. Let Z be universe of discourse. A neutrosophic vague set My on Z 
denoted by nV-set can be given by 


Ny = {< 2; Tn, (2); Eny (2); Fy (2) Dz € Z}, 


were Ty,,(z) = [T~,T*], En, (z) = [Z-,Z*] and Fy,(z) = [F-, F*] are truth membership, 
indeterminacy and false membership respectively and satisfy following conditions 7* = 1—F—, 
frsl=] 4 UAT tier al. 


Definition 2.4. For two nV-sets Vy, and My,, Ny, is called nV-subset of My, if following 
conditions hold for all 2; € Z and i = 1,2,3,...,.n; Ty, (zi) S Ty, (%), Em, (%) 2 Im, (2) 
and Fy, (2) = Fry, (2i). 
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Definition 2.5. Two nV-sets My, and Ny, are nV-set equal if following conditions hold 
for all 2, € Z and i = 1,2,3,...,n; Tm, (2:1) = Tm, (%), Ey, (%) = Em, (21) and Fm, (i) = 
FN, (2). 


Definition 2.6. N&, the complement of nV-set Ny on Z is given by 
NG = {< 5 TM, (2) Dh, (2); Fy (2) 32 € ZH, 
where 7¥,,(z) = [1-7*,1-T7], T(z) = [L-Zt,1-T], and FR, (z) = [L-Ft,1-F 7]. 


Definition 2.7. The intersection Ny of two nV-sets My, and My, denoted by My = 
Ny, 1 My, is nV-set with following conditions Vz; € Z and i = 1,2,3,...,n; Ty,(z) 


[min (Ty, »Tay,,)»min(Th, » Tr) | In, (zi) = max(Zyy, .Zyy,,)max(Zis, -Li,,) and 
Fela) = max(Fxy, : Fry, Vs max(FXy,, ; Fry, ) ; 


Definition 2.8. The union Ny of two nV-sets My, and M,, denoted by My = 
Ny, U Ny, is nV-set with following conditions Vz; € Z andi = 1,2,3,...,.n; Tm, (au) = 
—_ _ _ . —_ ‘ig . + + 
[max(Ty, » Taz, )-max(Thi, » Tak, )]) Ie) = [min(Zy,, -Zxy,)min(Zy,, Zi, ) and 

Fivy(zi) = [min(Fy, Fxy,,)min(Fxs, -Fa,,)|- 


Definition 2.9. Let € be set of parameters for Z and A C €. A neutrosophic vague 
soft set (NMys, A) on Z denoted by nVs-set can be given by Nys : A + Ny(Z) where Ny (Z) 


represents set of all nV-subsets of Z. 


Definition 2.10. For two nVs-sets (Mys,,A) and (Mys,A), (Mys,, A) is called nVs- 
subset of (Nys,, A) ie. (Mys,, A) C (Mvs,A) if following conditions hold: A C A, Mys, (0) is 
nV-subset of ys, (0) for all 0 € A. 


Definition 2.11. Two nVs-sets (Nys,, A) and (Mys, A), are nVs-set equal if (Mys,, A) C 
(Mys,,A) and (Nys,, A) C (Mys, A). 


Definition 2.12. A nVs-set (Vys, A) is null nVs-set written as ®y,,, if following con- 
ditions holds for all values 7 € Z and 0 € A; Try s)(7) = [0,9], Zs.) (7) = [1,1], and 
Fryer (4) = (1 


Definition 2.13. A nVs-set (Nys, A) is absolute nVs-set written as Uy, if following 
conditions holds for all values m € Z and @ € A; Tis) (7) = [1,1], Zr, (7) = [0,0], and 
F Nyse) (7) = [0, 0]. 


Definition 2.14. The compliment (Mys, A)* of nVs-set (Nys, A) is given by (Mys, A)S = 
(NY 5, A) where N35: A > Ny(Z) is defined as N5(7) = s(Nvs(7)), Vr € A such that Ny (Z) 
represents set of all nV-subsets of Z and ¢ is neutrosophic vague compliment. 
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Definition 2.15. The intersection (Nys, Y) of two nVs-sets (Mys,,A) and (Mys,, A) 
denoted by Nys = Nys,0Nvs, where TY = AU A and V6 € T, is given by 


Nvs, (9) ehh 
(Mvs, T) = Nys, (8) OEA-A >, 
Nys,(@)NNys.(0) ;8@EANA 


where () is nV-set intersection. 


Definition 2.16. The union (Nys, T) of two nVs-sets (Mys,, A) and (Mys,, A) denoted 
by Nys = Nys,UNMys, where TY = AU A and V6 € T, is given by 


Nyvs, (9) AeEeA=A 
(Nys, T) = Nyvs;() GEC A-A ; 
Nyvs, (A)ANvs, (A) SOE ANA 


where U is nV-set union. 


3. NEUTROSOPHIC VAGUE HYPERSOFT SET (nVHs-set) 


Neutrosophic vague hypersoft set (nVHs-set) is introduced in this section. Some basic 


operations of (nVHs-set) are also discussed. 


Definition 3.1. For a universal set Z, let E be set of parameters and A C €. The pair 
(Mvus, A) is called neutrosophic vague hypersoft set (nVHs-set) over Z where Ny7s is defined 
by Myus : A> NV(Z) such that A = Ay x Ag x... x Ay with Aj,i = 1,2,3,..,n are disjoint 
attribute-valued sets corresponding to distinct attributes ¢;,7 = 1,2,3,...,n respectively and 6 


is a n-tuple element of A and My1s5(@) is an approximate element of nVHs-set over Z. 


Example 3.2. A company wants to supply antibacterial soap for cure of Covid-19 patient in 
a hospital. Let Z = {2z1, 22,...,25} be the universal set consisting of five kinds of antibacterial 
soap for cure of Covid-19 patient available in market. Let € be the set of parameters. Let A; 
be the nonempty subset of € for each 7 = 1,2,3 represent multi attribute set corresponding 
to each element of € and A = Ay x Ag x Ag, where Ay = {a11},A2 = {b11, bi2},A3 = {err}. 
Let A = {61, 62,03} i.e. we have three criteria for evaluation of material where 0; stands for 
ingredient of soap which triclosan, triclocarban and benzalkonium chloride, 02 stands for color 
of soap which is blue, green and white, and 63 stands for price which is low, medium and high. 
A mapping is defined as follows Myys : A > NV(Z). Consider 


z1/ < (0.1, 0.3]; [0.2, 0.4]; [0.7, 0.9] >, z2/ < [0.2, 0.5]; [0.3, 0.4]; [0.5, 0.8] >, 
Nyus(61) = 4 23/ < (0.2, 0.6]; [0.2, 0.4]; [0.4, 0.8] >, z4/ < [0.1, 0.7]; [0.4, 0.5]; [0.3, 0.9] >, 
z5/ < (0.2, 0.4]; [0.4, 0.5); (0.6, 0.8] > 
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TABLE 1. nVHs-set (Myys, A) 
Z cal A 03 
zy < (0.1, 0.3]; [0.2, 0.4]; [0.7,0.9] > << [0.2, 0.5]; [0.3, 0.5]; [0.5,0.8] > = < [0.3, 0.5]; [0.1, 0.3]; [0.5, 0.7] > 
zg < (0.2, 0.5]; [0.3, 0.4]; [0.5,0.8] > =< [0.2, 0.3]; 0.2, 0.4]; [0.7,0.8] >  < [0.2, 0.7]; [0.3, 0.4]; [0.3, 0.8] > 
z3 < (0.2, 0.6]; [0.2, 0.4]; [0.4,0.8] > << [0.4, 0.5]; [0.2, 0.6]; [0.5,0.6] > =< [0.1, 0.3]; [0.5, 0.8); [0.7, 0.9] > 
za < (0.1, 0.7]; [0.4, 0.5]; [(0.3,0.9] > = < [0.1, 0.3]; [0.1, 0.5]; [0.7,0.9] > =< [0.2, 0.5]; [0.3, 0.7]; [0.5, 0.8] > 
zs < (0.2, 0.4]; [0.4, 0.5]; [0.6,0.8] > << [0.3, 0.6]; [0.4, 0.7]; [0.4,0.7] > << [0.3, 0.6]; [0.2, 0.3]; [0.4, 0.7] > 
z1/ < (0.2, 0.5]; [0.3, 0.5]; [0.5, 0.8] >, z2/ < [0.2, 0.3]; [0.2, 0.4]; [0.7, 0.8] >, 
Nvus (62) = z3/ < (0.4, 0.5]; [0.2, 0.6]; [0.5, 0.6] >, z4/ < [0.1, 0.3]; [0.1, 0.5]; [0.7, 0.9] >, 
z5/ < (0.3, 0.6]; [0.4, 0.7]; [0.4, 0.7] > 
z1/ < (0.3, 0.5]; [0.1, 0.3]; [0.5, 0.7] >, z2/ < [0.2, 0.7]; [0.3, 0.4]; [0.3, 0.8] >, 
Nvus (3) = z3/ < (0.1, 0.3]; [0.5, 0.8]; [0.7, 0.9] >, z4/ < [0.2, 0.5]; [0.3, 0.7]; [0.5, 0.8] >, 
z5/ < (0.3, 0.6]; [0.2, 0.3]; (0.4, 0.7] > 
It can also be written as 
21/ < [0.1, 0.3]; [0.2, 0.4]; [0.7, 0.9] >, z2/ < [0.2, 0.5]; [0.3, 0.4]; [0.5, 0.8] >, 
91,4 23/ < [0.2, 0.6]; (0.2, 0.4]; [0.4, 0.8] >, z4/ < [0.1, 0.7]; [0.4, 0.5]; [0.3, 0.9] >, 
z5/ < (0.2, 0.4]; [0.4, 0.5); [0.6, 0.8] > 
z1/ < (0.2, 0.5]; [0.3, 0.5]; [0.5, 0.8] >, z2/ < [0.2, 0.3]; [0.2, 0.4]; [0.7, 0.8] >, 
(Mvus, A) = 92,4 23/ < [0.4, 0.5]; [0.2, 0.6]; [0.5, 0.6] >, z4/ < (0.1, 0.3]; [0.1, 0.5]; [0.7, 0.9] >, 
z5/ < (0.3, 0.6]; [0.4, 0.7]; [0.4, 0.7] > 
z1/ < (0.3, 0.5); [0.1, 0.3]; [0.5, 0.7] >, z2/ < [0.2, 0.7]; [0.3, 0.4]; [0.3, 0.8] >, 
83,4 23/ < [0.1, 0.3]; [0.5, 0.8]; [0.7, 0.9] >, z4/ < [0.2, 0.5]; [0.3, 0.7]; [0.5, 0.8] >, 
25/ < [0.3, 0.6]; [0.2, 0.3]; [0.4, 0.7] > 


nVHs-set (Ny4s, A) can also be represented in the form of table [1] 


Definition 3.3. For two nVHs-sets (Nyys,,A) and (Nyys,A), (Mvus,, A) is called nVHs- 
subset of (Nyys,,A) ie. (Nvus,,A4) © (Mvus,A) if following conditions hold; A C A and 
Nyus,(9) is nVs-subset of Myxs,(8) for all 6 € A. 


Example 3.4. Consider Example [3.2] where A = {6,63} for 6; € Ay x Ag x Ag,i = 2,3 and 
A = {61,62,03} for 0; € A, x Ag x As3,i = 1,2,3. Suppose (Myys,, A) and (Myzs,, A) are 


two nVHs-sets of defined as follow and demonstrated in table |2| and table 


(Nvxsi, A) = 
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TABLE 2. nVHs-set (Nyys,, A) 
Z A 03 
z  < (0.2,0.4]; (0.3, 0.6); [0.6,0.8] > < [0.2,0.4); (0.2, 0.5]; [0.6, 0.8] > 
zo  < [0.1,0.3]; (0.2, 0.5]; [0.7,0.9} > < [0.2, 0.6]; (0.3, 0.5); (0.4, 0.8] > 
zz < (0.3,0.5];(0.2,0.7];0.5,0.7} > < [0.1, 0.2]; (0.6, 0.9]; [0.8, 0.9] > 
za < (0-1, 0.3]; (0.1, 0.7]; [0.7,0.9] > < [0.2, 0.4]; [0.4, 0.8]; (0.6, 0.8] > 
zs  < [0.2,0.5]; (0.4, 0.8); [0.5,0.8] > < [0.2,0.5); (0.4, 0.7]; [0.5, 0.8] > 
TABLE 3. nVHs-set (Myys,, A) 
Ze cal A 03 
z < (0.1,0.3); (0.2, 0.4]; (0.7,0.9] > < (0.2, 0.5]; (0.3, 0.5]; (0.5,0.8) > < (0.3, 0.5]: (0.1, 0.3]; (0.5, 0.7] > 
zo <(0.2,0.5); (0.3, 0.4]; [0.5,0.8) > < [0.2,0.3]; (0.2, 0.4]; (0.7,0.8] > < [0.2, 0.7]: (0.3, 0.4]; (0.3, 0.8] > 
zz < (0.2,0.6]; (0.2, 0.4]; [0.4,0.8) > < [0.4,0.5]; (0.2, 0.6]; (0.5,0.6] > < [0.1, 0.3]: (0.5, 0.8]; (0.7, 0.9] > 
za < [0.1,0.7]; (0.4, 0.5]; (0.3, 0.9] > < [0.1,0.3]; (0.1, 0.5]; (0.7,0.9] > < [0.2, 0.5]: (0.3, 0.7]; (0.5, 0.8] > 
zs <(0.2,0.4];(0.4,0.5]; (0.6,0.8] >  < (0.3, 0.6]; (0.4,0.7]; (0.4,0.7) > < [0.3, 0.6]; (0.2, 0.3]; (0.4, 0.7] > 
x/ <[0.2,0.4]; [0.3, 0.6]; [0.6, 0.8] >, 22/ < [0.1, 0.3); [0.2, 0.5]; (0.7, 0.9] >, 
92,4 23/ < (0.3, 0.5]; [0.2, 0.7]; [0.5, 0.7] >, 24/ < [0-1, 0.3]; [0.1, 0.7]; [0.7,0.9] >, > |, 
25/ < (0.2, 0.5]; [0.4, 0.8]; [0.5, 0.8] > 
2/ < [0.2,0.4]; [0.2, 0.5]; (0.6, 0.8] >, 22/ < [0.2, 0.6); [0.3, 0.5]; (0.4, 0.8] >, 
03,4 23/ < (0.1, 0.2]; [0.6, 0.9]; [0.8, 0.9] >, 24/ < [0.2, 0.4]; [0.4, 0.8); [0.6, 0.8] >, 
25/ < (0.2, 0.5]; (0.4, 0.7]; [0.5, 0.8] > 
(Myxs2,A) = 
z/ < [0.1,0.3}; [0.2, 0.4]; (0.7, 0.9] >, z2/ < [0.2, 0.5]; [0.3, 0.4]; (0.5, 0.8] >, 
01,4 23/ < [0.2,0.6}; [0.2, 0.4]; [0.4, 0.8] >, za/ < [0.1, 0.7}; [0.4, 0.5]; [0.3,0.9] >, $ |], 
z5/ < (0.2, 0.4]; (0.4, 0.5]; [0.6, 0.8] > 
z1/ < (0.2, 0.5); [0.3, 0.5]; [0.5, 0.8] >, z2/ < [0.2, 0.3]; [0.2, 0.4]; [0.7, 0.8] >, 
92,4 23/ < [0.4, 0.5]; [0.2, 0.6]; [0.5, 0.6] >, z4/ < (0.1, 0.3]; [0.1, 0.5]; [0.7, 0.9] >, , 
z5/ < 0.3, 0.6]; [0.4, 0.7]; (0.4, 0.7] > 
z/ < [0.3, 0.5]; [0.1, 0.3]; (0.5, 0.7] >, z2/ < [0.2, 0.7]; [0.3, 0.4]; (0.3, 0.8] >, 
93,4 23/ < [0.1, 0.3]; [0.5, 0.8]; [0.7, 0.9] >, z4/ < [0.2, 0.5]; [0.3, 0.7]; [0.5, 0.8] >, 
z5/ < (0.3, 0.6]; [0.2, 0.3]; (0.4, 0.7] > 
It can easily be seen that nVHs-set (Vyys,,A) C nVHs-set (Nyys,, A) where as AC A, 


Definition 3.5. Two nVHs-sets (Nyys,,A) and (Nyys,A), are nVHs-set equal 


(Nyus.,A) © (Mvxse, A) and (Nyus,, A) © (Mvus, A) 


if 
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TABLE 4. (Mvus, A)S 

Zz 0, 65 03 

z1 < (0.7, 0.9]; [0.6, 0.8]; [0.1,0.3] > — < [0.5, 0.8]; 0.5, 0.8]; [0.2,0.5) > — < [0.5, 0.7]; [0.7, 0.9]; [0.3, 0.5] > 
za < (0.5, 0.8}; [0.6, 0.7]; [0.2,0.5] >  < [0.7, 0.8]; [0.6, 0.8]; [0.2,0.3) > — < [0.3, 0.8]; [0.6, 0.7]; [0.2, 0.7] > 
z3 < (0.4, 0.8}; [0.6, 0.8]; [0.2,0.6] >  < [0.5, 0.6]; [0.4, 0.8]; [0.4,0.5) > — < [0.7, 0.9]; [0.2, 0.5]; {0.1, 0.3] > 
za < (0.3, 0.9]; [0.5, 0.6]; [0.1,0.7] >  < [0.7, 0.9]; 0.5, 0.9]; [0.1,0.3) > — < [0.5, 0.8]; [0.3, 0.7]; [0.2, 0.5] > 
zs, < (0.6, 0.8]; [0.5, 0.6]; [0.2,0.4] >  < [0.4,0.7]; [0.3, 0.6]; [0.30.6] > — < [0.4, 0.7]; [0.7, 0.8]; [0.3, 0.6] > 


Definition 3.6. A nVHs-set (Nys, A) is null nVHs-set written as ®yy,,,, if following condi- 
tions holds for all values  € Z and 6 € A; TNyysce)(™) = [0,0], Zryusce)(™) = [1,1], and 


F Ny uso) (7) a ne A] 


Definition 3.7. A nVHs-set (Myys, A) is absolute nVHs-set written as Vy,,,,, if following 
conditions holds for all values 7 € Z and 6 € A; Ty sco) (7) = [1,1], Zvyusco) (7) = [0,0], and 


F Nynisiay = (0, 0]. 


Definition 3.8. The compliment (Myyzs,A)° of nVs-set (Nyys, A) is given by (Nyys, A)S = 
(Nas A) where NYq)¢ : A > Ny(Z) is defined as N,,6(7) = s(Nvus()), Va € A such that 


Ny (Z) represents set of all nVHs-subsets of Z and ¢ is neutrosophic vague compliment. 


Example 3.9. Consider (Myys,A) is nVHs-set defined as in Example where A = 
{61, 02, 03} for 0; € Ay x Agx A3,i = 1,2,3. The compliment (Nyzs, A)S of nVHs-set (Myxs, A) 
is demonstrated in table [4] and given by: 


1, 


Nvus, A)* = 62, 


63, 


zil< 
z3/< 
25/< 
zil< 
z3/< 
25/< 
zil< 
z3/< 


Z5/< 


0.7, 0.9]; 


0.4, 0.8 


0.6, 0.8); 


0.5, 0.8 


0.5, 0.6); 


0.4, 0.7 


0.5, 0.7]; 


0.7, 0.9 


0.4, 0.7]; 


’ 
’ 
’ 
’ 
’ 
’ 
’ 


’ 


’ 


0.6, 0.8]; 


0.6, 0.8 


0.5, 0.6]; 


0.5, 0.8 


0.4, 0.8]; 


0.3, 0.6 


0.7, 0.9]; 


0.2, 0.5 


0.7, 0.8]; 


, 
’ 
, 
, 
e) 
, 
ey 
, 


, 


0.1, 0.3 
0.2, 0.6 
0.2, 0.4 
0.2, 0.5 
0.4, 0.5 
0.3, 0.6 
0.3, 0.5 
0.1, 0.3 
0.3, 0.6 


>, z2/ < [0.5, 0.8]; 


>, 24/ < (0.3, 0.9 


> 


>, z2/ < [0.7, 0.8 


>, 2z4/ < [0.7, 0.9]; 


> 


>, z2/ < [0.3, 0.8]; 


>, 24/ < (0.5, 0.8 


> 


, 


, 


, 


, 


ey 


, 


0.6, 0.7]; 


0.5, 0.6 


0.6, 0.8 


0.5, 0.9]; 


0.6, 0.7]; 


0.3, 0.7 


’ 


’ 


’ 


’ 


’ 


’ 


0.2, 0.5 
0.1, 0.7 


0.2, 0.3 
0.1, 0.3 


0.2, 0.7 
0.2, 0.5 


Definition 3.10. The intersection (Nyxys, 1) of two nVHs-sets (Wyys,,A) and (Myus,, A) 


denoted by Nuys = Nvus,.Mvus, where TY = AU A and V6 € T, is given by 


(Nyus, T) = 


Nvus, OMS. (9) 


where f) is nV-set intersection. 


Nyusy (9) 
Nyuss (9) 


fOEeh—A 
fae A—A 
foc ANA, 
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TABLE 5. nVHs-set (Nyys,, A) 


Zz 0; VP) 

Z,  < [0.1, 0.3]; [0.2, 0.4]; [0.7,0.9] > — < [0.3, 0.6]; [0.2, 0.5]; [0.4, 0.7] > 
z2 < [0.2, 0.5]; [0.3, 0.4]; [0.5,0.8] > = < [0.1, 0.3]; [0.2, 0.5]; [0.7, 0.9] > 
23 < (0.2, 0.6]; [0.2, 0.4]; [0.4,0.8] >  < [0.3, 0.6]; [0.2, 0.4]; [0.4, 0.7] > 
z4  < (0.1, 0.7]; [0.4, 0.5]; [0.3,0.9] > — < [0.2, 0.3]; [0.3, 0.5]; [0.7, 0.8] > 
Zi < [0.2, 0.4]; [0.4, 0.5]; [0.6,0.8] > << [0.3, 0.4]; [0.5, 0.7]; [0.6, 0.7] > 

TABLE 6. nVHs-set (Myys,,; A) 

Zz 02 03 

zy  < [0.2, 0.5]; [0.3, 0.5]; [0.5,0.8] > = < [0.3, 0.5]; [0.1, 0.3]; [0.5, 0.7] > 
zg  < [0.2, 0.3]; [0.2, 0.4]; [0.7,0.8] > = < [0.2, 0.7]; [0.3, 0.4]; [0.3, 0.8] > 
23 < (0.4, 0.5]; [0.2, 0.6]; [0.5,0.6] > = < [0.1, 0.3]; [0.5, 0.8]; [0.7, 0.9] > 
z4  < (0.1, 0.3]; [0.1, 0.5]; [0.7,0.9] > — < [0.2, 0.5]; [0.3, 0.7]; [0.5, 0.8] > 
25  < [0.3, 0.6]; [0.4, 0.7]; [0.4,0.7] >  < [0.3, 0.6]; [0.2, 0.3]; [0.4, 0.7] > 


Example 3.11. Let (Myys,,A) and (Nyys,, A) are two nVHs-sets where A = {61,62} for 
6; € Ay x Ao x Ag,i = 1,2 and A = {62,03} for 0; € Ay x Ag x A3,i = 2,3, as discussed in 
Example [3.2|and demonstrated in table [5] and table 6] and given as following: 


al< 
01,4 z3/< 
z/< 
al< 
62,4 2z3/< 
Z5/< 


(Nvxsi,A) = 


afl< 
62, z3/< 
z5/< 
al< 
63,4 23/< 
z5/< 


(Nvuss,A) = 


0.2, 0.5 
0.4, 0.5 
0.3, 0.6 
0.3, 0.5 


0.1, 0.3]; 
0.2, 0.6]; 
0.2, 0.4]; 
0.3, 0.6]; 
0.3, 0.6]; 
0.3, 0.4]; 


0.1, 0.3); 


0.3, 0.6]; 


) 


? 


’ 


The intersection (Nyzs, TY) of two nVHs-sets 


where Y = AUA and V6 € TY, is demonstrated in table[7]and given by (Nyys, T) = (Nvns,, JA Nvus., A) 


al< 

1, z3/ < 

z5/< 

al< 

Nvus, YT) = 02,4 23/< 
z5/< 

ail< 

63,4 z3/< 

z5/< 


0.1, 0.3 


0.2, 0.4 


0.3, 0.5 


0.3, 0.5 


0.2, 0.6]; 


0.2, 0.5]; 


0.3, 0.4]; 


0.1, 0.3); 


0.3, 0.6 


’ 
’ 
’ 
’ 
’ 
’ 
’ 
’ 


’ 


0.2, 0.4]; 


0.2, 0.4 
0.4, 0.5 
0.2, 0.5 
0.2, 0.4 
0.5, 0.7 


0.3, 0.5 
0.2, 0.6 
0.4, 0.7 
0.1, 0.3 


0.5, 0.8]; 
0.2, 0.3); 


i 


’ 


? 


0.7, 0.9 
0.4, 0.8 
0.6, 0.8 
0.4, 0.7 
0.4, 0.7 
0.6, 0.7 


0.5, 0.8 
0.5, 0.6 
0.4, 0.7 
0.5, 0.7 
0.7, 0.9 
0.4, 0.7 


>, za/< 
>, za/< 
> 
>, za/< 
>, za/< 
> 


>, za/< 
>, 2z4/< 
> 

>, za/< 
>, 2z4/< 


> 


0.2, 0.5]; 
0.1, 0.7]; 


0.1, 0.3]; 


0.2, 0.3 


0.2, 0.3 


0.1, 0.3); 


0.2, 0.7]; 


0.2, 0.5]; 


? 


? 


? 


’ 


’ 


? 


0.3, 0.4]; 
0.4, 0.5]; 


0.2, 0.5]; 
0.3, 0.5]; 


0.2, 0.4 
0.1, 0.5 


0.3, 0.4]; 


0.3, 0.7]; 


] 


2 


2 


? 


? 


0.5, 0.8 
0.3, 0.9 


0.7,0.9 
0.7,0.8 


0.7, 0.8 
0.7, 0.9 


0.3, 0.8 


0.5, 0.8 


Nvus,,A) and (Nyizs.,A) represented by Nuys = Nuns, Wruss 


0.2, 0.4 


0.2, 0.4]; 


0.4, 0.5 


0.3, 0.5]; 


0.2, 0.6 


0.5, 0.7]; 


0.1, 0.3 


0.5, 0.8]; 


0.2, 0.3 


’ 
’ 
’ 
’ 
’ 
’ 
’ 
’ 


’ 


0.7, 0.9 
0.4, 0.8 
0.6, 0.8 
0.5, 0.8 
0.5, 0.7 
0.6, 0.7 
0.5, 0.7 
0.7, 0.9 
0.4, 0.7 


>, z2e/< 
>,za/< 
> 
>,z2/< 
>,za/< 
= 
>,z2/< 
>,za/< 
> 


0.2, 0.5 


0.1, 0.7]; 


0.1, 0.3); 


0.1, 0.3 


0.2, 0.7 


0.2, 0.5]; 


’ 


’ 


’ 


’ 


’ 


’ 


0.3, 0.4 


0.4, 0.5]; 


0.2, 0.5]; 


0.3, 0.5 


0.3, 0.4 


0.3, 0.7]; 


’ 


’ 


’ 


’ 


’ 


’ 


0.5, 0.8 
0.3, 0.9 


0.7, 0.9 
0.7, 0.9 


0.3, 0.8 
0.5, 0.8 


>) 
>) 


>) 
>) 


>; 
>) 
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TABLE 7. (Nyus, T) = (Nvusy, A)A(Nvis2; A) 

Z cal 7D) 03 

z, < (0.1, 0.3]; [0.2, 0.4]; [0.7,0.9] >  < [0.2, 0.5]; [0.3, 0.5]; [0.5,0.8) > — < [0.3, 0.5]; [0.1, 0.3]; (0.5, 0.7] > 
za < (0.2, 0.5]; (0.3, 0.4]; [0.5,0.8] >  < [0.1, 0.3]; [0.2, 0.5]; [0.7,0.9] >  < [0.2, 0.7]; [0.3, 0.4]; [0.3, 0.8] > 
z3 < (0.2, 0.6]; [0.2, 0.4]; [0.4,0.8] >  < [0.3, 0.5]; [0.2, 0.6]; [0.5,0.7] > — < [0.1, 0.3]; [0.5, 0.8]; {0.7, 0.9] > 
za < (0.1, 0.7]; [0.4, 0.5]; [0.3,0.9] > — < [0.1, 0.3]; [0.3, 0.5]; [0.7,0.9] > — < [0.2, 0.5]; [0.3, 0.7]; (0.5, 0.8] > 
zs, < (0.2, 0.4]; [0.4, 0.5]; [0.6,0.8] >  < [0.3, 0.4]; [0.5, 0.7]; [0.6,0.7] >  < [0.3, 0.6]; [0.2, 0.3]; [0.4, 0.7] > 

TABLE 8. nVHs-set (Nyxs, YT) 

ZB cal i) 03 

z, < (0.1, 0.3]; [0.2, 0.4]; [0.7,0.9] >  < [0.2, 0.5]; [0.3, 0.5]; [0.5,0.8) > — < [0.3, 0.5]; [0.1, 0.3]; [0.5, 0.7] > 
zq < (0.2, 0.5]; [0.3, 0.4]; [0.5,0.8] > — < [0.1, 0.3]; [0.2, 0.5]; [0.7,0.9] > — < [0.2, 0.7]; [0.3, 0.4]; (0.3, 0.8] > 
z3 < (0.2, 0.6]; [0.2, 0.4]; [0.4,0.8] >  < [0.3, 0.5]; [0.2, 0.6]; [0.5,0.7] > — < [0.1, 0.3]; [0.5, 0.8]; [0.7, 0.9] > 
za < (0.1, 0.7]; [0.4, 0.5]; [0.3,0.9] >  < [0.1, 0.3]; [0.3, 0.5]; [0.7,0.9] > — < [0.2, 0.5]; [0.3, 0.7]; [0.5, 0.8] > 
zs, < (0.2, 0.4]; (0.4, 0.5]; [0.6,0.8] >  < [0.3, 0.4]; [0.5, 0.7]; [0.6,0.7] >  < [0.3, 0.6]; [0.2, 0.3]; [0.4, 0.7] > 


Definition 3.12. The union (My ys, T) of two nVHs-sets (Nyyzs,, A) and (Myxs,, A) denoted 
by Mus = Mus, Nvus, where TY = AUA and V6 € T, is given by 


Nyusy (0) 
Nvus> (0) 
Nyus, (ANvHs. (9) 


(Nyus, T) = 


where U is nV-set union. 


ifocA—A 
foc A—A 
foe And, 


rs 


Example 3.13. Let (Nyys,,A) and (Nyys,, A) are two nVHs-sets as discussed in example 
and defined in example 
The union (Nyys, T) of (Nyys,, A) and (Myxs,, A) represented by Nyxs = Nvns,UNvus, 
where TY = AUA and V@ € YT, is demonstrated in table |8|} and given by (Nyys,T) = 
(Mvusi; JU(Mvus,,A) = 


61, 


03, 


al< 
z3/< 
z5/< 
al< 
z3/< 
z5/< 
al< 
z3/< 
Z5/< 


0.1, 0.3 


0.2, 0.6]; 


0.2, 0.4 


0.3, 0.6]; 


0.4, 0.6 


0.3, 0.6]; 


0.3, 0.5 


0.1, 0.3); 


0.3, 0.6 


’ 
’ 
’ 
’ 
’ 
’ 
’ 
’ 


’ 


0.2, 0.4 


0.2, 0.4]; 


0.4, 0.5 


0.2, 0.5]; 


0.2, 0.4 


0.4, 0.7]; 


0.1, 0.3 


0.5, 0.8); 


0.2, 0.3 


’ 
’ 
’ 
’ 
’ 
’ 
’ 
’ 


’ 


0.7, 0.9 
0.4, 0.8 
0.6, 0.8 
0.4, 0.7 
0.4, 0.6 
0.4, 0.7 
0.5, 0.7 
0.7, 0.9 
0.4, 0.7 


>,za/< 
>, z4/< 
> 
>, 2za/< 
>,2z4/< 
> 
>,za/< 
>, 2z4/< 
> 


0.2, 0.5 


0.1, 0.7]; 


0.2, 0.3); 


0.2, 0.3 


0.2, 0.7 


0.2, 0.5); 


’ 


’ 


’ 


’ 


’ 


’ 


0.3, 0.4 


0.4, 0.5]; 


0.2, 0.4]; 


0.1, 0.5 


0.3, 0.4 


0.3, 0.7]; 


’ 


’ 


) 


’ 


’ 


) 


Proposition 3.14. Let (Nyys,,A) and (Nyys,, A) are two nVHs-sets 


laws hold. 


(1) Wysi, SAM vas., A) = (Mas, A) 


0.5, 0.8 
0.3, 0.9 


0.7, 0.8 
0.7, 0.8 


0.3, 0.8 
0.5, 0.8 


over Z, the following 
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(2) Nous: JU(Mvus., A) = Wrns,,A) 
(3) (Mus, NA Mas. A) = Wns, AN Mus, A) 
(4) Nous, JUMvus., A) = Mvus,, UW vas,, A) 


Proposition 3.15. Let (Nyys,,A), Wvns,,A) and (Nyus;,T) are three nVHs-sets over Z, 
the following laws hold. 


(1) Mansy, JA((Nvus,, AIM vxs,; T)) = (Nous, NA Mvus2, ANA Mus, T), 
(2) Nyus,, A)U(Mvas., YOM vas, T)) = (Nvusi, JUNvus., A)UMvus,, T), 
(3) Mvxsi, NA(Nvus,, A\UMvHs3; T)) = 

(Mus, MAN vxs2;, A))U(Nrus,, NA Mvxss; T)) 
(4) Mvxsi, NU(NMvus,, AIA Muss; T)) = 

(Nvxs1, JUN vxs2,A)) (Musi, NU Muss, T)). 


Proposition 3.16. Let (Nyys,A) be nVHs-set over 2Z, the _ follow- 
ing laws hold. 1)(Nyys, A)A(Nvus, A)S = (Gr us, A) where (®nj,.,5,A) is null nVHs-set 
2) (Nvus, MUMvus, A)S = (Unyas, A) where (Ur,,,5,A) is called absolute nVHs-set 


Proposition 3.17. Let (Nyys,,A) and (Nyys,, A) are two nVHs-sets over Z, the following 
laws hold. 


1) (Mvus,, NA NMvus,, A))> = Mvns,, ASU Mvus,, A)S 
2) (Mvxsi, NUM vs. A))® = Mus. ASA Ms. A)S 


4. Decision Making Technique based on nVHs-set 


A decision making nVHs-set based problem is discussed and an approach is made to address 


and solve this problem but first of all concept of level soft set is discussed. 


Definition 4.1. Let L = {(a@,8,7)} where a, 8,7 € I and J is set of all close subintervals of 
[0, 1], & = [a1, de], 8 = [1, G2] and ¥ = [1,2], 0 < da + Bo +e < 2. The relation Z; on set 


L is called partial pee on L if it satisfies following conditions: 


V(a, 8,7), (fi, 7 ae L, (@,8,9) Zz (4,7,0) € Le & > A,B < 0,7 < @, which means 
Ji. 


[a1, @2] > [1, fe ¥1 > ty and a2 > fiz. Similarly 6, < 1, 82 < % and j < Wi, 72 < we 


Definition 4.2. For a universal set Z, let € be set of parameters and A C €. F = (NMyys, A) 
be nVHs-set over Z. (a, 3,7)—level hypersoft set of F is crisp hypersoft set L(F;a@, 6,7) = 
(Mv1s(a,8,7)) 4), for a, B,7 € L and is given by 


Nyus(a,B,7)( = {Nvus(o)(z) Zz (a, 8, Wz € Z} 


= { Trvnsi (2) 2 &, ENyu so (2) S Bs Frivus,e) (z) <7,VzE Z,0€ at 


Muhammad Arshad, Muhammad Saeed, Atiqge Ur Rahman, A Novel Intelligent 
Multi-Attributes Decision-Making Approach Based on Generalized Neutrosophic Vague 
Hybrid Computing 


Neutrosophic Sets and Systems, Vol. 50, 2022 543 


The above definition was restated by replacing threshold parameter constant value triplets 


by function as thresholds on truth membership, indeterminacy and false membership values. 


Definition 4.3. For a universal set Z, let € be set of parameters and A C €. F = (Nyys, A) 
be nVHs-set over Z. Let y : A I x I x I be nVHs-set where J = [0,1]. On the basis of x, 
the level hypersoft set of F is a crisp hypersoft set L(F,y) = (Nvys, A) given by 


Nynsy(9) = L(Nvus(9); x(8)) 
= = (Mvus(o y(z)zxr x(@)Vz € Z\ 
= {Tins (2) 2 Tel), Evins) (2) S FeO), Frvvusiey 2) S Fx(0),¥2 € Z,0.€ A} 


Consider the following example 


Example 4.4. For a universal set Z, let € be set of parameters and A C €. F = (NMyys, A) 
be nVHs-set over Z. Let avge : A I x I x I be nV-set where I = (0, 1] and is given by 


1 1 
Tepae) ~ 7Z] 2 Tins (6) (2 ), Toso @) ~ 7Z] De Tins (0) (2) 
|Z] <s |Z] <s 
1 1 
Dias (9) = |Z] ye ions (0) (2) Zavgy (8) = ae 2 Prins (2) 
ZEZ 


1 
L id L 
F cvge (9) ~ [Z| Yo FN snes (0) (2 ), Pagne ~ [2] — FR Nyns(6) 
ZEZ zeZ 


Here nV-set avgy is known as avg—threshold of nVHs-set F. L(F;avgF ) = (NMvxsavgr>A) is 


called avg—level hypersoft set of F and can be given as 
Nyusavgr (9) = L(Nvus(9); avg (0)) = {Nvuse(z) Zz avgr (0)} 
= {Trivus(o) (2) Zz Tavgp (9), Inns (0 y(z z) < Lavgr (2), Fin sis (0) (2) = Favgr (9), ZE a 60 € At 


Example 4.5. An individual wants to buy a farmhouse from a real estate agent. He can 
construct a nVHs-set F = (¥,A) according to his preference which describes characteristics 
of farmhouse. Let Z = {21, 22,...,25} be the universal set consisting of five farmhouses under 
consider- 

ation. Let € = {coveredarea = 61, beautiful = 02, cheap = 63, location = 64, altitude = 05} 
be the set of parameters. Let A; be the nonempty subset of € for each 7 = 1,2,3 repre- 
sent multi attribute set corresponding to each element of € and A = A, x Ay x Ag3, where 
Ay = {a11, 012}, Ae = {bir}, A3 = {cr}. Let A = {6,602,603} ie. we have three criteria for 
evaluation where 6; stands for price which is low, high, very high, 62 stands for covered area 
which is less than 1 sq. mile, between 1 sq. mile to 5 sq. mile, more than 5 sq. miles and 63 
stands for location which is sea shore, hilly area, desert. 
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TABLE 9. (%, A) 
Z cal 7D) 03 
zy < [0.2,0.3]; |0.2,0.4];|0.8,0.9] > < [0.2,0.5]; |0.2, 0.5]; |0.5,0.8] > =< |0.2, 0.5]; [0.1, 0.3]; [0.5, 0.8] > 
zo < (0.3, 0.5]; (0.3, 0.4]; [0.5,0.7] > < (0.1, 0.3]; (0.2, 0.4]; [0.7,0.9] > — < [0.2, 0.4]; (0.3, 0.4]; (0.6, 0.8] > 
zg < [0.2, 0.6]; |0.2,0.4]; |0.4,0.8] >  < [0.4, 0.5]; |0.2, 0.6]; |0.5,0.6] > =< |0.1, 0.3]; [0.4, 0.8]; [0.7, 0.9] > 
za < [0.1,0.7]; (0.4, 0.6]; [0.3,0.9] >  < [0.2, 0.4]; (0.1, 0.5]; [0.6,0.8] > — < [0.2, 0.5]; (0.3, 0.7]; (0.5, 0.8] > 
25 < [0.1,0.4]; |0.4, 0.5]; |[0.6,0.9] >  < [0.3, 0.6]; |0.3, 0.7]; [0.4,0.7] > =< |0.2, 0.6]; [0.2, 0.3]; [0.4, 0.8] > 
Consider 
z1/ < (0.2, 0.3]; [0.2, 0.4]; [0.8, 0.9] >, z2/ < [0.3, 0.5]; [0.3, 0.4]; [0.5, 0.7] >, 
(01) = 4 23/ < [0.2, 0.6]; [0.2, 0.4]; [0.4, 0.8] >, z4/ < [0.1, 0.7]; [0.4, 0.6]; [0.3, 0.9] >, 
z5/ < (0.1, 0.4]; [0.4, 0.5); [0.6, 0.9] > 
z1/ < (0.2, 0.5]; [0.2, 0.5]; [0.5, 0.8] >, z2/ < [0.1, 0.3]; [0.2, 0.4]; [0.7, 0.9] >, 
§(A2) = 4 23/ < (0.4, 0.5]; (0.2, 0.6]; (0.5, 0.6] >, z4/ < (0.2, 0.4]; (0.1, 0.5]; (0.6, 0.8] >, 
z5/ < (0.3, 0.6]; [0.3, 0.7]; [0.4, 0.7] > 
z1/ < (0.2, 0.5]; [0.1, 0.3]; [0.5, 0.8] >, z2/ < [0.2, 0.4]; [0.3, 0.4]; [0.6, 0.8] >, 
(03) = 4 23/ < [0.1, 0.3]; [0.4, 0.8]; [0.7, 0.9] >, z4/ < [0.2, 0.5]; [0.3, 0.7]; [0.5, 0.8] >, 
z5/ < (0.2, 0.6]; [0.2, 0.3); [0.4, 0.8] > 
It can also be written as 
z1/ < [0.2, 0.3]; [0.2, 0.4]; [0.8, 0.9] >, z2/ < [0.3, 0.5]; [0.3, 0.4]; [0.5, 0.7] >, 
91,4 23/ < [0.2, 0.6]; [0.2, 0.4]; [0.4, 0.8] >, z4/ < [0.1, 0.7]; [0.4, 0.6]; [0.3, 0.9] >, ; 
z5/ < (0.1, 0.4]; [0.4, 0.5]; [0.6, 0.9] > 
z1/ < [0.2, 0.5]; [0.2, 0.5]; [0.5, 0.8] >, 22/ < [0.1, 0.3]; [0.2, 0.4]; [0.7, 0.9] >, 
(A) = 62,4 23/ < [0.4, 0.5}; [0.2, 0.6]; [0.5, 0.6] >, z4/ < [0.2, 0.4]; [0.1, 0.5]; [0.6, 0.8] >, ; 
z5/ < [0.3, 0.6]; [0.3, 0.7]; (0.4, 0.7] > 
z1/ < [0.2,0.5]; [0.1, 0.3]; [0.5, 0.8] >, z2/ < [0.2, 0.4]; [0.3, 0.4]; [0.6, 0.8] >, 
63,4 23/ < [0.1,0.3]; [0.4, 0.8]; [0.7, 0.9] >, z4/ < [0.2, 0.5]; [0.3, 0.7]; [0.5, 0.8] >, 
z5/ < [0-2, 0.6]; [0.2, 0.3]; [0.4, 0.8] > 
The nVHs-set (§, A) can also be represented in the form of table [9] avg—threshold of F = (®, A) can 


easily be calculated as: 


avg(S, A) = 


< (0.18, 0.50}; (0.30, 0.46]; (0.50, 0.72]\ 0: >, 


< [0.24, 0.46]; [0.20, 0.67]; [0.54, 0.76]\ 02 >, 


< [0.18, 0.46]; [0.26, 0.50]; [0.54, 0.72]\ 03 > 


L(F,avg), the avg—level hypersoft set of F = (¥, A) can be evaluated as: 


Savgp (1) = L(8(01); avg¢ (01)) = {22, z3} 


Savgp (92) = L(§ (02); avgr (82)) = {23} 


Sava (O3) = L(F(A3); avge (83) = {21, 25} 


Muhammad Arshad, Muhammad Saeed, Atiqge Ur Rahman, A Novel Intelligent 
Multi-Attributes Decision-Making Approach Based on Generalized Neutrosophic Vague 


Hybrid Computing 


Neutrosophic Sets and Systems, Vol. 50, 2022 545 


4.1. Level hypersoft set based approach 


An algorithm based on nVHs-set is developed for decision making 


Algorithm I 


> Start 
> Input Stage: 


1. Consider Z as universe of discourse 


2. Consider A as subset of set of parameters 


3. Classify parameters into disjoint parametric valued sets A, Ag, A3,..., An 
4. A= Ay x Ag x Ag x... X An 

> Construction Stage: 

5. Construct nVHs-set F = (¥, A) 

6. Choose threshold value triple (a, 6,7) € L 


OR 


6. Construct threshold nV-set y : A — I x I x I where I = (0, 1] 
OR 


6. Choose avg—level decision rule. 
> Computation Stage: 
7. Compute (@, 8, 7)—level hypersoft set L(F,a, 8,7) 


OR 
7. Compute level hypersoft set L(F , x) 


OR 
7. Compute avg—level hypersoft set L(F ,avg) 


> Output Stage: 
8. Present L(F ,@, 6,7) or L(F, x) or L(F,avg) in tabular form. 


9. Compute choice value cp of zp for any zp € Z 


10. Select 2m if Gm = max,,¢z(Cp). 


11. Choose any value z,, if m has more than one values 
> End 


Example 4.6. Let F = (¥, A) is nVHs-set as discussed in example [4.5] and demonstrated in 
table[9} By avg—level rule, L((¥, A); avg) is obtained which is demonstrated in table{10] The 
elements of table|10) are represented by Zpq = 1 if zp € Favg (aq), otherwise zpg = 0. 
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Consideration of mp Oonsideration of Set of 
Universal Set mm Parameters 


Petitioning of Each 


Attribute into Attribute- 
valued Disjoint Sets 


= 
Attribute-Valued Sets 
i 


ill & 


Choose thresholdvaluetriple Construct threshold nV-set 


Compute choice 
value c, foreachg 
_—-: 


Choose z, ifm 
optimal c_——» has more than 


decision 1 values 


FicurE 1. Algorithm I: Optimal Selection of material for manufacturing of 


Surgical Masks 


TABLE 10. L((%,A);avg) with choice vales 


Z 04 A 03 choice value 
Zz 0 0 1 1 
Zz 1 0 0 1 
23 1 1 0) 2 
ZA 0 0) 0 0 
25 0 0 1 1 
5 
Choice value can be obtained by cp = D> Zpq ie. cr = 1, cg = 1, c3 = 2, c4 = 0 and cs = 1 
q=1 


Farmhouse 23 is selected as cz = maxz,¢z (Cp) 


5. Comparison Analysis 


Different decision making approaches have already been discussed in literature 
that were based on hybridized structures of fuzzy set, intuitionistic fuzzy soft set and 
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TABLE 11. The advantage of the proposed study 


Sr. No. Author Structure Multi-argument 
approximate function 

1 Smarandache (9| Neutrosophic set Insufficient 

2 Molodtsov Soft set Insufficient 

3 Xu et al. Vague soft set Insufficient 

4 Alhazaymeh et al. Generalized vague soft set Insufficient 

5 Maji et al. Neutrosophic soft set Insufficient 

6 Alhazaymeh et al. Interval valued vague soft set Insufficient 

7 Alkhazaleh Neutrosophic vague set Insufficient 

8 Al Quran et al. Neutrosophic vague soft set Insufficient 

9 Smarandache Hypersoft set Insufficient 

10 Proposed Structure Neutrosophic vague hypersoft set Sufficient 


neutrosophic set. Decision making is greatly affected due to many factors where attributes are 
not further classified into their disjoint attributive valued sets. The above mentioned existing 
decision making models are insufficient either for vague soft sets or for multi-argument approx- 
imate function but in proposed model, the inadequacies of these models have been addressed. 
The consideration of neutrosophic vague hypersoft set will make the decision making process 


more reliable and trust-worthy. 


6. Discussion and Merits 


In this section some merits of proposed structure are discussed: 
The introduced approach took the significance of the idea of nVHs-set to deal with current 
decision making issues. The presented idea enables the researchers to deal with real-world 
scenario where problems involving indeterminacy and vagueness needs more attention. The 
core idea in this association has tremendous potential in the genuine depiction inside the 
space of computational incursions. As the proposed structure emphasizes on in-depth study of 
attributes (i.e. further partitioning of attributes) rather than focussing on attributes merely 
therefore it makes the decision-making process better, flexible and more reliable. It covers 
the characteristics and properties of the existing relevant structures i.e. fuzzy set, soft set, 
fuzzy soft set, intuitionistic fuzzy set, neutrosophic set, vague set, vague soft set, hypersoft set, 
neutrosophic vague soft set etc., so one can call it the generalized form of all these structures. 


The advantage of the proposed study can easily be judged from the table 


7. Conclusion 


The summary of the proposed study is highlighted as: 
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(1) The relevant literature on fuzzy set, neutrosophic set, soft set, vague set and hypersoft 
set has been reviewed to support the main results. 

(2) Some axiomatic and algebraic properties, set-theoretic operations and laws of nVHs-set 
have been investigated and explained with the help of illustrative examples. 

(3) An algorithm based on set-theoretic operational concept of nVHs-set has been proposed 
to asses the role of proposed model in real-world decision-making scenario. 

(4) A real-world decision-making application has been discussed by implementing the steps 
of proposed algorithm which opted the best farmhouse from real estate dealer. 

(5) The advantageous aspects of the proposed model have been judged by comparing it 
with most relevant existing models. 

(6) Many other real-world decision-making problems can be resolved with the help of the 
proposed algorithm. 
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ABSTRACT. Neutrosophic sets, which are the generalization of fuzzy, and intuitionistic fuzzy sets, have been 
introduced to express uncertain, incomplete, and indeterminacy knowledge regarding a real-world problem. This 
paper is intended for the first time to introduce a transshipment problem mathematically in a neutrosophic 
environment. The neutrosophic transshipment problem is a special type of neutrosophic transportation problem 
in which available commodities regularly travel from one origin to other origins/destinations before arriving at 
their final destination. This article provides a technique for solving transshipment problems in a neutrosophic 
environment. A fully neutrosophic transshipment problem is considered in this article and the parameters 
(transshipment cost, supply and demand) are expressed in trapezoidal neutrosophic numbers. The possibility 
mean ranking function is used in the proposed technique. The proposed technique gives a direct optimal 
solution. The proposed technique is simple to implement and can be used to find the neutrosophic optimal 
solution to real-world transshipment problems. A numerical example is provided to demonstrate the efficacy of 


the proposed technique in the neutrosophic environment. 


Keywords: Decision-Making Problem, Transshipment Problem, Neutrosophic Transshipment Problem, Single- 


Valued Trapezoidal Neutrosophic Number 


When a particular product needs to be transported from source to sink in a network, trans- 
portation is one of the most important engineering challenges. A common transportation 
problem arises when a certain bulk of commodity needs to shipped from their origins to their 
destinations through multiple intermediate points (transshipment points). This classic form of 


transporters problem is called a transshipment problem. This problem was first proposed by 
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Orden (1). The concept of the transshipment problem can also be applied to determining the 
shortest path between two nodes in a network. As an application of transshipment problem, 
King and Logan |2| established a mathematical method for simultaneously identifying threads 
in a network linking to product processor market points, while Rhody |3] suggested a method 
based on a reduced matrix. Judges et al. proposed a general linear model extension of 
the transshipment problem to a multi-plant, multi-product, and multiregional problem. The 
alternative formulations of transshipment problems under the transport model was discussed 
by Hurt and Tramel , which would allow for answers to common difficulties that King and 
Logan articulated without the requirement for artificial variables to be subtracted. “The time- 
minimizing transshipment problem” was investigated by Garg and Prakash [6]. Subsequently, 
Herer and Tzur examined the dynamic transshipment problem. Ozdemir et al. then 
looked on the problem of multilocation transshipment with capacitated manufacturing and 
lost sales. 

Transshipment problem formulation requires the understanding of parameters such as de- 
mand, supply, associated cost, time, stock space, budget, etc. Traditional methods can be 
used to solve the transshipment problem when the decision parameters are known. However, 
in real-world scenarios, numerous types of uncertainty arise mathematically when designing 
transshipment due to factors such as a lack of precise information, information that cannot 
be obtained, rapid changes in the fuel rate or traffic jam, or whether conditions. Therefore, 
the transshipment problem with impricise information cannot be solved by traditional math- 
ematical techniques. Zadeh (9| introduced the idea of fuzzy sets to deal with uncertainties. In 
order to handle unsure information, Zadeh effectively applied the theory of fuzzy set (FS) in 
various fields. The applications of this theory are rapidly growing in the field of optimization 
after the foremost work by Bellman and Zadeh [10]. Zimmermann demonstrated that 
the solutions generated by fuzzy linear programming are always optimal and efficient. Fuzzy 
transshipment problem is the name given to the transshipment problem that is explored in 
fuzzy theory, which has been discussed by many researchers ( [12|- [16}). Only the membership 
degrees are insufficient to indicate the element’s marginal attainment in the fuzzy decision set, 
as was shown later on in the research. The intuitionistic fuzzy set (IFS), which incorporates 
both a membership and a non-membership function, was developed by Atanassov {17}. It is 
recommended that the sum of an element’s membership and non-membership degrees does 
not exceed 1 in an intuitionistic fuzzy set. The transportation problem discussed in IFS is 
known as intuitionistic fuzzy transportation problem. Paramanik and Roy discussed 
transportation and goal programming in IFS. Later, the transshipment problem in IFS has 
been discussed by many researchers ( 21], (22}). 
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As a result of the presence of neutral ideas in the decision-making process, the extension 
of FS and IFS were required. Smarandache introduced the neutrosophic set (NS) as a 
way to deal with the degree of indeterminacy and neutrality. Truth (degree of belonging- 
ness), indeterminacy (degree of belongingness up to a certain extant), and falsity (degree of 
non-belongingness) are three different membership functions for the element into a feasible 
solution set that the NS evaluates. But NS is difficult to implement without explicit detail 
in real-life problems. A single-valued neutrosophic set (SVNS) has been proposed for NS ex- 
tension by Wang et al. [24]. By combining trapezoidal fuzzy numbers with a single-valued 
neutrosophic set, Ye introduced single-valued trapezoidal neutrosophic (SVTrN) numbers. 
Many researchers such as Ahmad et al. [26], Garai et al. 27], Ahmad [28], Tougeer et al. [29], 
have recently used the concept of NS in decision-making problems. The effects of ignoring 
the values of propositions between the truth and falsity degrees are indeterminacy /neutral 
thoughts. As a result, when dealing with transshipment problems, it is important to consider 
the degree of indeterminacy. 

Despite the fact that many researchers ( [30]- [33}) applied the concept of neutrosophic 
theories to transportation problems. Neuosophic logic has not been applied to existing supply 
chain theories of transshipment models, to the best of our knowledge. This article aims to 
provide a simple yet effective method for solving neutrosophic transshipment problems in a 


day-to-day situation. There are a number of advantages to using the technique: 


e All parameters are represented as trapezoidal neutrosophic numbers in a fully neutro- 
sophic transshipment problem. 

e The proposed technique is based on the possiblility mean ranking function. 

e The technique proposed produces an optimal solution directly. 

e The proposed method is simple to comprehend and can be used to solve real-life trans- 


shipment issues. 


The following is how this article is organised. The neutrosophic set and neutrosophic numbers 
are introduced in Section 2. In the Section 3 formulates the airthmetic operations on single 
valued neutrosophic numbers, while the Section 4 presents the possilibity mean and ranking 
function on SVTrN-numbers. The mathematical structure of the transshipment problem in a 
neutrosophic environment was formulated in Section 5. The proposed technique’s steps were 
addressed in Section 6. In Section 7, an example is given to show the effectiveness of the 


proposed solution strategy. The paper comes to a close with the conclusion. 


1. Mathematical Preliminaries 


This section provides an overview of key conceptions and definitions related to neutrosophic 


sets. 
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Definition 1. Let M be a universe andy in M. The neutrosophic set N over M is defined 
by N = (y, Tn(y), In(y), Fn(y) : y © M), where the functions Ty, In, Fn : P >|~0,17[ rep- 
resent the truth-membership, indeterminate-membership, falsity-membership respectively such 


that —0 < Ty(y) + In(y) + Fr(y) < 37 


Definition 2. Let M be a universe and y in M. Then a single valued neutrosophic set 
N is characterized by truth-membership Ty, indeterminacy-membership function In, falsity- 
membership function Fy, where Ty, In, Fy : M — [0,1] are functions such that 0 < Ty(y) + 
In(y) + Fry) < 3. 


Definition 3. A single valued trapezoidal neutrosophic number is defined by m = 
((m1,™M2,m3,™M4); tm, tn, fin), where tir,im, fra € [0,1] and m1,m2,m3,m4 in R with con- 
dition that my < mg < m3 < m4. The truth-membership, indeterminacy-membership, and 


falsity-membership functions of m are given as follows: 


in(-—™ ); my Sy < me 


m2z—-My1 
Lin (Yy) = ma—Yy 
tral sigma) mg SySma 
0; otherwise, 
—yttn (y— 
marytimy—m) my <y < mz 
oe mgfycms 
Vz — 
in(Y) y—m3tin(m4—y) , <y< 
 ma=mg MB SY SMA 
i: otherwise 
maruttm(ym) ms <y < my 
—_ Fras ma Sy Sms 
mm) gems fn(ma—y) . 


ie ; mgcgysm 


1; otherwise, 
where tin, im, and fm are represents the maximum truth-membership degree, minimum- 
indeterminacy membership degree, minimum falsity-membership degree respectively. The geo- 


metrical representation of SVTrNF-number is shown by Fig. 1. 


Definition 4. Let m = {((m1,M2,™3,™4); tray tm, fr) and nm = ((n1,N2,n3, 74); ta, ta, fa) 
be two single valued trapezoidal neutrosophic numbers and k £0 be any number and A= min, 


V = maz, then the operations on them are defined as follows : 


(1) MOA = (m1 + 11, M2 + na, M3 + n3,m4 + 14); tm A ta, im V tn, far V fa), 
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Figure 1. SVTrN-number 


(2) mS n= (mj — Ns, Mo — 13, m3 — No, M4 — 11); te A tas tm V ta Fm V Sa), 


(Gap ne ne ma ditin A tastia V tas fin V fa) ifm > 0,4 > 0 


MOn= (Te Tee ne na ditm A ta, tm V ta, Sm V fa) if m4 <0,n4 > 0 
(Te Te nee na dit A ta, tm V ta, fa) if m4 <0,n4 <0 


((em4, emg, cm, cma) tata, fa) fe>0 


((ema, emg, cma, emi); ta, ta,.da) fe<0 


(5) m7! = (Bo, maps map? my) tits ten, fim), where mh F 0. 


2. The Possibility Mean and The Ranking Function for SVTrN-numbers 


Sometimes, decision information supplied by a decision maker in difficult decision-making 
situations is vague or inaccurate due to time restrictions, a lack of facts, or the restricted 
attention and information processing capacity of the decision maker. As a result, incorporating 
the possibility mean into the neutrosophic decision-making process in transshipment is critical 
for scientific study and real-world application. Therefore, in this section the possibilty mean 


and the ranking function based on the possiblity mean are defined. 
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2.1. The Possibility Mean Functions for SVTrN-Number 


Let m = ((m1,m2,m3,M4); tin, im, fin) be any SVTrN-number. Then the possibilty mean 
functions are defined as follows: 


1. a-cut set of the SVTrN-number m for truth-membership function is obtained as 


Ma, => [M,, Mr] — [m4 + afma—m1) in, a(ms—ma)) 


tm tra 
where a € [0,t,]. The possibility mean of truth-membership function for SVTrN-number m 


is given by 


2. B-cut set of the SVIrN-number m for indeterminacy membership function is obtained as 


Mg = [M,, Mr] = [m4 + i= P)ma— TH) ys CaO ms=ma)) 


1-im tin 
where 6 € [v4;,1]. The possibility mean of indeterminacy-membership function for SVTrN- 
number ™ is given by 


my + 2m. + 2m3 + m4 
6 


P,(m) = (1 — in)? 


3. y-cut set of the SVTrN-number m for falsity-membership function is obtained as 


ry = [Mz, Mp] = [my + SVD mg — Cos) 


1-i,;, 
where y € [fm, 1]. The possibility mean of falsity-membership function for SVTrN-number m 


is given by 


2.2. The Ranking Function Based on The Possibility Mean Function 


The ranking fuction based on possiblity mean values for a SVTIrN-number m = 


((m1,mM2,m3, m4); tH tint) is given by 


Po(m) = OP, (1) + (1 — 0) P, (mm) + (1 — 0) Py (ir) 


Theorem 1. Let m = ((m1,m2,m3,™4)3tm, im, fm) and rh = ((n1,N2,N3, 74); ta, ta, fa) be 
two SVTrN-numbers and @ € [0,1]. For the possibility mean values of the SVTrN-numbers m 
and n, the following illustrantions hold true. 

(1) If Po(m) > Po(n), than m > na. 

(2) If Pe(m) < Po(n), than m ~ na. 

(3) If Po(m) = Po(n), than m & na. 


Proof. It is evident from the definition of ranking function. 
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3. Mathematical Formulation of SVNTrP 


We have mathematically formulated a transshipment problem in a neutrosophic environ- 
ment in this section. The parameters of the problem under consideration are single-valued 
trapezoidal neutrosophic numbers. i.e., the decision maker is unsure about the cost of trans- 
shipment, supply and demand. The primary goal of the transshipment problem is to transport 
any item/product from one origin or destination to another origin or destination while min- 
imising total transshipment costs. In a neutrosophic environment, the mathematical structure 


of the transshipment problem is as follows: 


mt+tnmt+n 


mine’ = SCF @ XP 


w=1 j=l 
m+n m+n 
Subject to Ss" xy — be Xf = ae: i= 1,2,...,m. 
j=l j=l 
m+n m+n 
> XG - So Xi = 0,, j=mt+1,m42,...,m+%N. 
i=1 i=1 


Xf > 0, 1,9 =1,2,..,m+n; iF 7. 
The problem is said to be balanced if $77", a. = 0” j=i bn , otherwise it is know as unbalance 
problem. Where, 


e m and n denote total number of supply sources and total number of demand points, 


respectively. 


N denotes available commodity at ith source. 
EW 


denotes demand of the commodity at jth destination. 


Cy = (Cij,1, Cij,2, Cij,3 Cij,4 } Wa, Ua, Ya) Aenotes the neutrosophic transshipment cost of 


a unit commodity from 7th source to jth destination. 


The number of units of the commodity to be carried from the ith source to the jth 


destination is denoted by X;;. 


4. Methodology 


In this section, a noval transshipment problem technique is presented, that uses the pos- 
sibility mean ranking function to obtain the optimal solution. The technique is explained in 
detail below in a step-by-step manner. 

Step 1 Construct a neutrosophic transshipment problem in Table form in which either all 
parameters are taken as SVTrNF-numbers. 


Step 2 Put zeros where demand and supply are unknown. 
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Step 3 Assign zero values to each digonal cell and delete the rows/columns whose demand 
has been met. 

Step 4 The transshipment cost is then converted to a crisp number using the possibility mean 
based ranking function that is discussed in Section 4. 

Step 5 From the matrix obtained after Step 4, choose minimum element from each row then 
subtract it from each element of corresponding row. 

Step 6 From the matrix obtained after Step 5, choose minimum element from each column 
then subtract it from each element of corresponding column. 

Step 7 In this manner, each row and column will have at least one zero value. Then, for each 


cell having a zero value, use the following formula to determine the zero average value Oj;. 
Oj; = the average of the ith row’s and jth column’s minimum values. 


Step 8 Select the maximum zero average value and assign it to the appropriate cell with the 
minimum demand/supply, then delete the row/column whose supply/demand has reached its 
limit. 

Step 9 Pick an allocation that assigns the highest feasible demand in the same rank case. 
Step 10 Follow steps 7 to 9 until the total demands are not fulfilled. 

Step 11 Add the product of the assigned demand/supply and the cost value for each cell to 
get the total transshipment cost. The neutrosophic optimal solution is provided by this total 


transshipment cost. 


5. Numerical Example 


We provide an example of our proposed solution methodology in this section. A neutrosophic 
transshipment problem with two origins (A,B) and two destinations (C,D) has been considered. 
Table 1 shows the availability at the origins, the requirements at the destinations, and the 


transshipment costs. 


Table 1. SVTYrN transshipment problem 


Destination + A B C D Supply 
Sources J 
A (0,0,0,0) (5,7,9,11; 0.4,0.8,0.5) — (4,6,9, 11 ; 0.9, 0.3, 0.7) (1,3,8, 10;0.3,0.9,0.4) (14,20, 21,27 ; 0.2,0.7, 0.9) 
B (7,10, 12,15 ; 0.1,0.6, 0.8) (0,0,0,0) (2,5,9, 12; 0.6,0.3,0.1)  (6,9,12,15 ; 0.5,0.2,0.6) (13, 18, 23, 28 ; 0.5, 0.8, 0.6) 
C (3,7,9, 13; 0.4,0.7,0.3) (5,8, 12,15 ; 0.2,0.4, 0.7) (0,0,0, 0) (7,12, 14,19 ; 0.8, 0.3, 0.2) - 
D (2,6,9, 13; 0.9,0.7,0.8)  (6,7,8,9 ; 0.3,0.8,0.6) (1,5, 7,11 ; 0.2,0.9,0.7) (0,0, 0,0) = 
Demand - - (12, 18, 20, 26 ; 0.4,0.3,0.5) (15,20, 24,29 ; 0.7, 0.8, 0.4) 
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For each column or row, write zero value for unknown demand/supply. 


Table 2. Balance tansshipment problem 


Destination + A B C D Supply 
Sources | 
A (0,0,0,0) (5,7,9, 11; 0.4,0.8,0.5) — (4,6,9, 11 ; 0.9, 0.8, 0.7) (1,3, 8, 10;0.3,0.9,0.4) (14,20, 21,27 ; 0.2,0.7,0.9) 
B (7,10, 12,15 ; 0.1,0.6, 0.8) (0,0,0,0) (2,5,9,12; 0.6,0.3,0.1) — (6,9,12,15 ; 0.5,0.2,0.6) (13, 18, 23, 28 ; 0.5, 0.8, 0.6) 
C (3,7,9, 13; 0.4,0.7,0.3) (5,8, 12,15 ; 0.2,0.4, 0.7) (0,0,0, 0) (7,12, 14,19 ; 0.8, 0.3, 0.2) (0,0,0,0) 
D (2,6,9, 13; 0.9,0.7,0.8) — (6,7,8,9 ; 0.3,0.8,0.6) (1,5, 7,11 ; 0.2,0.9,0.7) (0,0,0,0) (0,0,0,0) 
Demand (0,0,0,0) (0,0,0,0) (12, 18, 20, 26 ; 0.4,0.3,0.5) (15,20, 24,29 ; 0.7, 0.8, 0.4) 


The lowest cost value in each row is zero. We discover that zero is the smallest unit cost in 
each row, so we place zero in the diagonal cell of the transshipment matrix. Table 2 illustrates 


this. 


Table 3. Reduced tansshipment problem 


Destination > A B Cc D Supply 


Sources | 


A (0,0, 0,0) (5,7,9, 11 ; 0.4,0.8,0.5) — (4,6,9,11 ; 0.9, 0.3, 0.7) (1,3,8, 10;0.3,0.9,0.4) (14,20, 21,27 ; 0.2, 0.7,0.9) 
(0,0,0,0) 
B (7,10, 12,15 ; 0.1, 0.6, 0.8) (0,0,0, 0) (2,5,9,12 ; 0.6,0.3,0.1)  (6,9,12,15; 0.5,0.2,0.6) (13, 18, 23, 28 ; 0.5, 0.3, 0.6) 
(0, 0, 0,0) 
‘@ (3,7,9,13 ; 0.4,0.7,0.3) (5,8, 12,15 ; 0.2,0.4,0.7) (0, 0,0, 0) (7,12, 14,19 ; 0.8,0.3, 0.2) (0,0, 0,0) 
(0,0, 0,0) 
D (2,6,9,13 ; 0.9,0.7,0.8)  (6,7,8,9; 0.3,0.8,0.6) (1,5, 7,11 ; 0.2, 0.9, 0.7) (0,0, 0,0) (0,0, 0, 0) 
(0,0,0,0) 
Demand (0,0, 0,0) (0,0,0, 0) (12, 18, 20,26 ; 0.4,0.3,0.5) (15,20, 24,29 ; 0.7, 0.8, 0.4) 


Delete the rows or columns whose demands have been met. 


Table 4. New tansshipment problem 


Destination > C D Supply 
Sources | 
A (4,6,9,11 ; 0.9,0.3, 0.7) (1, 3, 8, 10; 0.3, 0.9, 0.4) (14, 20, 21,27 ; 0.2,0.7,0.9) 
B (2,5,9,12 ; 0.6,0.3,0.1) (6,9, 12,15 ; 0.5,0.2,0.6) (13,18, 23, 28 ; 0.5,0.3, 0.6) 


Demand (12, 18, 20,26 ; 0.4,0.3,0.5) (15,20, 24,29 ; 0.7, 0.8, 0.4) 
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Now, using the possibility mean-based ranking function discussed in the section 3, apply it to 


the cost of transshipment. 


Table 5. De-neutrosophic transshipment problem 


Destination > C D Supply 
Sources | 
A 5.21 1.26 (14, 20, 21,27 ; 0.2,0.7,0.9) 
B 5.81 5051 (13, 18, 23, 28 ; 0.5, 0.3, 0.6) 


Demand (12, 18, 20,26 ; 0.4,0.3,0.5) (15,20, 24,29 ; 0.7, 0.8, 0.4) 


We obtained the final optimal table (Table 6) by completing the remaining steps of the pro- 


posed technique . 


Table 6. Final Optimal Table 


Destination > A B Cc D 
Sources | 
A (0,0, 0,0) (5,7,9,11; 0.4,0.8,0.5) (4,6,9,11 ; 0.9, 0.3, 0.7) (1, 3, 8, 10; 0.3, 0.9, 0.4) 
(0, 0,0, 0) (14, 20, 21,27 ; 0.2,0.7,0.9) 
B (7,10, 12,15 ; 0.1, 0.6, 0.8) (0,0, 0, 0) (2,5,9,12 ; 0.6,0.3, 0.1) (6,9, 12,15 ; 0.5, 0.2, 0.6) 
(0, 0, 0, 0) (12,18, 20,26 ; 0.4,0.2,0.6) (—12,—1,4,15 ; 0.2,0.8,0.9) 
‘a (3,7,9,13 ; 0.4,0.7,0.3)  (5,8,12,15 ; 0.2,0.4,0.7) (0,0, 0,0) (7,12, 14,19 ; 0.8, 0.3, 0.2) 
(0, 0, 0, 0) 
D (2,6,9,13; 0.9,0.7,0.8) — (6,7,8,9; 0.3,0.8, 0.6) (1,5,7,11 ; 0.2,0.9,0.7) (0,0, 0,0) 
(0, 0, 0, 0) 


The optimal solution of trapezoidal neutrosophic transshipment problem, given in Ta- 
ble 1, is (1,3,8,10;0.3,0.9,0.4) @ (14, 20, 21, 27;0.2,0.7,0.9) © (2,5,9,12;0.6,0.3,0.1) ® 
(12, 18, 20, 26; 0.4, 0.2, 0.6) (6, 9, 12, 15; 0.5, 0.2, 0.6) @(—12, —1, 4, 15; 0.2, 0.8, 0.9) = (—34, 141 
, 396, 807; 0.2, 0.9, 0.9). 


6. Conclusion 


Neutrosophic sets, a generalisation of intuitionistic fuzzy sets, can represent both indetermi- 
nacy and uncertainty. Though many decision-making problems have been studied with various 
forms of input data, this study looked at solutions to the transshipment problem in a neutro- 
sophic environment. The proposed method has proven to be effective in solving transshipment 
problems involving single-valued trapezoidal neutrosophic numbers. The proposed technique 


has been based on the possibility mean ranking function. The technique is simple to implement 
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in real-world transshipment problems. Further, the technique produces an optimal solution 
directly. While the proposed technique analyses the solutions to neutrosophic transshipment 
problem in concrete form, the prediction of qualitative and complex data solutions does have 
certain limitations. Genetic algorithm approaches can overcome computational complexity in 
the management of higher dimensional problems. The research can be further expanded to 
address multiobjective transshipment problems in neutrosophic environment. 
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Abstract. This research proposes the idea of implementing an innovative mechanism to detect the edges in 
distinct MR brain medical images based on the aspect of Neutrosophic sets (NSs). NS-based entropy is one 
of the emerging tools to procure a neutrosophic image from the crisp image. Followed by the aforementioned 
procedure, fusion has been done for the neutrosophic image in order to acquire fused neutrosophic images 
(FNI) then the FNI’s are again regenerated to form a fused crisp image. Later, the Bell-Shaped (BS) function 
and the Sobel operator works on the FNI to obtain a combination of three subsets. After determining the 
neutrosophic subsets, various entropies such as Norm, Threshold, Sure, and Shannon act on it to provide 
their threshold values, and the computed subsets along with thresholds are incorporated to produce a new 
binarized image. Subsequently, morphological operations were implemented to construct the image edges. The 
resultant images with different entropies are compared by using the performance measurement factors. Based 
on the measurement factors, the proposed Norm entropy image edge detection innovations have proven to be 
an efficient tool with reference to other entropies. In addition, the Norm entropy-based proposed method was 
compared with some of the other existing edge detection methods inclusive of Sobel, Chan, Tian, and Wu. FOM 
and PSNR factors have been applied to estimate the results of edge detection achieved through five distinct 
methods. The findings confirmed that the implementation of the proposed object edge detection mechanism is 


much stronger compared to other existing methods. 


Keywords: Neutrosophic set; Image Fusion; Segmentation; Entropy; Edge detection; Homogeneity 


1. Introduction 


Over the past few decades, two key applications such as image fusion and segmentation have 


become much clearer and they are significant in the field of image processing and computer 
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vision, see references for more details. Nowadays, a substantial number of analytically 
validated image fusion and segmentation, that have been applied to fuse and segment the 
image objects, and also have been defined to eliminate the noise and its related uncertainty 
factors. In general, the scheme of fusion is characterized into three parts such as feature, pixel, 
and decision level. One of the fusion methods is, every pixel of the source images is summed 
and takes the average then gets the fused image, this algorithm gives the lower performance. 
So, various types of multi-resolution transform appeared to deal with this problem and they 
are employed in image fusion. Many image fusion schemes are available, but some schemes are 
frequently handled, they are spatial fusion, transform fusion, contourlet transform, gradient 
pyramid, Laplacian pyramid, MSVD, wavelet transform, curvelet transform, etc. The image is 
fused by the notion of SVD called singular value decomposition that execution is more similar 
to wavelets. The MSVD based image fusion has been viewed as a faster performance than 
approximated SVD, see the reference |3| for further details. 

Edge detection is a kind of crucial step in the human visual system and image analysis, 
which is the wild development research area in image processing. The edge detection process 
substantially alleviates the amount of information because it divides the meaningful data and 
shields the foremost geometric features. To illustrate the object edges, the object data is per- 
formed by either analog / digital computation. The edge is noted as a significant local change 
in the intensity of the image. In general, the edge is correlated with pixel discontinuity and it 
occurs between distinct gray level regions of the image. It should be noted that many Gradient 
and Laplacian operators such as Roberts [4], Canny 6, Prewitt GF Sobel (71, and others, have 
been presented for classical edge detection. And these operators based edge detection meth- 
ods are listed as follows: (a) Cellular Automata |8] (b) particle swarm optimization (PSO) (9| 
(c) Wavelet [10], (d) Anisotropic Gaussian Kernels (AGK) 11], (e) Ant colony optimization 
(ACO) [12]. Besides, the swarm intelligence-based ACO algorithm has been offered by Dorigo 
et al. and it was motivated by the universal collective behavior of ants in the present environ- 
ment [13], an important method derived from the development of ACO modifications. Zhang 
et al. suggested topology-preserving 3D image segmentation based On hyperelastic regulariza- 
tion . The authors Liu and Li recommended a fabric defect detection technique based 
on the aspect of low-rank decomposition with structural constraints. Further information on 
edge detection method through active contour without edge has also been available in the lit- 
erature [16]. In addition, new edge detection approaches have been published in peer-reviewed 
journals [17]. The main limitations of the edge detection algorithms include illumination sen- 
sitivity, noise sensitivity, and unadjusted parameters, according to (18}[19]. Hence, there are 
distinct edge detection methods that have so far been framed to reduce the limitations of the 


aforementioned edge detection approaches while maximizing their enforcement |20}. Methods 
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of edge detection based on the fuzzy notion, which have some difficulties in the formation 
of fuzzy rules. The use of NS-based edge detection helps to alleviate these issues. Just a 
few works are done in NS based framework and it exposes the originality of the current re- 
search. Therefore, the goal of this research is to contribute to future studies that use NS for 
segmentation and edge detection. 

In this continuation, the Neutrosophic Set (NS) was discovered by the premise of Neutroso- 
phy theory and it was first introduced by Florentin Smarandache in the year 2003 (21). With 
the help of the NS approach, the origin, scope, and nature of neutralities are discussed. NS is 
a new philosophical branch and it is a recent method that successfully addresses the prob- 
lem of vagueness and indeterminacy in circumstances such as biomedical, stock exchange, 
weather, law, and so on. Hence, the NS domain act as a decision support system in order to 
overcome the limitations of vagueness. Nonetheless, the neutrosophication functions and their 
application by MATLAB were recommended by the authors, Bakro et al. (24). Meanwhile, the 
same authors offered the neutrosophic method to digital images in their paper [25]. However, 
NS has been applied successfully in a wide range of domains, including filtering, image pro- 
cessing, segmentation, edge detection, and so on. For remarkable efficiencies in the analysis of 
neutrosophic information, neutrosophic-based edge detection of medical images is a specialized 
area of research. 

In the literature, only a few works can be obtained from the premise of NS-based segmenta- 
tion technique [26], which is a popular segmentation methodology for obtaining indeterminate 
situations of the images, where the indeterminacy of the image is approximated by distur- 
bances like noise, low quality of an image, and so on. This method leads to the problem of 
uncertainties and inconsistent information. According to (27, the authors used Chan-Vese 
approaches and NS to segment the images. Dhar and Kundu utilized the two concepts 
like NS and digital shearlet transform (DST) to segment (text region) the images. Antera and 
Hassenian (2018) designed an NS segmentation framework for CT liver tumors by using 
the fast fuzzy C-means algorithm (FFCM) and particle swarm optimization (PSO). We were 
able to obtain a better CT image with less noise by using NS-based pre-processing. Guo et al. 
(2017) demonstrated the new method to identify the myocardial contrast of the myocardial 
echocardiography in the left ventricle and the method is computed by combining two strate- 
gies such as active contour method and neutrosophic similarity score. Besides that, employing 
chest X-ray images, Yasser et al (31). developed a hybrid automated intelligent COVID-19 
classification based on Neutrosophic logic and machine learning approaches. Singh, after that, 
proffered a multiple thresholding technique depending on type-2 neutrosophic entropy-fusion 


for the classification of brain tumor tissue structures [32]. Following that, Dhar described 
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a technique for accurately sectioning multi-class images using weak continuity constraints and 
a neutrosophic set. 

In addition, Mehrdad et al. formed a new framework and it is applied in the liver 
dome in which the liver is automatically detected by utilizing the random walker method. 
The authors of devised a multi-atlas extraction method for fast automated (with/without 
abnormality) liver image segmentation from computational tomography angiography (CTA) 
and this method contains the local decision fusion. Platero et al. constructed a unique 
segmentation process, it is to extract the liver image from a CT scan, where the process is 
formed by the combination of an affine probabilistic atlas, low-level operations, and a multi 
atlas-based segmentation. Li et al. presented the automatic 3D (liver) object extraction 
procedure, which is to divide the Object and Background of the image via the concept of 
convolution neural network and the graph cut. In [38], the author proposed the thyroid 
nodule segmentation process and it is fundamentally based on the perspective like level-sets 
and spatial information with clustering. Further, Salah et al. suggested a new method 
based on the convolutional neural network for human skin detection. 

On the other hand, MR image analysis has become a remarkable research field due to the 
rapid advancement in computer vision and image analysis techniques. However, due to the 
presence of objects that are inconsistent with their edges and textures, it is necessary to de- 
velop a method of recognition and vision for MR images but it is complicated. In order to 
address this issue, many researchers are now focusing their greater efforts on the separation 
approach. The varying distribution of gray level pixels can be applied to distinguish various ar- 
eas (i.e., gray matter, white matter, and cerebrospinal fluid) of the MR image separation. The 
MR image separation has gone through various incarnations since its advances. In addition, 
extraction of gray matter into the spine, Datta et al. a threshold-based technique (TBT) 
is furnished, that is primarily based on the morphological geodetic active contour (MGAC) 
technique. Taheri et al. advised TBT for extracting the tumor, which has been based 
on the technique in a level set. The authors recommended an automated and adaptive 
technique for extracting the MR image of the liver vessels. For the past few decades, MR 
image analysis is not examined in terms of NS theory. 

Inspired by the before talks and compared to the present research accomplishments, the 


great contributions of this study are suggested by being given at the upcoming points. 


(1) Asa first attempt, the NS-based edge detection system is framed in this research article 
for images with not only noises but also unstable situations. The concept of NS, NS- 
based entropy, and the fusion rule were combined in the design of NS to create a new 


fusion mechanism. 
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(2) A new powerful edge detection methodology for finding edges in the fused images is 
elaborated in a supervised manner, and it ensures the rejection of disturbances inclusive 
of noise and unstable information. The proposed NS-based edge detection method can 
be easily implemented, and it has the amount of truth, false and indeterminant degrees 
that is simply obtained through a combination of Bell Shaped (BS) function, Sobel 
operator, and Neutrosophic Theory. 

(3) The resulting subsets are changed into the form of binary using the threshold values 
and these values of threshold are calculated by applying different entropies such as 
Norm, Threshold, Sure, and Shannon. Applying the morphological operations on the 
generated images, then acquire the edge detected images. 

(4) For the experimental purposes, distinct performance measurement factors such as FOM 
and PSNR are employed. Ultimately, the statistical values, including comparative 
research, are provided to reveal the efficacy of the Norm entropy-based image edge 


detection scheme introduced in this work. 


— 
ot 
wa 


Additionally, the aforementioned method has been compared to some of the methods 
found in the literature via Sobel [7], Tian [13], Chan [16], and Wu [18}. As a result, 
these process activities demonstrated the reliability of the industry and the systematic 


superiority of the proposed method. 


The scheme of the research paper is arranged below. Section [2] gathers the theoretical back- 
ground of NS, which consists of some subsections such as Basics of neutrosophy, Preprocessing, 
Neutrosophic image fusion, and Neutrosophic edge detection. Section |3] presents the perfor- 
mance measurement factors. Section |4| describes the statistical findings of the present work 
in terms of NS-based edge detection of different images. Lastly, numerous closing quotes are 


briefly showed in the final section. 


2. Theoretical Background 
2.1. Basics of Neutrosophy 


Smarandache firstly initiated the new idea of neutrosophy motivated by the aspect of 
philosophical precedence, which simultaneously separates each concept from a certain degree 
of truth, falsity, and indeterminacy. Since, neutrosophy has laid solid foundations for new 
mathematical theories such as NS, neutrosophic probability, neutrosophic logic, and neutro- 
sophic statistics. In this, each statement is evaluated as belonging to the amount of true subset 
T, false subset F’, and indeterminant subset J, respectively. The NS holds some sets like the 
dialetheist set, paraconsistent set, fuzzy set, tautological set, and intuitionistic fuzzy set. Ina 


multidisciplinary way, NS has solved many problems. Further, neutrosophic logic delivers the 
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structure of neutrosophic connectives such as conjunction, negation, and disjunction. Further- 
more, the neutrosophic images are mathematically formulated and it is being shown in the 
upcoming part of the research article. 

Moreover, MR brain changes can be noticed in terms of gray matter, white matter, and 
cerebrospinal fluid. The before-mentioned changes are extremely imprecise and cannot be 
exactly specified at the idea of probability computation. Since NS theory can be recognized as 
a suitable approach. This explains some of the ambiguities and these ambiguities correlated 
with the MR images can be represented with three distinct membership degrees. In this, MR 
brain image is split into three subsets respectively, 7, F’, and J in the NS domain. The subset 
T specifies the image object, the subset F’ describes the image background and the subset J 
refers to the image edge. Figure. {1} exhibits the flow diagram of the NS-based image edge 
detection process. In Figure. }1| the test image can be initially transferred to grey scale form, 
then the gray image is processed (removing disturbances) by employing a median filter. As a 
result, the filtered image is changed into the NS domain (partitioned into T, F’, and I subsets). 
Later, NS-based entropy is implemented on these subsets to create a new image. Moreover, the 
gained image is decomposed into the blocks and applies the fusion rule to form a neutrosophic 
fused image. Then the obtained image is processed by edge detection. In the flow chart [I] the 
object having the edges is gained at the final stage. 


2.2. Preprocessing 


The initial image (original) changes to a grayscale domain by using direct Matlab code and 
then it is drained by applying a median filter (MF). MF is a noise removal approach that helps 
to eliminate the disturbances in the image and gives exclusive results in the image segmentation 
process. This offers a superior noiseless edge detected image during the segmentation process. 
Additionally, it protects the features of the edges in the image. More number of filters were 
available in the literature but this study preferred MF, because of the simplest one and it 


yields good results in our edge detection mechanism. 


2.3. Neutrosophic image fusion 


To employ NS design for image processing, the image must be converted to a neutrosophic 
field. Particularly, we expand an NS-based image processing system that selects three degrees 
via., one for the 7’ and the others F' and J. They are degrees of truth, false and indeterminate 
subsets respectively. In consequence, a test image (TI) whose length is specified by the symbol 
‘’and the width is symbolized by ‘w’. Each image element TI(/,w) in the image is reset by 
a neutrosophic field design (21), and that can be visualized by the following format: Tlyg = 
{T(l,w), F(l, w),[(1,w)} or Tlys = TI(t, f,i), where the image element t indicates the true 
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FIGURE 1. Flowchart of the proposed mechanism 


Premalatha Rathnasabapathy and Dhanalakshmi Palanisami, An Innovative Neutrosophic Combinatorial 
Approach Towards the Fusion and Edge Detection of MR Brain Medical Images 


Neutrosophic Sets and Systems, Vol. 50, 2022 571 


subset, f mentions the false subset and 7 refers the indeterminate subset. Here, t differs in 
the white pixel set 7’, f varies in the black pixel set F’ and i fluctuate in the noise pixel set J. 


These are described as follows: 


F(l,w) =1-T(l,w) (2) 
I(l,w) = /T(l,w)? + F(l, w)? (3) 


In equ (1). the notations Gmaz, Gmin, respectively depicts the maximum and minimum val- 
ues of the image (TI) also the symbol G(1, w) indicates the (1, w)* gray level of the test image. 
Then, each image element (1, w) belongs to the image (TI), which can then be defined as NS us- 
ing the aforementioned equation. For this depiction, the maximum and minimum values from 
the gray level G in the image (TI) are applied, and they can be derived from Gin and Gmaz- 
The main benefit of those received formulas is that they can control truth, false, and indeter- 
minate subsets between the ranges 0 and 1. Combining the previously obtained neutrosophic 
components (7, F', and I) can provide complete information about inherited uncertainty at 
the problem space. Now, the entropy can be applied to compute an inherited ambiguity in 
indefinite circumstances. If such ambiguities are reported using NS, their estimation is also 
achievable from entropy. The neutrosophic entropy information (NEI) function is used for 
this specific purpose, which can determine the values of each Neutrosophic Information (NI) 
entropy and it is illustrated as follows. 

The function ENT(NI) : ENT(NI) — [0,1] is known as NEI of an NI, it can be signified by 
the following design 


1 
ENT(NI) = 1-3 S> (T(l,w) + F(l,w) + T(l,w)) x By EBs (4) 
lwEeG 
Where, E, = |T(l,w) — T°(l,w)|, Bo = |FU,w) — F°(l,w)|, Bs = |T(l,w) — T°, w)|, TS = 
Fil,w), F°=T(l,w) and I° =1-—I(l,w). 


2.3.1. NS-based image fusion algorithm 
The image fusion algorithm is drawn by the notion of NS (2), which is augmented by the 
upcoming steps. 


(1) The representation of two test images given by TI, and Tl. These test images have 
L levels of grayness and G(l, w) is the intensity of the image element at the particular 


position (1, w), where the (J, w) varies from 0 to 255. The test images can be written 
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in the following matrix design. 


G(1,1) G(1,2) --. G(,w) 
Tl, = ca — 7 — (5) 
G(l,1) G(l,2) - G(l,w) 


Here, ‘/' and ‘w’ signifies the length and width of the test image TI, and VG(1, w) € TI. 


This formation is same for test image Tl. 

(2) At first, each image element (VG(l,w)) of the test images characterized individually 
in NI format (this contains true, false and indeterminate degrees) that can be mathe- 
matically encoded as NI(J, w), which is defined by the following matrix form. 


(T(1,1),F(,1),7(1,1)) (70,2), FM, 2),7(1,2)) --- (Tw), FG, w), 21, w)) 
(T(2,1), F(2,1),2(2,1)) (7(2, 2), F(2,2),1(2,2))  ---  (T(2,w), F(2, w), 1(2, w)) 
TI(NI) = ; 
(T(1,1), Fl 1), 1, 1)) (T(1,2), F(1,2), 1(1,2)) tee (TUL, w), F(t w), I(l, w)) 
(OR) (6) 
NI(1,1) NI(1,2) --- NI(1,w) 
NI(2,1) NI(2,2) --- NI(2,w) 
1(NI) 
NI(J,1) NI(i,2) +»: NI(l,w) 
(3) Thereafter, each NI(J,w)*” values of test pele TI, and Tig are assessed by the fun- 


damental concept of NEI function in equ and it is generally notified by the symbol 


is ENT(NI(/, w)), then their matrix representation is given in the upcoming equation 


ENT(NI(1,1)) ENT(NI(1,2)) --- ENT(NI(1, w)) 
vita eye) anne) . SUN) a 
ENT(NI(/,1)) ENT(NI(1,2)) --- ENT(NI(I,w)) 


(4) The entropy values in the above matrix ENT(NI(J, w)) for the test images Tl, and TI, 


are decomposed into p x q blocks. In general, the m*” blocks of decomposed images 
are specified by the variables TIy sim and Tlysam respectively. 
(5) Evaluate the sum of amount of whiteness and blackness of the two associated blocks. 
(6) Each block is combined with each other with the help of the following fusion rule 


min{Tlysim(J, w), Tlysem(l,w)}, if count(blackness);count(whiteness) 


Tlysm(l, w) = max{TI ygim(l, w), Tlysem(l,w)}, if count(blackness)jcount (whiteness) (8) 


TI l TI I : 
N Sim ( sa NS2m ( oma) otherwise 


Here, max & min in equ indicate the maximum and minimum actions on the NS 


domain images respectively. 
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(7) The gained blocks are re-modeled to an image, then attain a fused neutrosophic image 
without ambiguities. 
(8) In the previous step, the neutrosophic image was discovered, and then the image was 


regenerated to the crisp format (Ipusea), by applying the reverse function of Equ (ip. 


2.4. Neutrosophic Edge detection 
2.4.1. The procedure for finding T and F' subsets 


By introducing the design of bell-shaped function (BS-function), which acts as a suitable 
and a virtual soft computer tool for addressing the brightness level of the gray image, hence 
studies of BS-function are growing rapidly in many realistic areas (27. Here, the BS-function is 
employed to fused image (Ipusea), as a result of T subset is found out. According to the design 


of BS-function, the mathematical formulation of neutrosophic T subset is explored below. 


0 if 0 < Piuueals w) < by 


I use lw —b 2, 
SaaS if by < Puscd ii) < bg 


T (1, w) _ T( Fused(!, w), 61, bo, bs, ba) l= Cpa) if i) = Fused ty W) < bs (9) 


I Use —b 2 : 
Beit ty if bs < Fusea(l, w) < ba 


0 if Pused by W) > b4 


Fil,w) =1-Til,w) (10) 


Where Ipyseq(l, w) denotes the grayness of (1, w)” pixel of the fused image Ipyseq. The input 
parameters 61, bo, b3 and by, of the BS-function computes the shape of the function. The action 
of the BS-function is shown in Algorithm 1. 

Obtaining 6,, b2, b3 and b4 Parameters: The parameters b,, b2, b3 and b4 are to be 


computed by employing a histogram based method as explored below: 


(1) Compute the histogram of the (Irusea) fused image. 
(2) Obtain local maxima of the histogram 


TruseadMax(g1), Trusedmax(ga), Iruseamax(g3), see) TrusedmMax(gn). 


(3) Obtain the mean of local maxima 


N 
I rusedmax = (= Tr wwatnax() /N 


i=l 


(4) Evaluate (peak values jl p,,eqgmax) then 
bg + First peak value 


b3 «+ Last peak value 
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Algorithm 1 BS-Function Algorithm 
1: if 0< Tivugadlt, w) < 6; then 


2: T(l, w) + 0 


3: else if bj < Trusea(t, w) < bo then 


5 (I Use (l,w)—b ip 
4: Ti; w) < Gata tn 


5: else if bo < Trish. te) < bs then 


I use lw —b ) 
6: T(l,w) <1 Gp ie 


7: else if 63 < Ipusea(l,w) < b4 then 


- (I use (lw)—6 ie 
8 T(1,w) — Gs \Ginbs) 


9: else if Ipusea(l,w) > b4 then 
10: T(l,w) <0 


11: end if 
12: end if 


(5) Find out the standard deviation (std) of the fused image 
1/2 


N _ = N 
std = € 24 (lrusea(?) = 1?) 5 where If = n 24 Trusea(?) 
(6) Obtaining the values of b; and by are given below 

by — bo — std 


ba + b3 + std. 


2.4.2. The procedure for finding I subset 


The neutrosophic subset J was determined by utilizing Zhang et al. method. One of 
the significant research domains is Homogeneity (homo) because it plays a vital role in edge 
detection schemes, and it is correlated with local information. In some situations like back- 
ground transitions, color transitions, and edge regions, this domain (homo) value is increased. 
Algorithm 2 refers to the process for determining the J subset. The homo consists of two 
main parts such as standard deviation (std.div) and the discontinuity (dis) of the gray level 
pixels. The std.div is one of the most effective methods for representing the contrast level of 
the pixels, whereas the changes in the gray pixels are symbolized in dis. The std.div and dis 


are enumerated at beginning of algorithm 2. The edge values are illustrated by utilizing the 
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dis of the pixel (J, w). The Sobel operator is a frequently used system to provide dis of a pixel 


in the image due to its appropriateness. 


Algorithm 2 The process of obtaining the I subset 


1: Determine the each coordinate pixel (1, wh std.div of the Ipyseq image is given by 


I14+(D-1)/2. w+(D-1)/2 
I+(D-1)/2  w+(D-1)/2 Irusea(l,w) 
I l p=l—(D—1)/2 q=w—(D-—-1)/2 
2 Fused(I, w) D2 
p=l—(D—1)/2 q=w—(D-1)/2 


std.div(l,w) = 


D2 
(11) 


2: Illustrate every pixel coordinate (1,w)” dis of the Ipyseq image by applying the Sobel 


dis(l,w) = \/G2+G? (12) 


where, G, and G, indicates the vertical and horizontal derivatives. 


operator, which is given below 


3: Find out the homo(I, w) of each pixel coordinate (J, w) of the Ipuseq and it is represented 


as 
std.div(l, w) dis(l, w) 
h l = 1 13 
omnes max(std.div) maz(dis) (13) 
4: Compute the indeterminant subset I(1,w) of the Iryseq image and it is defined by 
I(l,w) = 1 —homo(l, w) (14) 


2.4.3. Finding binarized T, F and I Subsets 


The computed subsets T, F, and I (previous step) are in the grayscale domain, hence 
the subsets are transformed into a binarized form (Black and White image) by employing 
the threshold values. The thresholds are an important and main kind of tool in segmentation 
schemes and they perform automatically and spontaneously in image processing. The threshold 
values are directly determined by the following entropies. 

Implemented entropy types: 

In our segmentation process, some specific entropies are considered to estimate the threshold 
value within the subsets 7, F’, and J. Then, the edge detection assessment is tested in terms 
of selected entropies. The implemented entropies are namely Norm, Threshold, Sure, and 


Shannon. The mathematical design of these entropies is displayed in the upcoming points. 


LW 
(1) Norm Entropy= p4y7 / DY |T(l,w)|?, where 1 <p <2 
=lw=1 
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1 & Ww JThres(l,w) =1 if |T(,w)| > 
(2) Threshold Entropy=zyqy7 >) o , where € is a pos- 
l=1w=1 | Thres(l,w) = 0 if |T (1, w)| < 


itive threshold value. 


1 & Ww | Sure(l,w) = min(T?(1,w),€?), if |T,w)| <e 
(3) Sure Entropy=;yy7 >) 
i 


, where 
w=1 


1 Sure(l,w) = 0, otherwise 
€ is a positive threshold value. 


LW 
(4) Shannon Entropy= i S> >> T? (1, w).log2(T? (1, w)) 
l 


The same points are repeated in the remaining subsets F’ and I to get all threshold values 
of the subsets T, F’, and J. The variables Object, Edge and Background are received in this 
step. The process of these variables is depicted in Algorithm 3. In this segmentation analysis, 
the respective parameters T;, Fy, and J; are implemented for Object, Edge and Background 
variables to be acquired. The threshold values of the parameters T;, Fy and J; are determined 
with the help of neutrosophic subsets (7, F', [) and before mentioned four entropies. Sub- 
sequently, the Iryseq image is divided into three sub-images namely Object, Background and 
Edge by using the calculated thresholds. The achieved sub-images are combined with each 
other to get a new Ipinary image, which returns the 0 (Black), 1 (White) values from the 


image. 


2.4.4. Edge detection process 


Edge detection is accomplished by using the images Ipyseq and Ipinary. The scheme of edge 
detection is expressed in Algorithm 4. Morphological operations were achieved on the image 
IBinary then the edge of the image is acquired. Further, the obtained edges are reassigned to 
the variable Ipage. Ultimately, to earn a new edge detected image Igp, the Igage is exaggerated 


in the fused image, and its edges are detected. 


3. Performance measurement factors 


In this research, performance measurement factors such as Figure of Merit (FOM), Peak 
Signal to Noise Ration (PSNR) were taken into account, which was applied to find the success 
of the edge detection method. The FOM is computed using the given form 


1 — tf 
FOM = 1 
s max(Ngp, Nea) > 1+dm?(i) (15) 


Here, the symbols Ngp and Ng, denote the number of detected edge pixels by the edge detec- 
tion method and actual edge pixels. The notations m(i) and d respectively denote the closest 
distance to the actual edge and scaling constant. The FOM value is directly proportional to 
the quality of the discovered edges. Although the FOM result fluctuates between 0 and 1, the 


efficiency of edge detection is much better if the above value meets 1. 
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Algorithm 3 Edge detection process 


1: If (T(l,w) > T AND I(1,w)jli) 

2 Object(l, w) < true 

3: else 

4 Object(l, w) < false 

5: end 

6: If (T(l,w) ; T, OR F(l,w)jFs) AND I(l,w) > I) 
7 Edge(l,w) < true 

8: else 

9 Edge(l,w) < false 

10: end 

u: If (F(l,w) > Fy AND I(1,w)jJ) 

12: Background(l, w) < true 

13: else 

14: Background(l,w) < false 

15: end 

16: If (Object(l,w) OR Edge(l,w) OR Background(l, w))=true 


17: IBinary(l, w) < true 


18: else 
19: IBinary(l, w) + false 
20: end 


Algorithm 4 Edge detection algorithm 


1: Ipitation <- Image dilation activation Ipinary 

2: Ip < Fills the internal gaps on the (Ipitation) image 

3: Ictear <— Extract the connected objects on the (Ip) image 
4: Igreteton <- Identify the skeleton image (Icjcar) 

5: Igdge <- Determines the complement of the (Igzeteton) image 
6: Igp < Fused image (Ipysea) 

7: [Length Width] + Computes the (Igage) image size 

8: for =1:Length 

9: for w=1:Width 

10: if Igdge(l, w) + 0 

11: Igp(l,w,1) < 255 

13: Igp(l,w,2) — 0 

ies Izp(l,w,3) — 0 

14: end 

15: end 

16: end 
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On the other hand, PSNR [45], which was recommended by the author Pratt, is a remarkable 
factor in evaluating the effectiveness of edge detection. Equ. is the formula used to do 
the PSNR analysis. PSNR is determined using the formula below. 


PSNR = 10.logio | = = | (16) 
[hr 3 (Neal) — Nev(iw)) 


=lw=1 


ial 


where L, W specifies the dimensions of the image. Nga(l,w) and Ngp(l,w) indicates the 
(1,w)*” image element of the actual edges and the detected image edges obtained by using 
proposed technique. The largest value of PSNR specifies the high similarity between actual 
and detected image edges. If the PSNR reaches its minimum, then the similarity will be 


reduced. 


4. Experimental results 


In this section, different test images of MR. brain were considered for our experiment and 
are aligned in the proper manner as displayed in Figure. The MR brain medical images 
were gathered from the link address http: //www.med.harvard.edu/AANLIB/home . html| The 
medical images of MR brain (Figure. |2} (A) and [2| (B)) are provided for the purpose of fusion 
by the proposed fusion technique, and then the fused image result is given in the Figure. 
(A). The another MR brain images (Figure |2) (C) and |2](D)) are utilized for the proposed 
fusion technique and their fused result is presented in the Figure. |3|(B). Similarly, the fusion 
results of remaining MR brain medical images (Figure |2| (E) - (F), Figure |2| (G) - (H) and 
Figure [2| (1) - (J)) from the proposed NS-technique were shown in Figure. |3] (C) - [3] (E). 


FIGURE 2. Test images of medical MR brain 
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FIGURE 4. Edge detection of fused image aka) using different entropies 


4.1. Entropy performance test 


To examine the achievement of edge detection for the Norm entropy used in the proposed 
method, which was compared with some other entropies in NS-based edge detection methods 
including Threshold, Sure, and Shannon. During this manner, five fused images that are tough 


to find on the edge are applied. In the initial method analysis, the first fused image of MR 
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FIGURE 5. Edge detection of fused image '3{B) using different entropies 


TABLE 1. The edge detection results for fused images by using FOM 


and PSNR analysis. 


Fused Norm entropy 


Threshold entropy Sure entropy 


Shannon entropy 


Images FOM PSNR FOM ~ PSNR FOM PSNR FOM ~ PSNR 
Image-l1 0.93 33.01 0.86 29.79 0.83 28.94 0.90 31.16 
Image-2 0.96 34.20 0.92 32.30 0.90 31.48 0.95 33.40 
Image-3 0.91 31.65 0.85 29.48 0.83 28.70 0.83 30.36 
Image-4 0.95 33.88 0.91 31.06 0.88 30.52 0.93 32.50 
Image-5 0.88 30.85 0.82 28.95 0.80 27.61 0.85 29.99 


brain (Figure. |3|(A)) is utilized, which is then converted by a neutrosophic field in terms of 


three subsets by applying the BS-function and Sobel operator. Then, the subset thresholds of 


fused MR brain image are calculated by implementing the above four entropies. Further, the 


subsets are to be generated in the binary form with the help of obtained thresholds for each 
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TABLE 2. Statistical effects about edge detection results. 


Norm entropy Threshold entropy Sure entropy Shannon entropy 


FOM PSNR FOM — PSNR FOM PSNR FOM — PSNR 
Minimum 0.88 30.85 0.82 28.95 0.80 27.61 0.85 29.99 
Average 0.93 32.72 0.87 30.32 0.85 29.45 0.89 31.48 
Maximum 0.96 34.20 0.92 32.30 0.90 31.48 0.95 33.40 


Norm 
Results 


Threshold 
Results 


Sure 
Results 


Shannon 
Results 


FIGURE 6. Edge detection of fused image a{c) using different entropies 


entropy. By using algorithm 3, the binarised subsets of each entropies were combined with 
each other in order to obtain Ipinary images, which are presented in the first column of Figure. 
Furthermore, the morphological operations are executed in the obtained Ipinary images, 
and the detected results are also shown in the last column of the Figure. In addition, the 
performance measurement factors such as FOM, and PSNR were analyzed for the edge detected 
images at different entropies to confirm edge detection performance. The statistical values of 


the performance measurement factors with different entropies of the proposed mechanism are 
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TABLE 3. The edge detection results for fused images by using FOM 
and PSNR analysis. 


Fused Sobel Method Tian Method Chan Method Wu Method Proposed Method 
Images FOM PSNR FOM PSNR FOM PSNR FOM PSNR’ FOM _ PSNR 
Image-l1 0.89 31.41 0.90 32.29 0.92 32.45 0.93 33.50 0.95 33.88 
Image-2 0.90 31.47 0.91 31.94 0.92 32.01 0.94 32.95 0.96 33.58 
Image-3 0.89 30.89 0.91 31.87 0.94 33.12 0.95 33.80 0.96 34.20 
Image-4 0.81 25.35 0.83 28.70 0.85 28.24 0.86 31.71 0.89 32.66 
Image-5 0.86 30.11 0.87 30.43 0.88 30.88 0.91 31.36 0.93 32.92 
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FIGURE 7. Edge detection of fused image [s{D) using different entropies 


displayed in Tables }1| - From the Tables. }|1] and |2|, the high-performance entropy of the 
proposed edge detection mechanism is highlighted in bold characters and the tabulated values 


are plotted in Figures. (a)- (b). At last, Table. |1) and Figure. shows that the 
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proposed Norm entropy in the edge detection mechanism gives the significant performance 


with reference to other entropies. 


TABLE 4. Statistical effects about edge detection results. 


Sobel Method Tian Method Chan Method Wu Method Proposed Method 
FOM PSNR FOM PSNR FOM PSNR  FOM PSNR’ FOM _ PSNR 
Minimum 0.81 25.35 0.83 28.70 0.85 29.24 0.86 31.36 0.89 32.66 
Average 0.87 29.85 0.88 31.05 0.90 31.34 0.92 32.67 0.94 33.45 
Maximum 0.90 31.47 0.91 31.94 0.94 33.12 0.95 33.80 0.96 34.20 
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FIGURE 8. Edge detection of fused image is{E) using different entropies 


Subsequently, the second fused image of the MR brain (Figure. |3](B)) is considered for 
the edge detection process. Firstly, the taken image is transferred to the domain of NS and 
it includes the terms of three subsets. Subsets can be calculated using the BS function and 


the Sobel operator. Each subset threshold value is determined by the concept of the different 
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Sobel Method ia Tian Methda [13] Chan Method [[16]) | Wu Method [/L8] | Proposed Method 


FIGURE 9. Edge detection results for different methods 


entropies. Using each entropy threshold value, three subsets are generated by the form of 
binary images and the resulting images are combined by using algorithm 3 and it produces the 
new image called as I Binary. Each entropy of the Ipinary images is exhibited in the first column 
of the Figure. Moreover, the computed Ipinary images are processed by the morphological 
operations, and the gained images are shown in the last column of the Figure. Images 
detected in distinct entropy are intended to confirm the effectiveness of the proposed edge 
detection by the measurement factors and the statistical values of the measurement factors 
that are presented in Tables. {1} - The table values (Table [1] ) of FOM and PSNR are 
plotted, which are given in Figure. |10|(a) - (b). Finally, the Figures[10] (a) and [10] (b) provide 
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the result as a Norm entropy with the proposed approach offers higher accuracy than other 


existing entropy because it offers higher FOM and PSNR values. 


= Norm entropy 


= Threshold entropy 


= Sure entropy 
= Shannon entropy 
3 


4 


FUSED IMAGES 


(a) 


= Norm entropy 
© Threshold entropy 


= Sure entropy 


= Shannon entropy 


3 


: a 
FUSED IMAGES 


(b) 


FIGURE 10. Geometric representation of FOM and PSNR analysis for 


various entropies. 


In this continuation, 4 distinct entropies and remaining medical MR brain images are con- 
sidered for the analysis. The complete information of the previously mentioned test process is 
employed in the considered images, which are presented in Figure. |2|(E) -[2] (J). At this end, 5 
edge detected images were found utilizing the proposed mechanism and these images are given 
in Figures. (6]-[8] In consequence, the statistical values of the measurement factors in the edge 
detected images are gained under the proposed edge detection mechanism with 5 MR brain 
fused images and 4 individual entropies, which are displayed in the aforementioned Tables 
and In Tables |1|- |2| the Norm entropy produces maximum values in the measurement 
factors FOM and PSNR values whereas Sure entropy has the minimal FOM and PSNR values. 
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FIGURE 11. Geometric representation of FOM and PSNR analysis for 
different methods. 


Then, the tabulated results (Table[1) of the remaining resultant images are also made available 
in the Figures. (a) - (b). Thus with the acquired results, it is evidenced that the norm 
entropy provides constructive performance. While Sure entropy reveals contrast results which 
have been evidenced in Figure. [10] and Tables. [1] - Hence our study implicates the efficacy 


of norm entropy as a sustainable tool in the edge detection process of MR. brain images. 


4.2. Comparative applications of the proposed and different object edge detection 


methods 


Norm entropy with the proposed method was compared to other existing methods which 
includes Sobel [7], Tian [13], Chan and Wu to assess the proposed edge detection 


performance. In the aforementioned methods, the edges are seen to be thicker. As a result, 
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the final image was subjected to morphological operations. To examine the edge detection 
efficiency, five fused images utilized in entropy analysis were applied, while the five edge de- 
tection methods mentioned earlier were employed to these same images. Further, the fused 
image edges are depicted in Figure |9} The proposed Norm entropy, as shown in Figure. [9 was 
discovered to be the most effective edge detection method. The performance measurement 
factors such as FOM and PSNR were executed to compare the real performance of detected 
edges of the mentioned fused images. Table |3} also includes FOM and PSNR factor data, 
which are plotted in Figures. (a) - (b), respectively. The proposed method’s FOM and 
PSNR factor values are superior to those acquired by the other four edge detection methods. 
Moreover, statistical analysis of the FOM and PSNR outcomes earned by the five edge detec- 
tion methods was performed, and these outcomes are given in Table Also, in Table {4} it 
can be observed that the minimum, arithmetic average, and maximum values related to the 
FOM and PSNR effects achieved in the suggested method are larger than the other method. 
Those effects intimate that this proposed method offers edge detection through a greater level 
compared via distinct methods. 

For the presented Table |2| the average values of the Norm entropy of FOM and PSNR 
are 0.93 and 32.72, respectively. For these values are larger compared to the different other 
entropies that can be recommended that the Norm entropy under NS improves the edge 
detection efficacy. Similarly, in Table |4] given, the average values based on the proposed 
method of FOM and PSNR are 0.94 and 33.45 respectively. These results are extremely high 
when compared to the other methods. The most important finding from the experiment is 
that the suggested method significantly outperforms other methods in detecting the object’s 


edges because these effects are significantly larger when compared to other methods. 


5. Conclusion 


In this report, a new edge detection mechanism based on the category of the NS scheme has 
been nominated. This was achieved by the frame of image fusion with edge detection. This 
mechanism is capable to handle the uncertainties and indeterminant situations of the images. 
First, the proposed image fusion has been found with the help of NS structure and fusion 
rules. As a result, images are reproduced by the NS framework using the BS function and the 
Sobel operator. The resultant images contain three subsets and their values of the threshold 
are found using distinct entropies. Afterward, the computed thresholds and the subsets are 
integrated and it produces a new binarised image. Morphological operations are accomplished 
in the binarised image then the edges of the image are acquired. The same process acts 
on each entropy and it presents several detected edges. The efficacy of this mechanism is 
well established through the measurement factors. The given edge detection scheme is also 
appropriately implemented when a norm entropy appears. Further, the proposed method 
based on norm entropy was compared with other methods including Sobel, Chan, Tian, and 


Wu. According to the statistical results of performance measurement factors such as FOM 
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and PSNR, the mentioned factor values of the proposed method are greater compared to the 
other existing four methods, which illustrate the superiority of the proposed mechanism. 
In future research, the neutrosophic set and its extensions will be further applied in medical 


image processing such as image denoising, segmentation, etc. 
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Abstract. The eigen problem of a Circulant Fuzzy Neutrosophic Soft Matrix (CFNSM) in max-min Fuzzy 
Neutrosophic Soft Algebra (FNSA) is analyzed. By describing all possible types of Fuzzy Neutrosophic Soft 
Eigenvectors (FNSEvs), eigen space structures of CFNSM is characterized. 


Keywords: Fuzzy Neutrosophic Soft Set (FNSS), Fuzzy Neutrosophic Soft Matrices(FNSMs), Circulant Fuzzy 
Neutrosophic Soft Matrix (CFNSM), Fuzzy Neutrosophic Soft Eigenvectors (FNSEvs). 


1. Introduction 


In real world, we face so many uncertainties in all walks of life. However most of the existing 
mathematical tools for formal modeling, reasoning and computing are crisp and precise in 
character. There are theories viz,theory of probability, evidence, fuzzy set [31], intuitionistic 
fuzzy set [3], neutrosophic set , vague set, interval mathematics, rough set for dealing with 
uncertainties. These theories have their own difficulties as pointed out by Molodtsov [21]. 
In 1999, Molodtsov initiated a novel concept of soft set theory, which is completely a 
new approach for modeling vagueness and uncertainties. Soft set theory has a rich potential 
for application in solving practical problems in economics, social science, medical science etc.. 
Later on Maji et al. have proposed the theory of fuzzy soft set. Maji et al. extended 
soft sets to intuitionistic fuzzy soft sets and neutrosophic soft sets. 

Eigenvectors of a max-min matrix characterize stable state of the corresponding discrete- 
events system. Investigation of the max-min eigenvectors of a given matrix is therefore of 
a great practical importance. The eigenproblem in max-min algebra has been studied by 
many authors. Interesting results were found in describing the structure of the eigenspace, 
and algorithms for computing the maximal eigenvector of a given matrix were sugested, see 
e.g. (5){6)/23)[24)/311/32]. The structure of the eigenspace as a union of intervals of increasing 
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eigenvectors is described in [7]. 

Fuzzy matrices defined first time by Thomason in 1977 and he discussed about the 
convergence of the powers of a fuzzy matrix. The theory of fuzzy matrices were developed by 
Kim and Roush as an extension of Boolean matrices. Manoj Bora e¢ al. have applied 
intuitionistic fuzzy soft matrices in the medical diagnosis problem. Arockiarani and Sumathi 
[1\/2] introduced Fuzzy Neutrosophic Soft Matrix (FNSM) and used them in decision making 
problems. Broumi et al. [4| proposed the concept of generalized interval neutrosophic soft set 
and studied their operations. Also, they presented an application of it in decision making 
problem. First time Kavitha et al. introduced the concept of unique solvability 
of max-min operation through FNSM equation Ax = b and explained strong regularity of 
FNSMs over fuzzy neutrosophic soft algebra and computing the greatest X-eigenvector of fuzzy 
neutrosophic soft matrix. They also introduced the power of FNSM and Periodicity of Interval 
Fuzzy Neutrosophic Soft Matrices. Murugadas et al. proposed the ideas of the Monotone 
interval fuzzy neutrosophic soft eigenproblem and Solveability of System of Netrosophic Soft 
Linear Equations in [17]. In [30], Uma et. al, introduced the concept of FNSMs of Type-1 and 
Type-2. 

By max-min FNSA we understand a triplet (NV, @,®), where NV is a linearly ordered FNSS, 
and @ = max, ® = min are binary operations on NV. The notation N(nn),N(n) denotes the 
set of all Fuzzy Neutrosophic Soft Square Matrices( FNSSMs) (all FNSVs) of given dimension 
n over N. Operations @,® are extended to FNSMs and FNSVs in formal way. 

The eigenproblem for a given FNSM A &€ Nass in max-min FNSA consists of finding a 
FNSV (27, 2',2") € Nn) (FNSEv) such that the equation 
A® (a7, 2!, 2") = (a7, 2’, x") holds true. By the eigenspace of a given FNSM we mean the 
set of all its FNSEvs. 

In this paper the eigenspace structure for a special case of so-called CFNSMs is studied. The 
paper presents a detailed description of all possible types of FNSEvs of any given CFNSM. 


2. Preliminaries 


In this section, some basic notions related to this topics are recalled. 


Definition 2.1. A neutrosophic set A on the universe of discourse X is defined as 
A={(a, Ta(x), I4(x), Fa(x)),2 € X}, where T,I,F : X — ]~0,1*[ and 
0 < Ta(x) + I4(x) + Fa(x) < 37. (1)] 


From philosophical point of view the NS set takes the value from real standard or non- 
standard subsets of }~0,1*[. But in real life application especially in Scientific and Engineer- 
ing problems it is difficult to use NS with value from real standard or non-standard subset 


of }~0,1*[. Hence we consider the NS which takes the value from the subset of [0, 1]. Therefore 
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we can rewrite equation (1) as 0 < Ty(x) + I4(x) + F(x) < 3. In short an element a in the 


F at ar) 


NS A, can be written as @ = (a”,a!,a*), where a’ denotes degree of truth, a! denotes degree 


of indeterminacy, a” denotes degree of falsity such that 0 < a? +a! +a’ <3. 


Definition 2.2. A NS A on the universe of discourse X is defined as A = 
{x, (Ta(x), La(xz), Fa(x)), 2 € X}, where T,J,F : X > [0,1] and 0 < Ta(z)+J4(x)+Fa(az) < 
3. 


Definition 2.3. Let U be the initial universe set and E be a set of parameter. Consider 
a non-empty set A, A C FE. Let P(U) denotes the set of all NSs of U. The collection (F, A) is 
termed to be the NSS over U, where F' is a mapping given by F': A— P(U). Here after we 
simply consider A as NSS over U instead of (F, A). 


Definition 2.4. Let U = {c1, C2, ...,;Cm} be the universal set and E be the set of parame- 
ters given by E = {e1, €2,...,e€m}. Let A C E. A pair (F, A) be a NSS over U. Then the subset 
of U x EF is defined by R4 = {(u,e); e€ A, u € Fa(e)} 

which is called a relation form of (F'4, EF). The membership function, indeterminacy member- 
ship function and non membership function are written by 

Tr,: Ux E —- (0,1), Ir, : U x E > [0,1] and Fr, : U x E > [0,1] where Tr, (u,e) € 
[0,1], Ir, (u,e) € [0,1] and Fr, (u,e) € [0,1] are the membership value, indeterminacy value 
and non membership value respectively of u € U for each e € E. 

VE [Ciay;. tags £9) | = Zig as eg)» Fag es 23) 5 Fiz (eG, e7)| we define a matrix 


iy diay Pa) oe = Dies Ties Fie) 
(To1, In1, Foi) +++ (Ton, Ton, Fon) 
[hay dij, Fu meen = | . : “ . | : 
fear Imi, Fai} ieee Tas Lis Finn) | 


Which is called an m x n FNSM of the NSS (F'4, E) over U. 


Definition 2.5. Let A = ((az;, al, aj.)), i= (0, bi, bi;)) € Nimmn), NSM of 


order m x n) and N(n)-denotes a square NSM of order n. The component wise addition and 


component wise multiplication is defined as 


A®B= (sup{aj,, bi}, sup{aj,, bis}, inf{af,, bi. ) 


A@B = (inf {af bi, ’ inf {al,, bi}, sup{af,, bi-}) 
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Definition 2.6. Let A © Nimmn), B © N(np, the composition of A and B is defined as 


AoB= (Souk bis): So(a ary, \ Dij)s He af, V i) 


k=1 k=1 k=1 


equivalently we can write the same as 


-(vi ah nil) lol 04) tekvot), 


k=1 k=1 k=1 
The product Ao B is defined if and only if the number of columns of A is same as the number 
of rows of B. Then A and B are said to be conformable for multiplication. We shall use AB 
instead of Ao B. 


Where (a4, A by) means max-min operation and 


n 
F F . . 
Tai V b;;) means min-max operation. 


3. Eigenvectors of CFNSM 


The characterization of the eigenspace structure for a CFNSM is discussed in this section. 


Circulancy of FNSM is analogous to circulancy of classical matrix. Formally, FNSM A € 


Ninn) is circulant if 


(af, ai, af;) = (G5 1 Oi 31 Os 3) whenever i—i =j—j' (mod n). 


Hence, CFNSM A is totally determined by its inputs 


(an ah.@h 1; 004 a4 “oe 


- 
49 49,49 ), (Aq, @4, a7 


., (at_,,a+_,,a*_,) in the first row. (aj ,a4,aé) is the common in 


all diagonal , and similarly each (ar ae ; ar ) is common in a line parallel to the FNSM diago- 
nal, 
f eeeoy eee a J iaore eee T I F _ 
A((ao 749, 49 ys (ay 747, Ay i a (Qn-1)Fp—1s Qn—1)) 7 
(ag a9 a6) (at aj at) (ag a33) +++ (ana Gn—1 Gn—-1) 
(an—1 An—-1 an—1) (ag ao ad ) (at at ay ) ae (an—2 an—2 ay, —2) 
(an. 2 An—2 On. 2) (an 1 Ot G, 1) (ag ag ag ) a (an—3 an—3 an—3) 
(at aj at) (az a3 a3) (ag a3az) ++ (ag ap a9) 


Set N = {1,2,...,n} and No = {0,1,...,.. — 1}. Further for a given CFNSM A = 
A((ad,ab, az), (at ,at,at),..., (at_,,a+_,,a*_,)), a strictly non increasing sequence M(A) = 
(51, S2,...) of the length I(A) by repetition 
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Here s, = Ce si sF), Henceforth s; > sg > ... and I(A) the length of the sequence 


M(A) is the first I satisfying {(a?,a!,a*); i © No} = {s,31 < r < I}. Use the notation 


L(A) = {1,2,...,1(A)}. Denote P, as the set of all positions of the value s, in the first row of 
the FNSM A, for any r € L(A) ice. 


P, = {i € No; (al al, af) = s,} 


eee) 


and we set the highest common factors(HCF) d,., e, as follows 


d, = HCF(P, U{n}), er = HCF (dh, dp,...,dp) = HCF(e,-1, d;). 


Remark 3.1. The indices of FNSM values (a/,a/, a/'), and their placements, are numbers in 


No = {0,1,...,2 —1}, while the row and columns of the FNSM are indexed between 1 and n. 
Thus, for all k € N, the kth row of A will be like this 


Ag = (+5 (Ahk Ths Bhp) (agp 1 Oh, 1 Oh, 1)> (apn a> Uhp os Oh, Bsa) 


and for any position p € P,, we have (Qhksp Chktp: the-+p) = s, (here the column index is 


computed modulo k + p n). 
The next two lemmas are vital in this work. 


Lemma 3.2. Let CFNSM A = A((ad,a$, a4), (at, a/,a¥),..., (at_1,a4_,,a*_,)) be given, 
let ((a7 2! a")) = ((a7 al cf), (22 2b, oF ),..., (22, 21,0%)) be FNSEv of A, let k € N,r € 
L(A) and p € P,(A). If (otal at} < s8,, then (al a) a?) = Carer eee a 
Proof. Assume that (a7, 2/,aF) < ae ee ae Then by Remark [3-1] 

(xp, 2h, 2f) < 8, ® (Lisp Th+-p Tetp) = (Qherp Ueitp» Uee+p) @ (Lipps Zh Lp Thep) s 
Ay @ (a? a! .2*)), 


ie ((a?,2/,2*)) cannot be eigenvector of A, a contradiction. Then (a/,2/,a2f) > 
cae at res ee Repeating like this we get, due to the cyclicity of A, 


Gee.) = (Chap Tk Lp Thetp) 2 (Chop Tip op Tis op) 2s Sere) 


Po oP ee: t F 
hence, (Xj, , 2%}, 2%) = (Lh 4 5 Th4p:Lh4p) must be hold true. 


Lemma 3.3. Let CFNSM A = A((aj,a),aé), (a7, ai, af),..., (az_,,a4_,a%_,)) be given. 
Let ((c7,2’,2")) be FNSEv of A, let k,l € N,r € L(A). If (22,a4,2") < s,, then the 
following result hold 

(i) if k=1 mod d, then @? 2! a) = (2) al 2’), 

(ii)if k = 1 mod e, then (a? a! aF) = (ec? a! a ?). 

Proof. (i) Clearly d, can be expressed as a linear combination of values in P, U {n} with 
non-negative coefficients from number theory. By repeated use of Lemma (i) is obtained. 


(ii) follows directly from the definition of e, and (i). 
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Theorem 3.4. Let CFNSM A = A((aj,ad,aé), (at, at ,at),..., (at_,,a/_4,a*_,)) be given, 
let (x7, a’, a") be FNSEv of A. Then (a7, 21,2’) < s1, holds true for every k € N. 

Proof: By contradiction, that if(a/,zi,af) > s, for some k € N. Then, the inequal- 
ity Coe \ > (a? ,al,a¥) holds for every i € No, by definition of s;, which gives 


BIG 


a re T 1 
(te he.) > (af js Oh 5 Ohy) for every 7 € N. Hence 


(xR, Thy Zh) > & D (aij Mig ay) @ (ay Dj. 0p )) = Ap @ ((2", 27, 2*)), 


ie. (27 al oP) A Ay @ (at. z!,x*)) and, thus, ((x?,2',2")) is not a eigenvector of A. 


Theorem 3.5. Let CFNSM A = A((ad’, ad, ad), (at, at, af),..., (at _1,a4_1,a%_,)) be given, 
such that the diagonal input (aj,a4,aé) is greater than all other inputs of the FNSM. If a 
FNSV ((x7,2/,2"')) € Nn) has inputs fulfilling the inequalities sy < (aj,2j,,a,) < s1 for 
every k € N, then ((27,2!,2")) is FNSEv of A. 
Proof: By definition of P,, the hypothesis of the theorem gives P; = {0} and thus 
Ay ® ((a7, 27, 2")) = B ((ak;, Oks hz) @ (aF, 2}, a7) = 
jEN 
(dfx Ghar he) @ (TE Thee) B BD ((agj, ah; a4%;) @ (a7, x}, 27)). 
jEN\{k} 

Further, we have (a/,,a1,,0%,) @ (2) ,a1,@)) =a; @@) eta) = @) el ee), 


SP) (aps, Obj Oks) @ (27,24, 24’) < @ (so @ (a7, 21, 2*")) = 52, 
JEN\{k} JEN\t{k} 


hence (xf ,2}, 2h) = (Gigs Gus hp) ® (Es BE, BE) S An @ (27, 21,0") < (af, aj, ap) ® 82 = 
(Th Ths WE )- 
for every k € N, ie. A® ((27,27,2")) = ((x7, 21, 2")). 


Remark 3.6. Theorem is a special case of the sufficient part of Theorem [3.8] The asser- 
tions of Lemma B.3]are fulfilled, as in Theorem [3.5] we have P,; = {0} and d, = e; = n, hence, 


the equivalence relation modulo n is the identity relation on No. 


Remark 3.7. If the maximal input of the CFNSM is not unique, or if it is placed on other 
position than the diagonal one, then 0 < e, < n and the equivalence modulo e, differs from 
the identity relation on No. Hence, the inputs of any FNSEv cannot be arbitrary value in the 


interval (s2, 51) but according to Lemma[3.3] some repetitions must occur, see Example [4.2] 


Theorem 3.8. Let CFNSM A = A((ad’,a4, ad), (at, af, a%’),..., (at_1,a4_,,a%_,)) be given. 
A FNSV ((27,2/,2")) € Nin) is FNSEv of A if and only if there is a partition T, on N, such 
that for every class t € T there exist ((a7(t),2/(t),2*(t))) € N and r(t) € L(A), satisfying 
the following conditions 

(i) (a? zi, aP) = (a? (t), 01 (t), 2" (t)) < 51 for every k € t, 

(ii)r(t) = max{r € S(A); z(t) < s,}, 
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(iii) t is an equivalence class in NV modulo e;(t). 

Proof:(=-) The conditions (i)-(iii) follow from Lemma 3.3] and Theorem B.4] 

(<) Let (i)-(iii) be satisfied. If ((x7(t), x(t), 2*(t))) = s1, then according to (ii), r(t) is the 
maximum of the 0, which is the least element in S(A), i.e. r(t) = 1 in this case. 

For arbitrary, but fixed k € N, there ist € JT with k € t and P, 4 @ by definition, hence there 
is p € Pi, and (a a 8); ap) = 51. Therefore, k = k + p mod e,) and by conditions (i), (iii), we 


have 

(xf, xh, tf) aa Ogi Opes @ie) = 81 ®@ CB ig, tag ce) = (Gr pingh yp tap n ais) ® 
(City) Php» Php) S © ((ag;j.4hj, hj) ® (27,04, 24")) = Ay @ (27, a7, 2"). 

To prove the sides consider any 7 € N. If 7 € t, then (xt st) (al al ee), by (Gi). 
Thus, 

De 52 js ME) ® (00) = = Deh ayy) Otel el ot \\< (alot ae). 


If j ¢ t, then j,k # mode,4). Therefore, p = j — k is not a multiple of the HCF e,,7), and so, 


the difference p cannot be expressed as a linear combination with integer coefficients, of the 


values in Pj UP2U...UP,(¢ U{n}, from definition of e,.4). As a result we have Coe an, re) 


for some q > r(t), which implies s, < (x7(t),27(t),2*(t)), by assumption (ii). Therefore 


= Sq 


(ag; Gj 5, Ah, = (Qhk+p» Gres Oke tp) =e (ee: Thus we have 
((apjs Oh 5s hy) @ (ap ara, )) = J((ebgs ags Mg) < (Thre psep 

jEN\t 

Summarizing we get 


(xp, Th, Xp) = Ax ed Ca a a”) = Q((ag;, Ghj> h;) @ @ 27) ® &® ((apjs Gigs hy) ® 
jet jeN\t 

(05 559) )- 

As k € N is arbitrary, we have 


AQ@((a? 21 ,2")) = ((a" a! 2*)). 


4. Examples of FNSEvs 


Examples of FNSEvs of CFNSM are illustrated here. 


Example 4.1. Let n = 6 and let 

A = A((1,1,0), (0.1, 0.1, 0.9), (0.3, 0.2, 0.7), (0.7, 0.6, 0.3), (0.3, 0.2,0.7), (0,0, 1)) be a CFNSM 
generated by inputs on positions (0,1,...,5) in the first row. Then M(A) = (81, 82,...,85) = 
((1, 1,0), (0.7, 0.6, 0.3), (0.3, 0.2, 0.7), (0.1, 0.1, 0.9), (0,0,1)). The maximal input s; = (1, 1,0) 
is on the diagonal, i.e. on position 0 and nowhere else, the second largest input has value 
s2 = (0.7,0.6,0.3). Hence, in view of Theorem {3.5} any FNSV with arbitrary inputs from 
interval [(0.7, 0.6, 0.3), (1, 1,0)], e.g 

(a7, 2! ,2*)) = ((0.9,0.8, 0.1), (0.8, 0.7, 0.2), (0.7, 0.6, 0.3), (0.8, 0.7, 0.2), (0.8, 0.7, 0.2), 
(0.7, 0.6, 0.3))* is an FNSEv of A. 
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foo (0.1,0.1,0.9) (0.3,0.2,0.7) (0.7, 0.6,0.3) (0.3,0.2,0.7) (0,0, 1) 
(0,0, 1) (1,1,0)  (0.1,0.1,0.9) (0.30.20.7) (0.7,0.6,0.3) (0.3, 0.2, 0.7) 
(0.3,0.2,0.7)  (0,0,1) (1,1,0)  (0.1,0.1,0.9) (0.3,0.2,0.7) (0.7, 0.6, 0.3) 
(0.7,0.6,0.3) (0.3,0.2,0.7)  (0,0,1) (1,1,0)  (0.1,0.1,0.9) (0.3, 0.2, 0.7) = 
(0.3,0.2,0.7) (0.7,0.6,0.3) (0.3,0.2,0.7) (0,0, 1) (1, 1,0) a 
(0.1,0.1,0.9) (0.3, 0.2,0.7) (0.7, 0.6,0.3) (0.3,0.2,0.7) (0,0, 1) (1, 1,0) 

(0.9, 0.8, 0.1) (0.9, 0.8, 0.1) 

eee ee 

Cea 7 ec 

(0.8,0.7,0.2)} | (0.8, 0.7, 0.2) | ” 

(0.8, 0.7, 0.2) (0.8, 0.7, 0.2) 

(0.7, 0.6, 0.3) (0.7, 0.6, 0.3) 


Example 4.2. In this example we show further FNSEvs of the FNSM 

A = A((1,1,0), (0.1, 0.1, 0.9), (0.3, 0.2, 0.7), (0.7, 0.6, 0.3), (0.3, 0.2, 0.7), (0,0,1)) from the pre- 
vious example. If an FNSEv should contain inputs not belonging to the interval (s2,s,) = 
((0.7, 0.6, 0.3), (1,1,0)), then in view of Theorem such inputs con not be large then 


s1 = (1,1,0). Hence such inputs must be less than the value sz = (0.7,0.6,0.3) and some 


repetitions must occur, by Lemma[.3} 
= 40) for aj = 51,0), = {3} tor 
sq = (0.7, 0.6, 0.3), P3 = {2,4} for s3 = (0.3, 0.2, 0.7), Pa = {1} for s4 = (0.1,0.1,0.9), Ps = {1} 


for s5 = (0,0,1). By definition of the HCF d,,e, we get 


The position sets for particular inputs are P; 


d, = HCF(P,U {n}) = HCF(0,6) =6 e; =6 
dj = HCF(P2U {n}) = HCF(3,6) =3 e9 = HCF(d;,d2) = HCF(6,3) =3 
d3 = HCF(P3U {n}) = HCF(2,4,6) = 2 e3 = HCF(eo,d3) = HCF(3,2) =1 
dy = HCF(P,U {n}) = HCF(1,6) = 1 e, = HCF(e3, ds) = HCF(1,1) =1 


Further es = 1. By Lemma [B.3} any input 


(a? ata) < s, must be repeated in (27, 2/,x 


- ) after e, positions. In particular, inputs 
less than value sz = (0.7,0.6,0.3) must be repeated after 3rd positions, inputs less than 
s3 = (0.3, 0.2,0.7) must be repeated on every second position. However, inputs which are not 
less than sz = (0.7, 0.6, 0.3) can be arbitrary. The above conditions are satisfied e.g. by FNSV 
(a? a! a”)) = (0.4,0.3, 0.6), (0.5, 0.4,0.6), 

(0.6, 0.5, 0.4), (0.4, 0.3, 0.6), (0.5, 0.4, 0.6), (0.6, 0.5, 0.4))’ which is therefore an FNSEv of A, in 


the view of Theorem [3.8] 
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ren (0.1,0.1,0.9) (0.3,0.2,0.7) (0.7, 0.6,0.3) (0.3,0.2,0.7) (0,0, 1) 
(0,0, 1) (1,1,0)  (0.1,0.1,0.9) (0.30.20.7) (0.7,0.6,0.3) (0.3, 0.2, 0.7) 
(0.3,0.2,0.7)  (0,0,1) (1,1,0)  (0.1,0.1,0.9) (0.3,0.2,0.7) (0.7, 0.6, 0.3) 
(0.7,0.6,0.3) (0.3,0.2,0.7)  (0,0,1) (1,1,0)  (0.1,0.1,0.9) (0.3, 0.2, 0.7) = 
(0.3,0.2,0.7) (0.7,0.6,0.3) (0.3,0.2,0.7) (0,0, 1) (1, 1,0) a 
(0.1,0.1,0.9) (0.3, 0.2,0.7) (0.7, 0.6,0.3) (0.3,0.2,0.7) (0,0, 1) (1, 1,0) 

(0.4, 0.3, 0.6) (0.4, 0.3, 0.6) 
eae eee 
ee ea, 
(0.4,0.3,0.6)} | (0.4, 0.3, 0.6) 
(0.5, 0.4, 0.6) psasoa 
(0.6, 0.5, 0.4) (0.6, 0.5, 0.4) 


We may note that if an FNSEv ((27,2/,a")) of A should contain an input (z},a1, af) < 
s3 = (0.3, 0.2,0.7), then such an input would be repeated after every e2 = 1 position, in other 


words the FNSEv would have only that single input, i.e. it would be a constant FNSV. 


Example 4.3. labelE3 This example illustrates Remark [3.7] by analyzing FNSEvs of the 
FNSM B = B((1,1,0), (0.1, 0.1, 0.9), (1, 1,0), (0.7, 0.6, 0.3), (0.3, 0.2, 0.7), (0,0, 1)) which differs 
from FNSM A in a single input, namely (b7, 04,64) = (1,1,0). Thus, the maximal input of 
the FNSM B is placed on the diagonal position 0 and also on a non-diagonal position 3. We 
have P, = {0,3} for s; = (1,1,0) and e; = d; = HCF(0,2,6) = 2. Theorem 3.5] can not be 
applied, and the input values belonging to the interval (s2, 81) = ((0.7, 0.6, 0.3), (1, 1,0)) must 
be repeated after e; = 2 positions. In fact, the same is true for all input values in the interval 


(53, $1), because it can be easily computed that e1 = eg = 2. 


si 1, 0) (0.1, 0.1, 0.9) (1, 1,0) (0.3.0.2,0.7) (0.7, 0.6, 0.3) (0,0, 1) 

(0,0, 1) (1, 1,0) (0.1, 0.1, 0.9) (1, 1,0) (0.3 0.20.7) (0.7, 0.6, 0.3) 
(0.7, 0.6, 0.3) (0,0, 1) (1, 1,0) (0.1, 0.1, 0.9) (i, 1,0) (0.3, 0.2, 0.7) 
(0.3, 0.2,0.7) (0.7, 0.6, 0.3) (0,0, 1) (1, 1,0) (0.1, 0.1, 0.9) (1, 1,0) 

(1, 1,0) (0.3, 0.2,0.7) (0.7, 0.6, 0.3) (0,0, 1) (1, 1,0) (0.1, 0.1, 0.9) 
(0.1, 0.1, 0.9) (1,1, 0) (0.3, 0.2,0.7) (0.7, 0.6, 0.3) (0, 0, 1) (1, 1, 0) 

Soi eel eae] 

(0.4, 0.3, 0.6) (0.4, 0.3, 0.6) 

(03,0.2,0.7)] _ (03,0.2,0.7)] 

(0.4, 0.3, 0.6) (0.4, 0.3, 0.6) 

Pee ieanz0a] 

(0.4,0.3,0.6) | (0.4,0.3,0.6) | 
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E 


5. Conclusion 


We study the eigenspace of a circulant max-min matrix, and propose the characterization of 
eigenspace structure for circulant fuzzy neutrosophic soft matrix. Further examples are given 


for all possible types of fuzzy neutrosophic soft eigenvectors. 
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Abstract. A number of types of semi-continuous linguistic neutrosophic functions are introduced in this paper. 
Furthermore, these types of functions are demonstrated with appropriate examples. Theorems and properties 


are discussed in great detail. 


Keywords: Linguistic neutrosophic semi continuous function; Linguistic neutrosophic quasi semi continuous 
function; Linguistic neutrosophic perfectly semi continuous function; Linguistic neutrosophic totally continu- 
ous function; Linguistic neutrosophic strongly semi continuous function; Linguistic neutrosophic slightly semi 


continuous function; Linguistic neutrosophic semi totally continuous function; 


1. Introduction 


In many system oriented implementations in which typical and standard logic was not 
suitable due to contradictory circumstances or unpredictability, the Fuzzy logic was utilized 
primarily, which was discovered by Zadeh(1965) [7]. This idea concerned with the mem- 
bership or truth value of every elements of the fuzzy set. Along with truth value, the 
false value or non-membership was adjoined in intuitionistic fuzzy sets which was found by 
Atanassov (1). Furthermore, in a new class of sets called neutrosophic sets which was given by 
Smarandache(1999) [5], possesses an additional membership called indeterminate membership. 


Neutrosophic sets have a wide range of applications over many real life fields. 


Linguistic sets were invented by Fang [3], which has a variety of applications in day to day 
life. Gayathri and Helen(2021) have found a topological space merging linguistic neutro- 
sophic sets and topological spaces, termed as linguistic neutrosophic topology. The concept of 
linguistic neutrosophic semi continuous function is recasted into many forms of continuity by 


using linguistic neutrosophic semi open sets. Interrelations are analyzed among these types of 


N. Gayathri, M. Helen, Types of Semi Continuous functions in Linguistic Neutrosophic Topological Spaces 


1 


Neutrosophic Sets and Systems, Vol. 50, 2022 G03} 


linguistic neutrosophic continuity and counter examples are established to vindicate that the 


reverse implication of the result is not holds true. 


2. Preambles 


Definition 2.1. Let S be a space of points (objects), with a generic element in x denoted 
by S. A neutrosophic set A in S is characterized by a truth-membership function 74, an 
indeterminacy membership function [4 and a falsity-membership function F'4. T(x), [4(x) 
and F(z) are real standard or non-standard subsets of ]0~,1+[. That is 

ee S044, 68S 0-8 S| 

There is no restriction on the sum of T(x), [4(a) and F'4(x), so 07 < sup T4(x)+ sup I4(x)+ 
sup Fa(x) < 3°. 


Definition 2.2. Let S be a space of points (objects), with a generic element in x denoted 
by S. A single valued neutrosophic set (SVNS) A in S is characterized by truth-membership 
function T'4, indeterminacy-membership function [4 and falsity-membership function F'4. For 
each point S in S, T4(a), [4(x), Fa(x) € [0,1]. 

When S is continuous, a SVNS A can be written as A = [ (T(x), I(x), F(x))/x € S. 

When S is discrete, a SVNS A can be written as A = )>(T(2;), I(x;), F(a; ))/ai € S. 


Definition 2.3. Let S = {s9|@ = 0,1,2,.....,7} be a finite and totally ordered discrete 


term set, where 7 is the even value and sg represents a possible value for a linguistic variable. 


Su |8] extended the discrete linguistic term set S into a continuous term set S = {s9|0 € 
(0, q]}, where, if sg € S, then w call sg the original term, otherwise it is called as a virtual 


term. 


Definition 2.4. Let Q = {80, 51, 52,..., 5¢} be a linguistic term set (LTS) with odd cardi- 
nality t+1 and Q = {sp/so < sp < s:,h € [0,t]}. Then, a linguistic single valued neutrosophic 
set A is defined by, 

A = {(2x,89(z), 8y(x), 8o(x))|e € S}, where so(zx), 5y,(z),8-(x) € @ represent the linguistic 
truth, linguistic indeterminacy and linguistic falsity degrees of S to A, respectively, with con- 
dition 0 < 6+W-+o < 3t. This triplet (sg, sy, s,) is called a linguistic single valued neutrosophic 


number. 


Definition 2.5. Let a = (86,5y,80),01 = (891, 81) 801),Q2 = (S62; 89,802) be three 
LSVNNs, then 

(1) a& = (86, Sy, 89); 

(2) ay Vag = (max(61, 62), max(W1, We), min(o1, o2)); 

(3) ay Naz = (min(41, 02), min(W, 2), max(o1, 02)); 
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(4) ay = ag iff 6) = 62,01 = Y2, 01 = 09; 


Definition 2.6. For a linguistic neutrosophic topology 7, the collection of linguistic 
neutrosophic sets should obey, 

(1) Opn, lpn ET 

(2) kif) Ke €7 for any ki, Ko €7 

(3) URGE 7,V{Kji sie J} Cr 


We call, the pair (Sz;1,7zN), a linguistic neutrosophic topological space. 


Definition 2.7. Let (Szn,T7LN) be a linguistic neutrosophic topological space (LNTS). 
Then, 
e (Szn,TLN)° is the dual linguistic neutrosophic topology, whose elements are K© yn for 
Kin € (Stn, Tiw).- 
e Any open set in Tyy is known as linguistic neutrosophic open set(LNOS). 
e Any closed set in t,x is known as linguistic neutrosophic closed set(LNCS) if and only 


if it’s complement is linguistic neutrosophic open set. 


3. Types of Linguistic Neutrosophic Semi continuous Functions 


Definition 3.1. A mapping from f : Szp~ — Try is a linguistic neutrosophic quasi semi 
continuous if the inverse image f~!(Kz,n) of every linguistic neutrosophic semi open set Ky, 


of Ty is a linguistic neutrosophic open set in Szy. 


Theorem 3.2. A mapping from f : Srn — Trin ts a linguistic neutrosophic quasi semi 
continuous if and only if the inverse image f—-'(Krn) of every linguistic neutrosophic semi 


closed set Kin of Tin is a linguistic neutrosophic closed set in Sun. 


Proof: Necessity Part: Let f : Sz~ — Tzyn be linguistic neutrosophic quasi semi continuous 
and Vin be any linguistic neutrosophic semi closed set in Tzy. Then Tyy\Vzwn is linguistic 
neutrosophic semi open set in Tz,. As f is linguistic neutrosophic quasi semi continuous, 
f-'\(Tin\Vin) = Stw\f7'(Vin) is linguistic neutrosophic semi open set in Szy. Hence, 
the set f~'(Vzw) is linguistic neutrosophic semi closed and thus the function f is linguistic 
neutrosophic quasi semi continuous. 

Sufficiency Part: Let the set f~!(Vzn) be linguistic neutrosophic semi closed in Sy for each 
linguistic neutrosophic closed set in Tzy. Let Vzw be any linguistic neutrosophic open set in 
Trn, then Try\Vzn is linguistic neutrosophic closed set in Try. 

By assumption, the set f~!(Tzn\Viw) = Stn\f~'(Vzn) is linguistic neutrosophic semi closed 
in Spy, which implies f~'(Vzn) is linguistic neutrosophic semi open in Sz. So, the mapping 


f is linguistic neutrosophic quasi semi continuous. 
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Remark 3.3. The above theorem is established by the following example. 


Example 3.4. Let the universe of discourse be U = {p,q,r,s,t} and let Spw = {q,r} = Try. 
The set of all linguistic term set be L= {never familiar(/9), almost never familiar(/1), slightly 
familiar(l2), some what familiar(/3),occasionally familiar(/,),moderately familiar(/;), almost 
every time familiar(/g), frequently familiar(/7), extremely familiar(/g)}. Let f : (Szn,7zn) > 
(Tin, LN) be the linguistic neutrosophic identity mapping, where tpy = {0zNn, lin, Kin} 
and npn = {Orn,1zn,Hzn}. The linguistic neutrosophic sets Kzy and Hzy are given by 
Kin = {(@ (Is, Ie, U3), (r, (la, lg, l2))} and Hrw = {(q, (Is, 16,13), (r, (le, ls, l4)) } respectively. 


Here the inverse image f~!(Hzy) is linguistic neutrosophic closed in Spy. 


Theorem 3.5. If the mapping f : Sun — Trn 1s linguistic neutrosophic strongly semi con- 


tinuous, then it is linguistic neutrosophic quasi semi continuous. 


Proof: Let Vzy be a linguistic neutrosophic semi open set in Tz. Since f is linguistic 
neutrosophic strongly semi continuous, f~!(Vzn) is linguistic neutrosophic semi cl-open in 


Syn. Thus, f is linguistic neutrosophic quasi semi continuous. 


Remark 3.6. The converse part of the above theorem need not be true in general, which is 


given by a counter example. 


Example 3.7. Let the universe of discourse be as in example (3.4). And let f : (Szw,7LN) > 
(Tin, nz~n) be a linguistic neutrosophic mapping defined by f(a) = c,f(c) = a, where 
ttn = {0Ozn,1tn,Kpn,Hrn} and nen = {Orn,1zn,Mzn}. The linguistic neutro- 
sophic sets Kyn,Hrn and Mzy are given by Krn = {(q, (la, ls, l2)), (1, (Is, lo, l4))}, Hin = 
{(q, (la, le, la)), (r, (la, 13, 1g))} and Mrpn = {(q, (la, le, la), (7, (Ug, lg, 14)) } respectively. Now, the 
mapping f is linguistic neutrosophic quasi continuous but not linguistic neutrosophic strongly 


semi continuous. 


Definition 3.8. A mapping from f : Szyj — Try is said to be a linguistic neutrosophic 
perfectly semi continuous mapping if the inverse image f(E,y) of every linguistic neutrosophic 


semi open set E;y of Try is linguistic neutrosophic cl-open set in Szjn. 


Example 3.9. Let the universe of discourse be as in example (3.4). And let f 

(Stn,T~nN) > (TrNn, LN) be a linguistic neutrosophic mapping defined by f(a) = c, f(c) =a, 
where try = {0Ozn,1zn, En, F rn} and nun = {Orn, 1zn,Grin}. The linguistic neutro- 
sophic sets Ex;n,F pn and Gry are given by Ezy = {(q, (Is, l6,l3)), (r, (lo, ls, l2))}, Fin = 
{(q, (Is, ls, 13)), (r, (la, U5, 4g))} and Grn = {(q, (l3, le, l3)), (r, (La, Is, l2))} respectively. Now, the 


mapping f is linguistic neutrosophic perfectly semi continuous. 
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Theorem 3.10. A mapping f : Spn ~ Trn is linguistic neutrosophic perfectly semi continu- 
ous if and only if the inverse image f—~'(Ezn) of every linguistic neutrosophic semi closed set 


En of Trn is linguistic neutrosophic cl-open set in Sry. 


Proof: 

Necessity Part: Let f : Spy — Tzn be linguistic neutrosophic perfectly semi continuous and 
Vin be any linguistic neutrosophic semi closed set in Try. Then Tyy\Vzw is linguistic neu- 
trosophic semi open set in Tzy. As f is linguistic neutrosophic perfectly semi continuous, 
f-'(Tin\Vin) = Stw\f~'(Vzy) is linguistic neutrosophic cl-open set in Sy. Hence, the set 
f—'(Vin) is linguistic neutrosophic cl-open and thus the function f is linguistic neutrosophic 
perfectly semi continuous. 

Sufficiency Part: Let the set f~!(Vzn) be linguistic neutrosophic cl-open in Szy for each 
linguistic neutrosophic semi closed set in T;y. Let Vpn be any linguistic neutrosophic semi 
open set in Ty, then Try \Vzn is linguistic neutrosophic semi closed set in T;. By assump- 
tion, the set f~'(Trw\Viw) = Stw\f (Vw) is linguistic neutrosophic cl-open in Spy, which 
implies f~!(Vzn) is linguistic neutrosophic cl-open in Szy. So, the mapping f is linguistic 


neutrosophic perfectly semi continuous. 


Theorem 3.11. [If the mapping f : Srn — Trn is linguistic neutrosophic perfectly semi 


continuous, then it is linguistic neutrosophic quasi semi continuous. 


Proof: Let Vzy be a linguistic neutrosophic semi open set in Tz. Since f is linguistic 
neutrosophic perfectly semi continuous, f~'(Vzy) is linguistic neutrosophic cl-open in Szy. 


Thus, f is linguistic neutrosophic quasi semi continuous. 


Remark 3.12. The converse part of the above theorem need not be true in general, which is 


given by a counter example. 


Example 3.13. Let the linguistic term set be as in example (3.5) and f : Sz~ — Trn be 
any linguistic neutrosophic mapping. Now, the mapping f is linguistic neutrosophic quasi 


continuous but not linguistic neutrosophic perfectly semi continuous. 


Theorem 3.14. If the mapping f : Spn > Tr is linguistic neutrosophic strongly continuous, 


then it is linguistic neutrosophic perfectly semi continuous. 


Proof: Let Vzy be a linguistic neutrosophic semi open set in T;,. Since f is linguistic 
neutrosophic strongly semi continuous, f~!'(VzN) is linguistic neutrosophic cl-open in Szy. 


Thus, f is linguistic neutrosophic perfectly semi continuous. 


Remark 3.15. The reverse part of the above theorem need not be true in general, which is 


given by a counter example. 
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Example 3.16. Let the universe of discourse be U = {p,q,r,s,t} and let Spny = 
{p,q,r} = Tzn and the linguistic term set be as in example (3.5). Let f 

(Stn,T~n) — (Trn,nLNn) be a linguistic neutrosophic identity mapping, where try = 
{Orn,lin,Ern} and nen = {Ozn,1ztn,Azn, Bin}. The linguistic neutrosophic sets 
En, Azn and Bry are given by Exn = {(p, (13, 15, 13)), (q, (la, 1, la), (7, (lg, t5,48))}, ALw = 
{(p, (U3, bs, 03), (a, (la, U1, d2)), (7; (ds, ds, ts) and 
Brn = {(p, (17, ls, l2)), (a, (le, le, l3)), (r, (Is, l2, 13))} respectively. The inverse image of Hz 
in Tyn, is Ezy in Syn, which is a linguistic neutrosophic cl-open set. Then the mapping f 
is linguistic neutrosophic perfectly semi continuous but not linguistic neutrosophic strongly 


continuous. 


Theorem 3.17. Let (Szn,tTzn) be a discrete linguistic neutrosophic topological space and 
(Tin, nin) be any linguistic neutrosophic topological space such that f : (Szn,T~n) > 


(Tin, "LN) is a mapping. Then the following are equivalent. 


(1) f is linguistic neutrosophic perfectly semi continuous 


(2) f is linguistic neutrosophic quasi semi continuous 


Proof: (1) => (2): Let Uzn be linguistic neutrosophic semi open set in (Tn, 7LN) and the func- 
tion f be linguistic neutrosophic perfectly semi continuous, (i.e) the inverse image f~!(Uzy) 
of any linguistic neutrosophic semi open set in (Tz1,7zLN), is linguistic neutrosophic cl-open 
in (S~n,TiN). This implies the function f is linguistic neutrosophic quasi semi continuous. 

(2) = (1): Let Urn be linguistic neutrosophic semi open set in (Tzn,7LN), then the set 
f-'(Uzn) is linguistic neutrosophic open in (Szn,TzNn), since the function f is linguistic 
neutrosophic quasi semi continuous. Thus, f~'(Uzy) is linguistic neutrosophic closed as 
(Sin,TLN) is a discrete linguistic neutrosophic topological space, (i.e) f~'(Uzn) is linguis- 
tic neutrosophic cl-open which implies the mapping f is linguistic neutrosophic perfectly semi 


continuous. 


Theorem 3.18. Let f : (Szn,tzn) > (Trn,nLn) and g: (Trn,nL~n) > (Prin, uLN) be any 


two mappings. Then their composition go f is 


(1) linguistic neutrosophic semi continuous if g is linguistic neutrosophic strongly contin- 
uous and f is linguistic neutrosophic semi continuous. 
(2) linguistic neutrosophic perfectly semi continuous if g is linguistic neutrosophic perfectly 


semi continuous and f is linguistic neutrosophic continuous. 


Proof: (1): Let g : (Trn,n~nw) > (Prin, -LN) be linguistic neutrosophic strongly continuous 
and f is linguistic neutrosophic semi continuous. Let Ury be any linguistic neutrosophic closed 


set in (Prn,upn). Then, g~'(Uzn) is linguistic neutrosophic cl-open set in (Trn,LN) as 9 
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is linguistic neutrosophic strongly semi continuous. Now, f~'(g~!(Uzw)) = (g0 f)~1 (Uy) is 
linguistic neutrosophic semi closed set in (Szv,7zNn), since f is linguistic neutrosophic semi 
continuous. Thus, go f : (Szn,Titn) > (Pr, Ln) is linguistic neutrosophic semi continuous. 
(2): Let f be linguistic neutrosophic continuous and g be linguistic neutrosophic perfectly 
semi continuous. Let Urn be any linguistic neutrosophic semi closed set in (Pry, in). Then, 
g'(Uzn) is linguistic neutrosophic cl-open set in (Trn,zN) as g is linguistic neutrosophic 
perfectly semi continuous. Since f is linguistic neutrosophic continuous, f~!(g~!(UzNn)) = 
(go f)-!(Uzn) is linguistic neutrosophic semi closed set in (Szn,TLN), which implies go f : 


(Sztn,TLN) — (PLN, LN) is linguistic neutrosophic perfectly semi continuous. 


Definition 3.19. A function f : (Szv,7LN) > (TrN, LN) is called as linguistic neutrosophic 
totally semi continuous if the inverse image of every linguistic neutrosophic open subset of 


(Tin, LN) is a linguistic neutrosophic semi cl-open subset of (Sr, T7zN)- 


Remark 3.20. It is clear that every linguistic neutrosophic totally continuous function is 
linguistic neutrosophic totally semi continuous but the reverse implication is not true which 


can be seen from the counter example. 


Example 3.21. Let the universe of discourse be U = {2z,y,z,w}. The set of all lin- 
guistic terms be L= { very strongly disagree(Ig), strongly disagree(l,), disagree(/2), mostly 
disagree(/3), slightly disagree(I4), neither disagree nor agree(/;), slightly agree(/g), mostly 
agree(I7), agree(/g), strongly agree(l9), very strongly agree(l19)}. 

And Sry = {y,z} = Trin, tin = {0zn, lin, Extn, Fin} and nin = {0xN, 11, Kin}, de 
fines linguistic neutrosophic topology where, Ezy = {(y, (ls, la, l2)), (z, (l3, 15, 13))}, Fin = 
{(y, (la, la, Is)), (z, (Us, l5,13))), Kaw = ((y, la, la, Is), (z, 15,13, 13)). The mapping A function f : 
(Stn,TiN) — (Tin, Nin is defined by f(a) = c, f(b) =a, f(c) = b. Then f is a linguistic neu- 


trosophic totally semi continuous function but not linguistic neutrosophic totally continuous. 


Definition 3.22. A function f : (Szn,t~zw) — (TrNn,"LN) is called as linguistic neutro- 
sophic strongly semi continuous if the inverse image of every linguistic neutrosophic subset of 


(TiN, 1zLN) is a linguistic neutrosophic semi cl-open subset of (Sz, 7zN)- 


Remark 3.23. Obviously, LN strong semi continuity = LN totally semi continuity = LN 
semi continuity. 
Given below is an example of a linguistic neutrosophic function which is linguistic neutrosophic 


totally semi continuous but not linguistic neutrosophic strongly semi continuous. 


Example 3.24. In example (3.5), the mapping f is linguistic neutrosophic semi continuous. 


Clearly, the inverse image f~'(Hzy) is not linguistic neutrosophic closed and hence it is 
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not linguistic neutrosophic semi cl-open. Thus, f is not linguistic neutrosophic totally semi 


continuous and linguistic neutrosophic strongly semi continuous. 


Theorem 3.25. Every linguistic neutrosophic totally semi continuous function into T, space 


is linguistic neutrosophic strongly semi continuous. 


Proof: 
In a 7; space all linguistic neutrosophic singleton sets are closed. Hence, f~!(Azy) is linguistic 


neutrosophic semi cl-open in Szjy for every linguistic neutrosophic subset Apjy of Try. 


Definition 3.26. A function f : (Sznv,7~N) > (TrN, LN) is called as linguistic neutrosophic 
slightly semi continuous if for every s € S;,~y and for each cl-open subset Viy of T,1 containing 
f(s), there exists a linguistic neutrosophic semi open subset Uzy of Spy such that s € Uzn 
and f(Uzw) € Vin. 


Theorem 3.27. Every linguistic neutrosophic slightly semi continuous function into a lin- 


guistic neutrosophic discrete space is linguistic neutrosophic strongly semi continuous. 


Proof: 

Let f : (Szn,tin)  (TrNn, LN) be a linguistic neutrosophic slightly semi continuous function 
from a linguistic neutrosophic space Sz;y into a linguistic neutrosophic discrete space Tj). Let 
Arn be any linguistic neutrosophic subset of Ty, then Ayy is a linguistic neutrosophic cl- 
open subset of Tyy. Hence f~'(Azy) is linguistic neutrosophic cl-open set of Sy. Thus, f 


is linguistic neutrosophic strongly semi continuous. 


Theorem 3.28. If f : (Szn,tzn) > (Tin, nn) ts linguistic neutrosophic slightly semi contin- 
uous function and g: (Tin, nin) > (Rin, ULN) ts linguistic neutrosophic totally continuous, 


then go f is linguistic neutrosophic totally semi continuous. 


Proof: 

Let Ayn be linguistic neutrosophic open subset of (Ry, pn). Then g~!(Azy) is a linguistic 
neutrosophic semi cl-open subset of (Tzy,7zn). As f is linguistic neutrosophic slightly semi 
continuous, we have, f~!(g~!(Azn)) = (go f) '(Azw) is linguistic neutrosophic semi cl-open 


subset of (Szv,7z~Nn). Hence go f is linguistic neutrosophic totally semi continuous. 


Definition 3.29. A function f : (Sznv,tz~) — (TrNn,"LN) is called as linguistic neutro- 
sophic totally continuous if the inverse image of every linguistic neutrosophic open subset of 


(TiN, LN) is a linguistic neutrosophic cl-open subset of (S_n,7LN).- 


Definition 3.30. A function f : (Szv,7~N) > (TrN, LN) is called as linguistic neutrosophic 
semi totally continuous if the inverse image of every linguistic neutrosophic semi open subset 


of (Tin, ”LN) is a linguistic neutrosophic cl-open subset of (Sz, TLN).- 
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Example 3.31. Let the universe of discourse be U = {a,b,c,d,e} and let Spj = {b} = Try. 
The set of all linguistic term set be L= {no healing(l9), deterioting(l,), chronic(lz2), some 
what chronic(/3), extremely chronic(/4), very ill(/5), ill(/e), no healing(l7), healing(/g), slowly 
healing(l9), fastly healing(l19)}. Let f : (Szw~,t~nw) > (Trin, LN) be the linguistic neutro- 
sophic mapping defined by f(b) = c, f(c) = b. And trn = {OzNn, 1xN, (0, (U3, 41, 13))} and 
nin = {Ozn, lx, (0, (Is, lo, l1)), (b, (i, Li, l2))} be linguistic neutrosophic topologies. The set 
En = (0, (Iz, l2,1,)) is linguistic neutrosophic semi open subset of (Tzn,7zn). The inverse 
image f~'(Ezyn) in (SzNn,TzN) is both linguistic neutrosophic semi closed and linguistic neu- 


trosophic semi open. Thus, the map f is linguistic neutrosophic semi totally continuous. 


Theorem 3.32. A function f : (Sztn,t~w) > (Tin, nin) 1s linguistic neutrosophic semi 
totally continuous if and only if the inverse image of each linguistic neutrosophic semi closed 


subset of (Trn, LN) is a linguistic neutrosophic cl-open subset of (Stn, TLN)- 


Proof: 

Let Kn be any linguistic neutrosophic semi closed subset in (Tin, zn), then Try \K rn is lin- 
guistic neutrosophic semi open subset of Ty. Then f~!(T,n\K zn) is linguistic neutrosophic 
cl-open in Spy, (i.e) Szv\f~!(Kzn) is linguistic neutrosophic cl-open in Spy. Therefore, 
f—'(K,y) is linguistic neutrosophic cl-open in Spy. 

Conversely, if Hzy is linguistic neutrosophic semi open subset of (Tzv,zin), then Trv\Htn 
is linguistic neutrosophic semi closed subset of Tyy. Then, f~'(Tzn\Hzw) = Stw\f 1 (Hin) 
is linguistic neutrosophic cl-open in Spx and hence f mec LN) is linguistic neutrosophic cl- 
open in Szx. Therefore, the inverse image of every linguistic neutrosophic semi open subset 
of Tyy is a linguistic neutrosophic cl-open subset of Sz;y. Thus, f is linguistic neutrosophic 


semi totally continuous. 


Theorem 3.33. Every linguistic neutrosophic semi totally continuous mapping is a linguistic 


neutrosophic totally continuous mapping. 


Proof: 

Let Hzyn be any linguistic neutrosophic open subset of Try, where f : (Szn,T~LN) 
(Tin, LN) is linguistic neutrosophic semi totally continuous mapping. As each linguistic 
neutrosophic open set is linguistic neutrosophic semi open, Hzy is linguistic neutrosophic 
semi open in 77,y and f~!(Hzy) is linguistic neutrosophic cl-open subset of Spy. Thus, the 
inverse image of every open subset of Ty is linguistic neutrosophic cl-open in Sy which im- 
plies, f is totally continuous. The converse part is not holds true which is given by a counter 


example. 


Example 3.34. Let the universe of discourse be U = {z,y,z} and Sry = {y,z} = Try. 


The set of all linguistic term set be L= {no healing(l9), deterioting(/,), chronic(lz), some 
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what chronic(/3), extremely chronic(/4), very ill(/5), ill(/6), no healing(l7), healing(/g), slowly 
healing(/9), fastly healing(l10) }. 

Let f : (Szn,tzn) > (TrNn, LN) be a linguistic neutrosophic mapping,defined by f(b) = 
c,f(c) = b where try = {Ozn,1zn, Kin} and npn = {0zn,1zn,Hzn}. The linguistic 
{(y, (la, ts, l4)), (2, (19, 49, 09))} and 
Hyn = {(y, (Is, la, la)), (z, (19, 19, 19))} respectively. The inverse image f—!(Hzy) is linguistic 


neutrosophic sets Kyxy and Hzyy are given by KyrNn 


neutrosophic cl-open in Szjy. Thus, the map f is linguistic neutrosophic totally continuous. 
Let Din = (y, (la, la, I5)), (2, (lg, 5, 19)) be any linguistic neutrosophic set in Tyy. Then Dry 
is linguistic neutrosophic semi open but the inverse image is not linguistic neutrosophic cl-open 


subset of S7;y. Thus, the map f is not linguistic neutrosophic semi totally continuous. 


Theorem 3.35. Every linguistic neutrosophic semi totally continuous mapping is a linguistic 


neutrosophic totally semi continuous mapping. 


Proof: 

Let Hzn be any linguistic neutrosophic open subset of Tzy, where f : (Szn,T~N) 
(Tin, LN) is linguistic neutrosophic semi totally continuous mapping. As each linguistic 
neutrosophic open set is linguistic neutrosophic semi open, Hz, is linguistic neutrosophic 
semi open in Ty and f~!(Hzy) is linguistic neutrosophic semi cl-open subset of Syn, as f 
is linguistic neutrosophic semi totally continuous mapping. Thus, the inverse image of every 
open subset of Ty is linguistic neutrosophic semi cl-open in S;j~ which implies, f is totally 


semi continuous. The converse part is not holds true which is given by a counter example. 


Example 3.36. In example (3.5), let Sp~w = {q,t} = Trin. Let f : (Sz~n,ttn) 7 
(Tin, nin) be the linguistic neutrosophic mapping defined by f(b) = c,f(c) = 6. 
And try = {Ozn,1lzn,Kin} and nen = {0zn,1zn,Hzn} be linguistic neutro- 
sophic topologies.The linguistic neutrosophic sets Kyy and Hyy are given by Kypn = 
{(q, (Is, la, l2)), (t, (Us, U5, l2))} and Hrw = {(q, (ls, ls, l2)), (ts, (la, la, l5))} respectively. Linguis- 
tic neutrosophic semi open sets in Sz are {Ozn, lin, (q, (13, la, 3)), (t, (la, Us, l4))} and in Tr 
are {Orn, 1zn, (q, (la, ls, lo)), (t, (la, be, f2)) }. 

Then the inverse image of the linguistic neutrosophic open set in (TiN, 7zN) is linguistic neu- 
trosophic semi cl-open in (Sz~,7_n) whereas the inverse image of the linguistic neutrosophic 
semi open set in Ty is not linguistic neutrosophic semi cl-open. Thus, the map f is linguistic 


neutrosophic totally semi continuous but not linguistic neutrosophic semi totally continuous. 


Theorem 3.37. Every linguistic neutrosophic strongly continuous mapping is a linguistic 


neutrosophic semi totally continuous mapping. 


Proof: 


Let f : (Stn, Tin) > (TrNn, LN) is linguistic neutrosophic strongly continuous mapping and 
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Mzn be any linguistic neutrosophic semi open subset of Tzyv. Now, f~'(Mzn) is linguistic 
neutrosophic semi cl-open subset of Sz, by definition. Thus, the inverse image of every semi 
open subset of Ty is linguistic neutrosophic cl-open in Szjy which implies,f is semi totally 


continuous. The converse part is not holds true which is given by a counter example. 


Example 3.38. In example (3.5), let Spw = {q,t} = Trin. Let f : (Sz~n,ttn) 
(Tin, ”LN) be the linguistic neutrosophic identity mapping. And try = {0zNn,1ztn, Kin} 
and npn = {0zn,1ztn,Hzn} be linguistic neutrosophic topologies.The linguistic neutro- 
sophic sets Kr and Hzy are given by Krn = {(q, (Is, l2,13)), (t, (la, ls, l4))} and Hpn = 
{(q, (Is, la, l2)), (t, (Us, 5, 13)) } respectively. Linguistic neutrosophic semi open sets in Ty are 
{Ozn, lin, (@, (Us, la, f3)), (t, (da; Us, la) F- 

Now, the inverse image of the linguistic neutrosophic semi open set in 77x is linguistic neu- 
trosophic open in Szy. Let {(q, (13,16, 10)), (t, (ls, l3,l1))} be any linguistic neutrosophic set 
whose inverse image is neither linguistic neutrosophic open nor linguistic neutrosophic closed 
in Spx. Therefore, the map f is linguistic neutrosophic semi totally continuous but not lin- 


guistic neutrosophic strongly continuous mapping. 


Theorem 3.39. Let f : (Szn,t~n) > (Trin, Ln) be a mapping, from a linguistic neutro- 
sophic topological space (S~n,TLN) into a linguistic neutrosophic topological space (TLn,NLN)- 


Then the following statements are equivalent. 


(1) f ts linguistic neutrosophic semi totally continuous mapping. 

(2) for every s € Szrn and for each linguistic neutrosophic semi open set Mzpn in 
(Tin, nin) with f(s) € Try, there exists a linguistic neutrosophic cl-open set Kin 
in Spn such that s € Kyn and f(Kyn) C Mr. 


Proof: 

(1) = (2): If f is linguistic neutrosophic semi totally continuous and Mzy be any linguistic 
neutrosophic semi open set in (Trn,7z~N) containing f(s) so that s € f~!(Mzy). Since f is 
linguistic neutrosophic semi totally continuous, f~!(Mzn) is linguistic neutrosophic cl-open 
in Spy and s € Mzy. Also, let Kpy = f—'(Mzn), then f(Kzpn) = f(f-'(Min)) C Min 
which implies f(Kzn) C Mzy. 

(2) = (1): Let Mzy be linguistic neutrosophic semi open set in Tyy and s € f~!(Mzy) 
be any arbitrary linguistic neutrosophic point, then f(s) € Mzy. Thus, from the assump- 
tion, there exists a linguistic neutrosophic cl-open set f(Gzn) € S_n containing s such that 
f(Gin) C Myn, which implies s € Grn C f7!(Mzn). 

Now, f~!(Mzn) is linguistic neutrosophic cl-open neighborhood of s. As s is arbitrary, 


f-'(Mzwn) is linguistic neutrosophic cl-open neighborhood of each of its points. Thus, 
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f—'(Mzy) is linguistic neutrosophic cl-open set in Spy and hence f is linguistic neutrosophic 


semi totally continuous. 


Remark 3.40. The implications of all linguistic neutrosophic continuous functions are given 


below. 


A BCDEF | 
A — 1 0 1 0 0 1 
B 0 - 0 0 0 0 0| 
C 0 1 - 1 0 0 0O 
D 0 0 0 -—- 0 0 | 
| E l(indiscrete) 0 0 0 — O O | 
F 0 0 0 0 0 —- O 
G ary 00000 -— 


where, A - LN strongly semi continuous, B - LN quasi semi continuous, C - LN perfectly semi 


continuous, D - LN contra semi continuous, E - LN slightly semi continuous, F - LN semi 


totally continuous, G - LN totally semi continuous, respectively. 
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Abstract. This study included concepts for (@, ¢,¢)-single valued neutrosophic hyperring ((w,¢,¢)-SV NHR) 
and (w,€,¢)-single valued neutrosophic hyperideal ((w,¢,¢)-SVNHI). (m@,<,<)-single valued neutrosophic 
hyperrings ((w,¢,>s)-"SV NHRs) and (w,<,¢)-single valued hyperideals ((w,¢,¢)-SV NHIs) are examined and 


validated in terms of algebraic features and of structural characteristics. 


Keywords: Hyperring, Hyperideal, Single valued neutrosophic set, Single valued neutrosophic hyperring, 
Single valued neutrosophic hyperideal, (w, ¢,¢)-Single valued neutrosophic hyperring and (a, €,¢)-Single valued 


neutrosophic hyperideal. 


1. Introduction 


The theory of hyperstructure came into existence in 1934 when Marty defined hyper- 
groups as being generalized. To propose an overlying homomorphism, Corsini developed 
the concept of hypering and general forms of hypering. The H,-ring, the H,-subring, and the 
H,-ideals of the Hy-ring, all these are modifying the thoughts introduced by Corsini [2], have 
been invented by Vougiouklis (31/4). Generally, offers a variety of rates in [0,1] stated by 
a single real number. In order to relieve ambiguities, a fuzzy set model was created by the 
Turksen (6, which was utilized to assess membership of the fuzzy set framework. An enhance- 
ment of fuzzy sets is intuitionistic sets, suggested in 1986 by Atanassov [7]. This approach 
was analogous to the interval-valued fuzzy sets described in (3). Intuitionistic fuzzy sets can 
execute flawed data and not inexhaustible information, frequently in real-life [3]. Rosenfeld (9| 
launched the fuzzy algebra work, extending it to several fuzzy models such as intuitionistic 


fuzzy sets, fuzzy soft sets, and imprecise soft sets. Some artworks related to soft, fuzzy rings 
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and ideal vague soft groups, vague soft rings, and soft ideals are also found in . In 1998, 
to attain these goals, Smarandache suggested the neutrosophic paradigm in [14]. In (15120), 
numerous new neutrosophic theoretical fads were launched. 

Wang et al. pioneered the theory of a single-valued neutrosophic set (SV NS), whereas 
Smaranache plithogenic was presented into as a refinement of neutrosophic structure. Hy- 
perstructure theory is often used in numerous mathematical ideas. Algebraic hyperstructures 
have a wide range of applications, including fuzzy sets, design and data, artificial intelligence, 
lattices, automation, and combinatorics, and etc. As a result of fuzzy algebra research, fuzzy 
hyperalgebraic theory was produced. Liu created the idea of fuzzy ideals of a ring. A 
lot of hyperstructure work has been done over the last two decades, such as fuzzy hyperalge- 
bras [23], fuzzy hyperrings (24, fuzzy topological F-polygroups [25], Bipolar-valued fuzzy soft 
hyper BCK ideals [26], fuzzy hypergroup degree [27], fuzzy hypergraphs [28], hyper-spectral 
image analysis 29], fundamental relations on fuzzy hypermodules [30], and so on. 

There are works available of hyperstructures related to hyperrings in these manuscripts: fuzzy 
hyperings (31), T-hyperrings (32, soft hyperrings [33], topological hyperrings [34], and topo- 
logical structures of lower and upper rough subsets in a hyperring [35], etc. In [36], Davvaz 
initiated the generalization of fuzzy hyperideal. Bharathi and Vimala subsequently established 
the notions of fuzzy l-ideal in (37, and the fuzzy l-ideal was then expanded in .In [39}{41], 
Selvachandran et al. introduced the hypergroup and hyperring theory for imprecise soft sets, 
and some other important works on fuzzy sets are studied in [42145]. 

In this paper, we focus on the theories of (w,¢,¢)-SV NH Rs and (@,¢€,<>)-SV NHIs in order 


to contribute to the advancement of the neutrosophic theory of hyperalgebraic. 


2. Preliminaries 


Let © be a set of points where 7 refers to a generic element of =. 


Definition 2.1. A SVNS YT neutrosophic set that is characterized by a truth member- 
ship function ry(7), an indeterminacy-membership function vy(n), and a falsity-membership 


function F y(?), where Tr (f), vr (7), Fr (%) € [0,1]. This set Y can thus be written as: 
Y= {(A, rr(f), or (A), Frr(@)) : 2 © S)}. 


The sum of ry (7), ey (ft) and F y(/) must fulfill the clause 0 < Ty()+eyr(i)+F x(%) < 3. For 
aSVNS Y inG, the triplet (ty (”), -r(%), Fr (7)) is referred to as a single valued neutrosophic 
number (SVNN). Let # = (7~, la, Fa) stand for a SVNN. 


Definition 2.2. Assume Y and [ are two SV NS's in a universe =. 
(1) Y is contained in T, if tr (%) < mr(h),er(@) < er(A), and Fr(n) > Fr(n), Vi © &. 
This relationship is denoted as Y CT. 


Muhammad Shazib Hameed, Zaheer Ahmad, Said Broumi and Shahbaz Ali, On 
Characterizations of (w,¢,¢)-Single Valued Neutrosophic Hyperrings and Hyperideals 


Neutrosophic Sets and Systems, Vol. 50, 2022 B16 


(2) T=FPirY CY and Pe 8, 

(3) T° = (A, (Fr (A), 1 — er (A), Tr(f#)), VA EE. 

(4) TUT = (A, (V(tyx,7r), Ver, er), A(F y,Fr))), Vai €&. 
(5) TOT = (A, (A(tv, 7r), A(er, er), VF v,Fr))), Va € =. 


Definition 2.3. A hypergroup (H,o) is a set H with an associative hyperoperation 
(0) : H x H —+ P(H) which satisfies rho H = Hon =H,V n © A (reproduction axiom). 


Definition 2.4. If the following properties satisfy, a hyperstructure (H,o) is termed a 
H,-group: 

(1) Ro(60p)N(io6)opF?d,V f,6,p € H, (Hy-semigroup). 

(2) ncH=Hon=H,VnEH. 


Definition 2.5. A subset W of H is termed as subhypergroup if (W, 0) is a hypergroup. 


Definition 2.6. A H,-ring is a multi-valued system (R,+,0°) that satisfies the following 
axioms: 
(1) (R,+) must a H,-group, 
(2) (R,o) must a H,-semigroup, 
(3) The hyperoperation “o” is weak distributive over the hyperoperation “+”, that is for 
each n,6,p € R the clauses no (6+ p) M ((f0 6) + (io p)) # ¢ and 
(A+ 6)opN((nop)+(60H)) ¥ o must satisfy. 
Definition 2.7. A nonempty subset R’ of R is a subhyperring of (R,+,0) if (R’,+) is a 


subhypergroup of (R,+) and V fi,6,p € R',fio 6 € P*(R’), where P*(R’) denotes the set of 


all non-empty subsets of R’. 


Definition 2.8. Suppose H,-ring be R. a nonempty subset J of R is called a left (resp. 
right) H,-ideal if the following axioms hold: 
(1) (J,+) be a H,-subgroup of (R, +), 
(2) RoI CI(resp. [oRCI). 
If I is both a left and right H,-ideal of R, then J is called Hy-ideal of R. 


3. (w,€,<¢)-Single Valued Neutrosophic Hyperrings 
We represent hyperring (R,+,°) by R throughout this section. 


Definition 3.1. If T be a single valued neutrosophic subset of = then (w,<¢,¢)-single valued 


neutrosophic TY subset of = is categorize as, 


THES) = | (A, F(A), el), F(A) IPE (A) = A{rr(@), oh (A) = \Ler(®), eb FE) = LF vl), sh. € Eh, 
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and 0 < T¥(n)+44(A)+F4(n) < 3, where w,¢,¢ € [0,1] also 7,1, F : Y — [0,1], such that rF, 


ly, F > represents the functions of truth, indeterminacy, and falsity-membership, respectively. 


Definition 3.2. Let T be a (w,¢,¢)-SVNS over R. Then YT is called a (w,¢,¢)-SVNHR 


over R, if, 
(1) Vk,te R, 
Aire (b), 78 (D} < inf {r¥ (mm) rh € & + Oh, 
Vie (k), e(D} > sup{e$(sh) sm Ck +0, and 
VIF&(k), FS (D} > suplF $ (ir) mh © h +H}. 
(2) VA,keER, Al tkenatiand 


€ R such tha 
< 


Afr? (A), FE(B)} < TE, 
V{e(i), o%(k)} > o% (0), and 
VIF L(A), FEA} > FY) 


Example 3.3. The family of t-level sets of (w,¢,<°)-SV.NSs over R is a subhyperring of R is 


resulting below: 
1°P") = (hE Rit (b) >t, (be) <t, F&(B) < th, Vt [0,1]. 


Then Y over R is a (w,¢,5)-SVNAR. 


Theorem 3.4. YT is a (w,¢,¢)-SVNS over R. Then YT is a (w,€,¢)-SVNHR over R if 


and only if T is (w,€,¢)-single valued neutrosophic semi hypergroup over (R,o) and also a 


(w,€,¢)-single valued neutrosophic hypergroup over (R, +). 


Proof. The definition [3.2] readily indicates this proof. 


Proposition 3.5. If TY andT be two (@,¢,¢)-single-valued neutrosophic subset of ring R then 


(TAL) es) apes) AQ Pewes), 
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Proof. Assume that Y and [ are two (a, ¢,¢)-single-valued neutrosophic subset of ring R. 


(Yar) =) a) = { min{min{rr(h), 7r(A)}, a}, min{min{rr(A), ip (7) }, e}, max{max{F y(7), Fr (7%) }, <>} \ 
= { min{min{rr (A), m},min{rp(n), o}}, min{min{ry (7), e}, max{er(r), e}}, max{max{F (fh), o}, max{F r(f), cH} 


= { min( {72 (A)}, {7 (AYP), min({e5 A}, {oF (A)P) max {F(A} LEAP } = T9 (HAPS H(A), WHE R. 


Theorem 3.6. Let TY andT be (w,¢,¢)-SVNHRs over R. Then TOT is a(aw,¢,¢)-SVNHR 


over R if it is non-null. 


Proof. Let Y and T are (w,¢,¢)-SV NH Rs over R. By using Definition [3.2| and Proposition 


(COTY = Tees) Tes) = Ck, (oF A TP) A AH. VV FE®) she R}, 


where 


Assuming V k,l € R, we are only proven to include all four clauses for membership terms TH, 
Tp and indeterminacy terms v5, 1p. Indications for falsity functions of F +, F } correspondingly 


derived. 


1) A? A Fh) CF A PO} 


M{AC#). 7), ACEO, 7 ()} 
idee cain 

< {inf{rF (m) mh € k +O, inf {7 (mh) : mh € k + I} 
< inf{A (PF (mh), 77 (mh) mek+h 

= inf{(r? /\ t)0h):mek+ hp. 


= MF A me F A PO} s imtl(r? A 1F)0) th ek +0. 
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Also 
Vie A Hb A PHO} = VAG. 44) AGO, 40) 
> AV EE) 4), VEE), EO} 
= ee mekt+i},sup{ii(m) : mr ek+l}} 


IV 


sup{ /\(4 ©-(1), eB (m)) mr ER+O 


= sup{(ey (mm 
(Ly 


YS ow 


= VE A DO A HHO} 


IV 


sup{ (v(m 


Similarly, 


Vig V Fim. VO FRHOF > supl(FQ Om) VFR GH)) ve © & +O. 


(2) Va,k © R such that k € A+/ then it argues that: 


Mot A 2), 0? A PIE = ALTACE, 7), ACF), 1 >)} 


a AX TE A TE )(R), (7F \ TE Mk} < {(F IK T 


Also, 3 V fi, k € R such that k € A+ then it argues that: 


Similarly, 


Vites V Fi@). Fe VFR > {FLOW FEO): keAaAt 
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(3) Va,k © RAm € R where k € m+ fr can be readily proved that 


Mc? (\ F(A). 0% A PAY = AACE), 17 (A), ACF), FA) 
< AACE), 7F (8), AP (A), 7 (K))} 


= Nic? A 2). A MAL < {08 A )h) she th + A}. 


Also, V2,k € Rm © R where k € m+ A then it argues that: 


Vice A Hac A He} = ViAt 


= VC A PME A HH} > {K4(n) 
Similarly, 
ViCFy VV FE) (FY FSD} = {CF LOn)\V FRO): & eh + A} 
(4) Vk, fe R, 
MiG? A yh). CF A 7} 
Vie A DO A HO} 
Vis A PRM.Y A FRO} 


Hence, TNT is (w,¢,¢)-SVNHR over R. 


IA 


inf{(rF /\ 7)(h) str € hol}, 
sup{( /\ t8) (ma) sm € kot}, 
sup{(Ff /\ Fi)(m) sm € ko lh. 


IV 


IV 


Theorem 3.7. Let T be a (w,¢,¢)-SVNHR over R. Then for every t € (0, 1], ap ee) nO) 
is a subhyperring over R. 

Proof. Let Y be a (w,€,s)-SVNHR over R. Vt € [0,1], let ke TOF. 

Then 77 (k), 72 (d) > t, (be <t and FY(k), FLD <t 

Since YT is a (w,€,¢)-single valued neutrosophic subhypergroup of (R, +), we have the following 


inf{r#(m):mek+]> A{rF(e), FO} = Aft Ht 
sup{uy (mn): mek+ih< VV {4 (k), (D} < \/ {t,t = 


and 
sup{F%(m) : me k+l} <\V{FE(k), FLO} < \V{t.t} <8. 


Muhammad Shazib Hameed, Zaheer Ahmad, Said Broumi and Shahbaz Ali, On 
Characterizations of (w,¢,¢)-Single Valued Neutrosophic Hyperrings and Hyperideals 


Neutrosophic Sets and Systems, Vol. 50, 2022 


This implies that m € es) and then for every m € k +1, we obtain k +1 C Ce, 
As such, for every mm € re. we obtain mn + ere Cc eee), 


Now let &, m € T{7). Then 72(&), r@(mr) > t, i(k), 1% (th) <t and FS(k), FS(m) <t. 


Y is a (w,€,¢)-single valued neutrosophic subhypergroup of (R,+), J i € R such that 
ke mt+land r#(l) > Ar#(k), FR(M) > t, ED < VEL), elm) < 4, FEO < 


V(FY(k), F&(%)) < t, and this implies that / € eee) Therefore, we obtain cee Cc 
nie ee, 

As such, we obtain 7 + rire) = pee, As a result, too is a subhypergroup of (R, +). 
Let k,fe 1°", then 72 (k), 7 (l) > t, 1&(b), 1% (i) <t and F&(h), FY(D) <t. Since T is 
a (w,€,¢)-single valued neutrosophic sub-semihypergroup of (R,o), then V k,l € R, we have 


the following: 


and 
sup{FY(mh) :mekol< V(FL(h), FE) =t 
This implies that m € (ores) and consequently k ol € ye) 


Therefore, for every k, Lé aa we obtain kol € P* (R). Hence rire) is a subhyperring 


over R. 


Theorem 3.8. Let T be a (@,¢€,¢)-single valued neutrosophic set over R. Then the following 


statements are equivalent: 


(1) Y is a (w,€,5)-SVNHR over R. 
(2) Vt € [0,1], a non-empty ore) is a subhyperring over R. 


Proof. (1)=(2) V t € [0,1], by Theorem|3.7| aire) is subhyperring over R. 
(2)=(1) Assume that apes) is a subhyperring over R. Let k,l € cre) and therefore 


k+ic Toes, Then for every 7 € k +1 we have TY (mM) > to, Uy (n) < to and F4(m) < to, 


which implies that: 
AF (kh), 72) < inf{rF (mh) sr € & +O, 


Vk), (2) = sup{e (tm) : mh € k +O}, 
and 
VF e(k), F&(D) 2 suplr§ (mi) : the k +. 
Thus, clause (1) of Definition |3.2} has been fulfilled. 
Next, let A, k € 19 ia for every t, € [0,1] which means that 4 le aa such that k € aol. 
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Since | € i) we have TY (1) > ti, e}(1) < ty and FED < t;, and thus we have 


r# (i) > tr = AF (A), rF (mh), 


and 
FL) <tr = (FS (A), FY (mn). 
Thus, clause (2) of Definition |3.2} has been fulfilled. 
Assurance of (3) of Definition [3.2] can be satisfied in a similar way. 
As a result, Y is a (w,€,¢)-single valued neutrosophic subhypergroup of (R, +). 
Now since 28 is a sub-semihypergroup of the semihypergroup (R,o), we got the following. 
Let k,l pres) and therefore we have kol € ego Thus for every m € ko i, we obtain 
TY (Mm) > te, Uy (m) < te and F%(mm) < te, and therefore it follows that: 


and 
VF &(k), F&(D) > sup{F (ii) : mr € ko Uy. 

which reveals that clause (4) of Definition [3.2] is verified. 

Hence YT is a (w,€,<)-SVNHR over R. 


4. (w,€,<¢)-Single Valued Neutrosophic Hyperideals 
Definition 4.1. Let T bea (w,¢,¢)-SV NS over R. Then YT is (w,¢,¢)-single valued neutro- 
sophic left (resp. right) hyperideal over R, if, 

(1) Vk,te R, 


) 
Vier (A), He (&)} > ei (mh), and 
ViFS(A), FY(h)} > FS(rm). 
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(4) Vk,leR, 
r@ (1) < inf{r2 (rn) :  € kot} (resp. rZ(k) < inf{rZ(m) : rr € kod}), 
t{(1) > sup{t{(m) : mh € ko 1} (resp. iS.(k) > sup{ly(m) : 1m € ko l}), and 
FS(0) > sup{F (rn) : mm € Kol} (resp. FY(k) > sup{FY (rm) : mr € ko l}). 


Oo 
Oo 


If Y is a (w,€,¢)-single valued neutrosophic left (resp. right) hyperideal of R then T is a 
(w,€,¢)-single valued neutrosophic subhypergroup of (R,+) by clauses (1), (2) and (3). 


Definition 4.2. Let T be a (w,¢,¢)-SV NS over R. Then YT is a (w,¢,¢)-SV NHI over R, if 


aforementioned clauses are met: 


(1) VE,tER, 


VIF Y(t), FY(k)} 2 F (rm) 
(4) Vk,leR, 
Vir¥ (k), 72 (D} < inf{r#(m) : mh € ko Uf, 


\V{e%-(B), &( )} > sup{ey(m) : mM € kol}, and 

k ) 

YT is a (w,¢,¢)-single valued neutrosophic subhypergroup of (R,+) by clauses (1), (2) and 
(3). Clause (4) indicate that Y is both (w,<¢,¢)-single valued neutrosophic left hyperideal and 
(w,€,¢)-single valued neutrosophic right hyperideal. 

=> Tisa(a,¢,s)-SVNHI of R. 


Theorem 4.3. Let TY be a non-null (w,¢,¢)-SV NS over R. T is a(w,¢,¢)-SVNHI over R if 
and only if T is a (@,€,¢)-single valued neutrosophic hypergroup over (R,+) and also T is both 
a (w,€,¢)-single valued neutrosophic left hyperideal and a (w,<€,¢)-single valued neutrosophic 


right hyperideal of R. 


Proof. With the help of Definitions [4.1] and [4.2] we get the required proof. 
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Theorem 4.4. Let TY and T be two (w,¢,>)-SVNHIs over R. Then TOT is a (w,¢,¢)- 
SVNHI over R if it is non-null. 


Proof. Let TY and [ are (w,¢,<)-SVNHIs over R. By using Definition [3.2| and Proposition 


(CO Ty mes) = reed ples) = (¢k, (oF A PVE A Bb, Y FE) she RY, 


where 


~ 
RY” 
=< 
“Th 
hal 
Ss 
II 
< 
> 
=e 


Assuming V k, le R, we are only proven to include all four clauses for membership terms TY, 


WwW : . E € 
Tp and indeterminacy terms vy, lp. 


Q Ate? A mA CE A PO} = MACE}. FA), APO, 77 O)} 
), 7H ( 


1)), AGP (k), 7 O)} 
< fint{r® (rn) sre k +0, int{rP (mh): me k+ OH 


= /\{suple4( ):mekt+)},sup{uZ(h) : mek+0} 
> sup{ A (f(t), eR) sth Ek +0 
= sup{(h(rr) A p(n) sme k +0} 

= VE A o@.e A P}O} > supl(4(m) A opm) mr Ek +O. 

Similarly, 


Vices VF. (FE VERIO} > supl(¥ (mr) \/ Elia) vr © & + Bp. 
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(2) 4 V "i,k € R such that k € #+/ then it argues that: 


Mot (A A). 0? A MAY = AAC 


4 
Ba 
— 

3 
—— 
sh 
— 

3 
—_ 

z 
KB 
= 
ES, 
Ss 
a 
“~~ 


= NF \ A.C? A PIA} < {oF A IE 


Also, 1V #,k& € R such that k € A#+/ then it argues that: 


Vice A ea. A a} 


II 
— 
= 
= 
oF 
S 


I 
a 
— 

> 
Bo 
— 

~ 
wa 


= VF A na (& A Hm} = 


Similarly, 


Vite V FH@). (FS VY FH} = (FLOW FEO) keAa+G 
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Hence, it is verified that TY N Tis a (w,¢,¢)-SVNHI over R. 


5. Conclusions 


This research has introduced the novel concepts of the (a, ¢,¢)-single valued neutrosophic 
theory of hyperrings and hyperideals through the introduction of a few hyperalgebraic struc- 
tures and the analysis of some basic properties, outcomes, and structural characteristics of 
these concepts. We plan to meld more hyperalgebraic theory with real-world applications in 
the future for plithogenic sets for (@, €,¢)-single-valued neutrosophic sets and (a, €, ¢)-interval- 


valued neutrosophic sets. 
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Abstract: In this paper one introduces for the first time the IndetermSoft Set, as extension of the 
classical (determinate) Soft Set, that deals with indeterminate data, and similarly the HyperSoft Set 
extended to IndetermHyperSoft Set, where ‘Indeterm’ stands for ‘Indeterminate’ (uncertain, conflicting, 
not unique outcome). They are built on an IndetermSoft Algebra that is an algebra dealing with 
IndetermSoft Operators resulted from our real world. Afterwards, the corresponding Fuzzy / 
Intuitionistic Fuzzy / Neutrosophic / and other fuzzy-extension IndetermSoft Set & 
IndetermHyperSoft Set are presented together with their applications. 
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1. Introduction 


The classical Soft Set is based on a determinate function (whose values are certain, and unique), 
but in our world there are many sources that, because of lack of information or ignorance, provide 
indeterminate (uncertain, and not unique — but hesitant or alternative) information. 

They can be modelled by operators having some degree of indeterminacy due to the imprecision 
of our world. 

The paper recalls the definitions of the classical Soft Set and HyperSoft Set, then shows the 
distinction between determinate and indeterminate soft functions. 

The neutrosophic triplets <Function, NeutroFunction, AntiFunction> and <Operator, NeutroOperator, 
AntiOperator> are brought into discussion, as parts of the <Algebra, NeutroAlgebra, AntiAlgebra> 
(Smarandache, 2019). 

Similarly, distinctions between determinate and indeterminate operators are taken into 
consideration. 

Afterwards, an IndetermSoft Algebra is built, using a determinate soft operator (joinAND), and 
three indeterminate soft operators (disjoinOR, exclussiveOR, NOT), whose properties are further on 
studied. 

IndetermSoft Algebra and IndetermHyperSoft Algebra are subclasses of the IndetermAlgebra. 

The IndetermAlgebra is introduced as an algebra whose space or operators have some degree of 
indeterminacy (I> 0), and it is a subclass of the NeutroAlgebra. 

It was proved that the IndetermSoft Algebra and IndetermHyperSoft Algebra are non-Boolean 
Algebras, since many Boolean Laws fail. 


2. Definition of Classical Soft Set 
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Let U be a universe of discourse, H a non-empty subset of U, with P(H) the powerset of H, and a 
an attribute, with its set of attribute values denoted by A. Then the pair (F, H), where F: A > P(#), is 
called a Classical Soft Set over H. 

Molodtsov [1] has defined in 1999 the Soft Set, and Maji [2] the Neutrosophic Soft Set in 2013. 


3. Definition of the Determinate (Classical) Soft Function 
The above function F:A > P(H), where for each x € A, f(x) € P(H), and f(x) is certain and 
unique, is called a Determinate (Classical) Function. 


4. Definition of the IndetermSoft Function 


One introduces it for the first time. Let U be a universe of discourse, H a non-empty subset of U, 
and P(H) the powerset of H. Let a be an attribute, and A be a set of this attribute values. 
A function F: A > P(H) is called an IndetermSoft Function if: 


i. the set A has some indeterminacy; 
ii. or P(H) has some indeterminacy; 
iii. or there exist at least an attribute value v € A, such that F(v) = indeterminate (unclear, 


uncertain, or not unique); 
iv. _ or any two or all three of the above situations. 
The IndetermSoft Function has some degree of indeterminacy, and as such it is a particular case of 
the NeutroFunction [6, 7], defined in 2014 — 2015, that one recalls below. 


5. <Function, NeutroFunction, AntiFunction> 


We have formed the above neutrosophic triplet [10, 11]. 


i. (Classical) Function, which is a function well-defined (inner-defined) for all elements in 
its domain of definition, or (T, I, F) = (1,0,0). 
ii. | NeutroFunction (or Neutrosophic Function), which is a function partially well-defined 


(degree of truth T), partially indeterminate (degree of indeterminacy I), and partially 
outer-defined (degree of falsehood F) on its domain of definition, where 
(7,1, F) €{(1,0,0),(0,0, 1}. 

iii. AntiFunction, which is a function outer-defined for all the elements in its domain of 
definition, or (T, I, F) = (0, 0, 1). 


6. Applications of the Soft Set 


A detective must find the criminal(s) out of a crowd of suspects. He uses the testimonies of several 
witnesses. 
Let the crowd of suspects be the set S = {s1, s2, s3, ss, ss} U{d}, where {¢} is the empty (null) 
element, and the attribute c = criminal, 
which has two attribute-values C = {yes, no}. 
i. Let the function F:C—>P(S), where P(S) is the powerset of S, represent the 


information provided by the witness Wi. 
For example, 
Fi(yes) = s3, which means that, according to the witness W, the suspect s3 is the criminal, 
and F:(no) = ss, which similarly means, according to the witness W:, that the suspect ss is not the 
criminal. 
These are determined (exact) information, provided by witness Wi, therefore this is a classical Soft 
Set. 
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ii. Further on, let the function F, :C — P(S), where P(S) is the powerset of S, represent the 


information provided by the witness W2. 
For example, 
F2(yes) = {@}, the null-element, which means that according to the witness W2, none of the suspects 


in the set S is the criminal. This is also a determinate information as in classical Soft Set. 


7. Indeterminate Operator as Extension of the Soft Set 


iii. | Again, let the function F,:C — P(S), where P(S) is the powerset of S, represent the 


information provided by the witness W3. 

This witness is not able to provide a certain and unique information, but some indeterminate 
(uncertain, not unique but alternative) information. 

For example: 

F3(yes) = NOT(s2) 
and F3(no) = s3 OR sa 

The third source (W3) provides indeterminate (unclear, not unique) information, 
since NOT(s2) means that sz is not the criminal, then consequently: either one, or two, or more suspects 
from the remaining set of suspects {s1, s3, $4, 5} may be the criminal(s), or {¢} (none of the remaining 
suspects is the criminal), whence one has: 

Ci +C;+C}+C} +1=2* =16 possibilities (alternatives, or outcomes), resulted from a single input, 


to chose from, where C’” means combinations of n elements taken into groups of m elements, for 


integers OSm<n. 
Indeterminate information again, since: 
sz OR sa means: either {s3 yes, and s4 no}, or {s3 no, and ss yes}, or {ss yes, and sa yes}, 
therefore 3 possible (alternatives) outcomes to chose from. 
Thus, &:C—P(S) is an Indeterminate Soft Function (or renamed/contracted as IndetermSoft 


Function). 


8. Indeterminate Attribute-Value Extension of the Soft Set 


Let’s extend the previous Applications of the Soft Set with the crowd of suspects being the set S = 
{s1, $2, $3, $4, ss} U{@}, where {@} is the empty (null) element, and the attribute c = criminal, but the 
attribute c has this time three attribute-values K = {yes, no, maybe}, as in the new branch of philosophy, 
called neutrosophy, where between the opposites <A> = yes, and <antiA> = no, there is the 
indeterminacy (or neutral) <neutA> = maybe. 

And this is provided by witness Ws and defined as: 

F,:K — P(S) 

For example: Fa(maybe) = ss, which means that the criminal is maybe ss. 

There also is some indeterminacy herein as well because the attribute-value “maybe” means 
unsure, uncertain. 

One can transform this one into a Fuzzy (or Intuitionistic Fuzzy, or Neutrosophic, or other Fuzzy- 
Extension) Soft Sets in the following ways: 

Fa(maybe) = ss is approximately equivalent to F4(yes) = ss(some appurtenance degree) 
or 

Fa(maybe) = ss is approximately equivalent to F4(no) = ss(some non-appurtenance degree) 

Let’s consider the bellow example. 

Fuzzy Soft Set as: 
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Fa(maybe) = ss is approximately equivalent to F4(yes) = ss(0.6), or the chance that ss be a criminal is 
60%; 

Intuitionistic Fuzzy Soft Set as: 

Fa(maybe) = ss is approximately equivalent to F.(yes) = s5(0.6, 0.3), or the chance that ss be a criminal 
is 60%, and chance that ss not be a criminal is 30%; 

Neutrosophic Soft Set as: 

Fa(maybe) = ss is approximately equivalent to Fu4(yes) = s5(0.6, 0.2, 0.3), or the chance that ss is a 
criminal is 60%, indeterminate-chance of criminal-noncriminal is 20%, and chance that ss not be a 
criminal is 30%. 

And similarly for other Fuzzy-Extension Soft Set. 

Or, equivalently, employing the attribute-value “no”, one may consider: 

Fuzzy Soft Set as: 

Fa(maybe) = ss is approximately equivalent to F4(no) = ss(0.4), or the chance that ss is not a criminal is 
40%; 

Intuitionistic Fuzzy Soft Set as: 

Fa(maybe) = ss is approximately equivalent to F4(no) = ss(0.3, 0.6), or the chance that ss is not a 
criminal is 30%, and chance that ss is a criminal is 60%; 

Neutrosophic Soft Set as: 

Fa(maybe) = ss is approximately equivalent to Fa(no) = ss(0.3, 0.2, 0.6), or the chance that ss is not a 
criminal is 30%, indeterminate-chance of criminal-noncriminal is 20%, and chance that ss is a criminal is 
60%. 

And similarly for other Fuzzy-Extension Soft Set. 


9. HyperSoft Set 


Smarandache has extended in 2018 the Soft Set to the HyperSoft Set [3, 4] by transforming the 
function F from a uni-attribute function into a multi-attribute function. 


9.1. Definition of HyperSoft Set 


Let U be a universe of discourse, H a non-empty set included in U, and P(H) the powerset of H. Let 
Ay, Az, Ay, where n = 1, be n distinct attributes, whose corresponding attribute values are respectively 
the sets A,, Az, ...,An, with A; N A; = O fori # j, and i,j € {1,2,...,n}. Then the pair (F, A, x Az X ...X An), 
where A, X Ap X ...X A, represents a Cartesian product, with 

F: A, X A, X...X A, > P(A) 

is called a HyperSoft Set. 

For example, 
let 

(€,,€,5..5€,) € A, XA, X...X A, 
then 

F(@,,e,.5€,)=GeP(A) 


9.2. Classification of HyperSoft Sets 


With respect to the types of sets, such as: classical, fuzzy, intuitionistic fuzzy, neutrosophic, 
plithogenic, and all other fuzzy-extension sets, one respectively gets: the Crisp HyperSoft Set, Fuzzy 
HyperSoft Set, Intuitionistic Fuzzy HyperSoft Set, Neutrosophic HyperSoft Set, Plithogenic HyperSoft 
Set, and all other fuzzy-extension HyperSoft Sets [3, 5-9]. 
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The HyperSoft degrees of T = truth, I = indeterminacy, F = falsehood, H = hesitancy, N = neutral 
etc. assigned to these Crisp HyperSoft Set, Fuzzy HyperSoft Set, Intuitionistic Fuzzy HyperSoft Set, 
Neutrosophic HyperSoft Set, Plithogenic HyperSoft Set, and all other fuzzy-extension HyperSoft Sets 
verify the same conditions of inclusion and inequalities as in their corresponding fuzzy and fuzzy- 
extension sets. 


9.3. Applications of HyperSoft Set and its corresponding Fuzzy / Intuitionistic Fuzzy / Neutrosophic HyperSoft 
Set 


Let H = fh1, ho, h3, ha} be a set of four houses, and two attributes: 

s = size, whose attribute values are S = {small, medium, big}, 

and I = location, whose attribute values are L = {central, peripherical}. 
Then F': Sx L + P(A) is a HyperSoft Set. 


i. For example, F(small, peripherical) = {hz, hs}, which means that the houses that are small 
and peripherical are h2 and hs. 
ii. A Fuzzy HyperSoft Set may assign some fuzzy degrees, for example: 


F(small, peripherical) = {h2(0.7), h3(0.2)}, which means that with respect to the attributes’ values small 
and peripherical all together, hz meets the requirements of being both small and peripherical in a fuzzy 
degree of 70%, while h3 in a fuzzy degree of 20%. 

ili. Further on, a Intuitionistic Fuzzy HyperSoft Set may assign some intuitionistic fuzzy 
degrees, for example: 

F(small, peripherical) = {h2(0.7, 0.1), hs(0.2, 0.6)}, which means that with respect to the attributes’ 
values small and peripherical all together, hz meets the requirements of being both small and peripherical 
in a intuitionistic fuzzy degree of 70%, and does not meet it in a intuitionistic fuzzy degree of 10%; and 
similarly for hs. 

iv. Further on, a Neutrosophic HyperSoft Set may assign some neutrosophic degrees, for 
example: 

F(small, peripherical) = {h2(0.7, 0.5, 0.1), hs3(0.2, 0.3, 0.6)}, which means that with respect to the 
attributes’ values small and peripherical all together, hz meets the requirements of being both small and 


peripherical in a neutrosophic degree of 70%, the indeterminate-requirement in a neutrosophic degree 
of 50%, and does not meet the requirement in a neutrosophic degree of 10%. And similarly, for hs. 
v. In the same fashion for other fuzzy-extension HyperSoft Sets. 


10. Operator, NeutroOperator, AntiOperator 


Let U be a universe of discourse and H a non-empty subset of U. 

Let 1 =1 be an integer, and @ be an operator defined as: 

o:H" +H 

Let’s take a random n-tuple (X,,X,,...x,)€H". 

There are three possible cases: 

i. OAX,,X>,+--5X,) € Hand @(X,,X,,...,X,) is a determinate (clear, certain, unique) output; 
this is called degree of well-defined (inner-defined), or degree of Truth (T). 

ii. CAG Nasty XS) is an indeterminate (unclear, uncertain, undefined, not unique) output; 
this is called degree of Indeterminacy (1). 

iii. OAX,,X>,...,x,) €U —H ; this is called degree of outer-defined (since the output is 
outside of H), or degree of Falsehood (F). 


Consequently, one has a Neutrosophic Triplet of the form 
<Operator, NeutroOperator, AntiOperator> 
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10.1. (Classical) Operator 


For any n-tuple (x,,X,,....x,)€H", one has @(x,,x,,....X,)€H and @(x,,X,,...,X,) is a 
y P 12% n 1% n 1% n 


determinate (clear, certain, unique) output. Therefore (T, I, F) = (1, 0, 0). 


10.2. NeutroOperator 


There are some n-tuples (X,,X,,...,X,) € H” such that @(x,,x,,...,X,) € Hand @(%,,X),.-5%, ) 
are determinate (clear, certain, unique) outputs (degree of truth T); 

other n-tuples (),,Vo5-5¥,)€H" such that O(,,)3,.5¥,)€H and O(),,¥55--5y,) are 
indeterminate (unclear, uncertain, not unique) output (degree of indeterminacy I); 

and other n-tuples (Z,,Z5,...,Z,) € H” such that @(Z,,Z,,...,Z,) €U — H (degree of falsehood F); 

where (7,/, F’) # {(1,0,0), (0,0, 1)} that represent the first (Classical Operator), and respectively 
the third case (AntiOperator). 


10.3. AntiOperator 


For any n-tuple (X,,X,,....X,) € H", onehas @(%,,X>,.-..X,) €U — H. Therefore 
(T, LF) =(0, 0,1). 


11. Particular Cases of Operators 


11.1. Determinate Operator 
A Determinate Operator is an operator whose degree of indeterminacy I = 0, 
while the degree of truth T = 1 and degree of falsehood F = 0. 
Therefore, only the Classical Operator is a Determinate Operator. 
11.2. IndetermOperator 
As a subclass of the above NeutroOperator, there is the IndetermOperator (Indeterminate Operator), 
which is an operator that has some degree of indeterminacy (I > 0). 
12. Applications of the IndetermOperators to the Soft Sets 


Let H be a set of finite number of houses (or, in general, objects, items, etc.): 
H = {hy,hy,..., hy} U {GO}, 1 <n <a, 

where hi = housel, hz = house?, etc. 

and @ is the empty (or null) element (no house). 


13. Determinate and Indeterminate Soft Operators 


Let us define four soft operators on H. 


13.1. joinAND 


joinAND, or put together, denoted by A, defined as: 
x Ay =x and y, or put together x and y; herein the conjunction “and” has the common sense from 
the natural language. 
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x Ay = {x,y} is a set of two objects. 

For example: 

h1 A h2 = house1 A house2 = housel and house2 

= put together housel and house2 = {house1, house2} = {h1, hz}. 

joinAND is a Determinate Soft Operator since one gets one clear (certain) output. 


13.2. disjoinOR 


disjoinOR, or separate in parts, denoted by V, defined as: 
x disjoinORy = x Vy = {x}, or {y}, or both {x, y} 
=x, or y, or both x and y; 

herein, similarly, the disjunction “or” (and the conjunction “and” as well) have the common sense 
from the natural language. 

But there is some indeterminacy (uncertainty) to choose among three alternatives. 

For example: 

hi WV h2 =housel VWhouse2 = house1, or house2, or both houses together {house1 and house2}. 

disjoinOR is an IndetermSoft Operator, since it does not have a clear unique output, but three 
possible alternative outputs to choose from. 


13.3. exclusiveOR 


exclusiveOR, meaning either one, or the other; it is an IndetermSoft Operator (to choose among 
two alternatives). 
hi Ve h2 = either h1, or hz, and no both {h1, hy}. 


13.4. NOT 


NOT, or no, or sub-negation/sub-complement, denoted by =, where 

NOT(h) =sh=no hk, in other words all elements from H, except h, either single elements, or two 
elements, ..., or n — 1 elements from H — {h}, or the empty element 9. 

The “not” negation has the common sense from the natural language; when we say “not John” that 
means “someone else” or “many others”. 


13.4.1. Theorem 1 


Let the cardinal of the set H-{h} be |H - fh}| =m = 1. 

Then NOT(h) = {x,x € P(H —{h})} and the cardinal | NOT(h)| =2™. 
Proof: 

Because NOT(h) means all elements from H, except h, 
either by single elements, or by two elements, ..., or by n — 1 elements from H — {h}, or the empty 
element @, then one obtains: 

Chyt+ C2 tet Ohi 4+1 = (2%1-1)+1= 2" possibilities (alternatives to /). 

The NOT operator has as output a multitude of sub-negations (or sub-complements). 

NOT is also an IndetermSoft Operator. 


13.4.2. Example 


Let H = {x1,X2,X3,X4} 
Then, 
NOT(x1) = = x, = either x2, or x3, OF X4, 
or {x2, x3}, or {x2, x4}, or {x3,X4}, 
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or {X2,%3,X4}, 

or @; 
therefore C} + C2? +C?+1=34+3+1+4+1 = 8 =23 possibilities/alternatives. 
Graphic representations: 


x2 
x3 
x4 
ee {x2,x3} 
=X, = eo {x x } 
2 %4 
{x2, x3, Xa} 
) 
Or another representation (equivalent to the above) is below: 
ee 
+ 
X4 
{XX} 
ax, = 
{X)5X4} 
{x3,X4} 
{Xp5X35Xyh 


The NOT operator is equivalent to (2""* — 1) OR disjunctions (from the natural language). 


14. Similarities between IndetermSoft Operators and Classical Operators 


(i) jo AND is similar to the classical logic AND operator (A) in the following way. 
Let A, B, C be propositions, where C = AA B. 
Then the proposition C is true, if both: A = true, and B = true. 
(ii) disjoinOR is also similar to the classical logic OR operator (V) in the following way. 
Let A, B, D be propositions, where D = AV B. 
Then the proposition D is true if: 
either A = true, 
or B = true, 
or both A = true and B = true 
(therefore, one has three possibilities). 
(iii) exclusiveOR is also similar to the classical logic exclusive OR operator (Ve) in the following 
way. 
Let A, B, D be propositions, where D = A Ve B 
Then the proposition D is true if: 
either A = true, 
or B = true, 
and not both A and B are true simultaneously 
(therefore, one has two possibilities). 
(itv) NOT resembles the classical set, or complement operator (-), in the following way. 
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Let A, B, C, D be four sets, whose intersections two by two are empty, from the universe of 
discourse U = AUBUCUD. 

Then =A = NotA = U \ A= the complement of A with respect to U. 

While —A has only one exact output (U \ A) in the classical set theory, the NOT operator = A has 8 
possible outcomes: either the empty set (@), or B, or C, or D, or {B, C}, or {B, D}, or {C, D}, or or {B,C, D}. 


15. Properties of Operators 


Let x, y,z € H(A,V, Ve, 5). 


15.1. Well-Defined Operators 


Let consider the set H closed under these four operators: H(A,V, Vz, 5). 

Therefore, for any x,y € H one has: 

x Ay € H(AY, Ve, 5), because {x,y} € H(A,V, Ve, 5), 
and x Vy € H(A,V, Ve, 5), because each of {x}, {y}, {x, y} € H(A,V, Ve, 5), 
also x Ve y € H(A,V, Ve, =), because each of {x}, {y} € H(A,V, Vz, 5), 

Then the NOT operator is also well-defined because it is equivalent to a multiple of disjoinOR 
operators. 

Thus: 

A: H? > H(A, Ve, 5) 

v:H? > HAY, Ve, 5) 

Ve: H? > H(A,V, Ve, =) 

a:H-> HAN, VE, =) 


15.2. Commutativity 


xAY=yAx,andxVy =yWx,and x Vey= y Vex 
Proof 
xAy= {x,y} = {y, x} _ yAxX 
xWy = ({x}, or {y}, or {x, y}) = (fy} or {x}, or fy, x})) =y vx 
x Vey = (either {x}, or {y}, but not both x and y) = 
= (either {y}, or {x}, but not both y and x) =y Vex. 


15.3. Associativity 


xA(VAZ)=(XKAY)AzZ, 
and x V (yVz) = (kV y) Vz, and x Ve(y Vez=(X VEY) VEZ 
Proof 
x A (y Az) = {x,y Az} = {x, fy, 2}} 
= {x,y,z} = {{x,y},z} 
= (x Ay) AZ. 


xV(yVz)=(KVy)Vz 


y 
y Zz 
xor(yorz)=xor, Z =xor y 
yorz yorz, 4 
| {y,2} 
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x 
xory= y 
{x,y} 
x 
xorz= Z 
= {x,z} 
xory 
x orz 
x 
x or {y,z} = {y, z} 
UL {x,y,z} 
= x,y, 2, {x,y}, {xz}, zh, fy, Zh. 
x 
xorz, Z 
(x, 2} 
x y 
cory) ore =| Y orz= yor} Zz 
{x,y} {y, 2} 
{x,y} 
{x, z} or | Zz 
( {x,y,z} 


= x,y, Z, {x,y}, {x, Z}, (y, 2h, iy, Zh. 
Therefore, (x or y) or z= x or (y or z) = x, y, z, {x, y}, ty, 2}, {z, x}, {x, y, z} with2?-1=8-1=7 
possibilities. 
xVE(Y VWEZ)= 
either x, or ( yWe z ), and no both x and ( y We z ) = either x, or (y, or z, and no both y and z), and no both x 
and (either y or z) = either x, or y, or z, and no both {y, z}, and (no x and no (either y or z)) = either x, or y, or Z, 
and no {y, z}, no {x, y}, no {x, z}=(x We y) Vez 


15.4. Distributivity of joinAND over disjoinOR and exclusiveOR 


xA(yVZ) = (KAY) V (KAZ) 
P roof 
x A(y Vz) = xand (y orz) = x and (y, or z, or {y, z}) 
=x and y, or x and z, or x and {y,z} 
= {x, y}, or {x, z}, or {x, y, z} 
= {z,y}, {x, 2}, {x,y,z}. 
(x Ay) V (x Az) = {x,y} 
or {x,z} = {x,y}, (x, 2}, {x yx, 2} = {x,y} (x, zh (xy, Zh. 


xA(y Vez )=x and (either y, or z, and no both ty, z}) = either x and y, or x and z, 
and x and no both {y, z} = either {x, y}, or {x, z}, and {x, no { y, z} } = 
= either {x, y}, or {x, z}, and no {x, y, z} = (xAy) Ve (x Az) 


15.5. No distributivity of disjoinOR and exclusiveOR over joinAND 


xV(VAZ)#(XVY)A(XVZ) 

xV(yAz) =x or (yandz) =x or {y,z} = x, fy, z}, {x,y,z} 

But 

(x Vy) A(x Vz) = (x, y, {x, y}) and (x, z, {x, z}) 

= {x, x}, {x zh, fx, zh, Ozh, fy xh (x, zh, fy}, fy, zh {x,y 2} 

= x, {x,y}, {xz}, ty zh, fy, Zh. 

Whence in general x, {y, z}, {, y,z} # x, fx, v}, &, zh fy, zh, {x y, zh. 
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While in classical Boolean Algebra the distribution of or over and is valid: 
XV(VAZ)=(KVY)ACKV2Z). 


x We (y AZ) = either x, or {y, z}, and no {x, y, z} # 
# (x Vey) A (x We y) = (either x, or y, and no {x, y}) and (either x, or z, and no {x, z}) 


15.6. Idempotence 


xAx={x,x} =x 

x V x =either x, or x, or {x, x} 

=x, or x,orx 

=x. 

x We x = either x, or x, and no {x, x} = impossible. 


15.6.1. Theorem 2 


Let X41, Xp, +X», © (H,A,V, 5), for n = 2. Then: 

(i) x1 W Xz Wu A Xn = {Xq, XQ, ey Xn}, 
and 

(li) x4 VX ViW Xp = Hy, XQy ey Xyy 

{x1,X2}, (%1, 3}, 0) Xn- Xnh 

{X1,Xo,Xs}, ... 

{X1; Xo) 005) Xn—t hy 

{Hig Xoyang Xp 75 Mnf 

There are: Cy + C2 +--+ Cp? + Ci = 2” — 1 possibilities/alternatives. 

The bigger is n, the bigger the indeterminacy. 

(iti) x1 We x2 We... We Xn = %X4, XQ, we) Xq = 

= either x1, OY X2, ..., OF Xn, 
and no two or more variables be true simultaneously. 

There are: C; = n possibilities. 

The bigger is n, the bigger the indeterminacy due to many alternatives. 
Proof 

(i) The joinAND equality is obvious. 

(ii) The disjoinOR outputs from the fact that for the disjunction of n proposition to be true, it is 
enough to have at least one which is true. As such, we may have only one proposition true, or only two 
propositions true, and so on, only n — 1 propositions true, up to all n propositions true. 

(iii) It is obvious. 


15.7. The classical Boolean Absorption Law1 


x A(x V y) = x does not work in this structure, since x A (x Vy) # x. 


Proof 
xA(xVy) =xand (x ory) 
x 
=xand; Y 
(x, y} 


= {x, x} or {x, y} or {x, x, y} 
=x or {x, y} or {x, y} 
=x or {x,y} 
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x x 
-| Gea) = ford = (yy ee 
{x,x, y} Ux, y} ’ 

But this one work: 
x A(x Ve y) =x and (either x, or y, and no {x, y} ) = 
=(x and x), or (x and y), and (x and no{x, y}) =x. 


15.8. The classical Boolean Absorption Law2 


x V (x Ay) = x does not work in this structure, since x V (x Ay) # x. 
Proof 
x A(x Vy) =x and (x or y) 
x or (x and y) =x or {x,y} 
x 


x 
= fy} = fea 
1%, %, ys Uxy} 
“ley ** 
But this one work: 
X We (x AY ) = (either x), or {x, y}, and (no {x, y}) =x. 


15.9. Annihilators and Identities for IndetermSoft Algebra 


While 0 is an annihilator for conjunction A in the classical Boolean Algebra, x A0 =0, in 
IndetermSoft Algebra @ is an identity for A, while for the others it does not work. 
Proof 
xA@=xand@ 
=x and nothing 
=x put together with nothing 
=x. 


15.10. @ is neither an identity, nor an annihilator for disjoinOR nor for exclusiveOR 


While 0 is an identity for the V in the classical Boolean Algebra, x V 0 = x in IndetermAlgebra @ is 
neither an identity, nor an annihilator. 


Proof 
xV@ =x, or @ (nothing), or {x, 0} 
=x, or O, or x 
=x,or@. 


x Ve @ = either x, or @, and no {x, 9}. 


15.11. The negation of @ has multiple solutions 


While in the classical Boolean Algebra the negation of 0 is 1 (one solution only), =0 = 1, in 
IndetermAlgebra the negation of @ has multiple solutions. 


Proof 
> @ = NOT(Q), 
= not nothing 
= one or more elements from the set that the operator = is defined upon. 
Example 


Let H = {x1,%2,x3}U @. 
Then, 3 @ = xy, or Xz, Or X3, or {X1, Xz}, or {X1, Xs}, or {x2, x3}, or {X1, Xz, X3}, 
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therefore 7 alternative solutions. 


15.12. The Double Negation is invalid on IndetermSoft Algebra 


While in the classical Boolean Algebra the Double Negation Law is valid: a(-x) =x, in 
IndetermAlgebra it is not true: 

In general, = (= x) # Xx. 
Proof 

A counter-example: 

Let H = {x1,%2,x3} U @. 

= Xx, = what is not x, or does not contain x, 

= X2,X3,{X2,X3}, O. 

Thus one has 4 different values of the negation of x,. 

Let us choose 5 x, = X2; then 3 (3 X14) = X2 = (%1,%3, {%1, x3}, 0) # x}. 

Similarly for taking other values of 5 x. 

Let H = {x1,Xo,..,X,}U@,n > 2. Letx EH. 

Minimum and Maximum elements with respect to the relation of inclusion are: 

@ = the empty (null) element 
and respectively 

notation 
Xy AX Aw AX, = {%4,%Q,..,X,} = HA, 
but in the Boolean Algebra they are 0 and 1 respectively. 


15.13. The whole set H is an annihilator for joinAND 


While in the classical Boolean Algebra the identity for Ais 1, since x A 1 = x, in the IndetermSoft 
Algebra for A there is an annihilator H, since x AH = H, since x AH = {X,,X2,...,Xy,x} = H, because x € 
H so x is one of X4,%X2,..,Xpy- 


16. The maximum (H) is neither annihilator nor identity 


While in the classical Boolean Algebra the annihilator for V is 1, because xV1=1, in the 
IndetermSoft Algebra for V the maximum H is neither annihilator nor identity, 

xVH =xorH =x,H, {x,H}=x,H,H =x,H. 

XWe H = either x, or H, and (no x and no H). 


17. Complementation1 


In the classical Boolean Algebra, Complementation] is: x A 4x = 0. 
In the IndetermSoft Algebra, x A (= x) # @,and x A(= x) #H. 
Counter-Example 
M = {X1,X2,X3} UD 
5X1 = Xz, X3,{X2,X3},0 
x1 A (SX) = XA (Xp, X3, {X%2,%3},0) = 
= (x, and x2) or (x, or x3) 
or (x, and {x, x3}) 
or (x, and @) = 
= (1, (%1, X25, (1, X35, (1, X2,%3}) #O FM. 


18. Complementation2 
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In the classical Boolean Algebra, Complementation? is: x V 4x = 1. 

In the IndetermSoft Algebra, x Va x # H, and x Vax #9. 
Counter-Example 

The above H = {x1,x2,x3} U@ 


and S xy — X25 Xa, {X2, X3}, Q, then 
x1 


X, WAX, = Xz V (Xp, X3, {X2, X3},0) = X2, X3,{Xz,X3},O0 
X1,Xq, Xz, {X2,X3},O 
= X1, 0F (X2,X3, {X2, Xs}, D), or (1, Xz, Xz, {Xz, X3}, ) 
which is different from H and from @. 
And: 


Xx, 
XW X, =X, Wel(X>, Xz, {X2,%3},0) = : Er aTele alot @ ame ge re fe cre Se any.) 
By Mas (hy te hs 


which is different from H and from @. 


19. De Morgan Law1 in the IndetermSoft Algebra 


De Morgan Law] from Classical Boolean Algebra is: 
a(x Vy) = (nx) A Gy) 
is also true in the IndetermSoft Algebra: 
a(xVy) =(4x)AG@Yy) 
Proof 
a (x Vy) =3 (, or y, or {x and y}) 
= x,and 5 y,and & {x, and y} 
= x,,and 4 y,and (4 x,or sy) 
=3x,anday 
=(ax)A(AY). 


Example 
M = {x1,X2, X3} U 0) 
3a (%, Vx.) = (%, or X2, or {x, and x2}) 


= X,,and 5 X,,and (4 x, or = x2) 
= x,,and 5 xz 
= (= x1) A (4 Xz). 
SX = (Xp, X3, {X2, x3}, 0) 
Si X_ = (%1, X3, {%1, X3}, 0) 
(= X1) A (5X2) = (X2,.%3, {%2,X3}, 0) A (1, Xz, {1, X3}, O) 
= X41, Xp,Xz, {Xq, Xz}, (Xp, Xz}, O. 


20. De Morgan Law2 in the IndetermSoft Algebra 


De Morgan Law? in the classical Boolean Algebra is 
a(x Ay) = (4x) v (ny) 
is also true in the new structure called IndetermSoft Algebra: 
a(xay)=(ax)VGy) 
Proof 
3 (x Ay) = ({x and y}) =4x,or sy,or{ax,and ay}= (ax)VG@Yy) 
Example 
aX AX%2) =H ({%1,%2}) 
= (= X41, 0T 3 Xz, or (4 Xx, and S X2)) 
= (%2, X3, {%2, x3}, O) = 
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or (x2, %3,{X2, x3}, 0) 
Or (X1,X3,{x1, X3}, D) 
OF (X1, X2,X3, {X1,X3}, {X2,%3}, 0) = 
= (X71, X2,X%3, (1, X3}, {X2,X3}, B) 
(= x1) Vv (= X2) =5 X1, OF 3 Xz, Or (= x, Aa X>) = 
(X2, X3, (Xz, X3}, B) 
Or (X1,X3,{x1, X3}, D) 
OF (X1, Xz, Xz, {X1,X3}, {X2,X3}, 9) 
= (1, Xz, X3, {X1, x3}, {%2, X3}, O) 


= 3 (x, AXx2) 
* 


643 


This IndetermSoft Algebra is not a Boolean Algebra because many of Boolean Laws do not work, 


such as: 
e Identity for A 
e Identity for v 
e Identity for Ve 
e = Annihilator for A 
e =Annihilator for Vv 
e =Annihilator for VE 
e Absorptionl [x A (x Vy) = x] 
e Absorption2 [x V (x Ay) = x] 
e Double Negation 
e Complementation! [x Aa x = @] 
e Complementation2 { [x Vs x = H] and [x Ve = x = H] } 


21. Practical Applications of Soft Set and IndetermSoft Set 


Let H = {h,, hz,h3,h,} a set of four houses, and the attribute a = color, whose values are 
A = {white, green, blue, red}. 


21.1. Soft Set 


The function 
F:A > P(H) 
where P(H) is the powerset of H, 
is called a classical Soft Set. 
For example, 
F (white) = hg, i.e. the house h3 is painted white; 
F (green) = {h;, hz}, ie. both houses h, and h, are painted green; 
F (blue) = hy, i.e. the house h, is painted blue; 
F (red) = @, i.e. no house is painted red. 
Therefore, the information about the houses’ colors is well-known, certain. 


21.2. IndetermSoft Set 


But there are many cases in our real life when the information about the attributes’ values of the 


objects (or items — in general) is unclear, uncertain. 


That is why we need to extend the classical (Determinate) Soft Set to an Indeterminate Soft Set. 


The determinate (exact) soft function 
F:A > P(H) 
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is extended to an indeterminate soft function 
F:A > H(A, V, Ve, 5), 
where (A, V, Ve, =) is a set closed under A, V, Vz, and 5, and f(x) is not always determinate. 
For example, 
F (white) = hg V hy, 
means the houses h3 or h, are white, but we are not sure which one, 
whence one has three possibilities/outcomes/alternatives: 
either hz is white (and h, is not), 
or h, is white (and h3 is not), 
or both hz and hy, are white. 
This is an indeterminate information. 
We may also simply write: 
hg 
F (white) = hy 
{hz, hg} 
or F(white) = h3, hy, {h3,h4}, 
where {h3, h,} means {h, and h,}, 
that we read as: either h3, or hy, or {hz and hy}. 
Another example: 
F(blue) = 5 hy, or the house h, is not blue, 
therefore other houses amongst {h,, h3, h,} may be blue, 
or no house (@) may be blue. 
This is another indeterminate information. 
The negation of hz (denoted as NOT(h,) = = hz) is not equal to the classical complement of C(h2) 
of the element hz with respect to the set H, since 
C(hz) = H \ {ho} = {hy hg, hy}, 
but = hz may be any subset of H \ {hz}, or any sub-complement of C(h2), 
again many (in this example 8) possible outcomes to choose from: 
= hz = hy,h3,h4, {hy,h3}, {hy ha}, {hz ha}, {hr hg, ha}, O = 
= either h,, or h3, or hy, 
or {h, and h3}, {h, and h,}, {hz and hy}, 
or {h, and h3 and hy}, 
or @ (null element, i.e. no other house is blue). 
The negation (= hz) produces a higher degree of indeterminacy than the previous unions: (hg V hy) 
and respectively (/3 Ve ha). 
The intersection (A) is a determinate (certain) operator. 
For example, 
F (green) = hy A hz, which is equal to {h,, hz}, i.e. hy and hz put together, {h, and hj}. 
A combination of these operators may occur, so the indeterminate (uncertain) soft function 
becomes more complex. 
Example again. 
F (green) = hy A (= h4), where of course = hy # h,, which means that: 
the house h, is green, 
and other houses amongst {h,,h3} may be blue, 
or @ (no other house is blue). 
hy A (a hy) = h, and (NOTh,) 
=h, and (hy, hz, hg, {hy, ho}, (hr, hs}, fhe, hg}, {h1, he, hg}, 0) 
[one cuts h, since = h, suppose to be different from h,] 
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= h, and (hz, hz, {hz, h3}, 0) 
= (h, and h,) or (h, and h3) 
or (h, and {h,,h3}) 
or @ 
= (h, and hz) or (h, and h3) or (h, and hz and h3) or @ 


notation 
{hy, hz}, {hy, h3}, {hy, ho, h3}, @. 


Thus, 4 possibilities. 


22. Definitions of <Algebra, NeutroAlgebra, AntiAlgebra> 


Let U be a universe of discourse, and H a non-empty set included in U. Also, H is endowed with 
some operations and axioms. 


22.1. Algebra 


An algebraic structure whose all operations are well-defined, and all axioms are totally true, is 
called a classical Algebraic Structure (or Algebra). Whence (T, I, F) = (1, 0, 0). 


22.2. NeutroAlgebra 


If at least one operation or one axiom has some degree of truth (T), some degree of indeterminacy 
(J, and some degree of falsehood (F), where (T, I, F) € {(1, 0,0), (0,0,1)}, and no other operation or 
axiom is totally false (F = 1), then this is called a NeutroAlgebra. 


22.3. AntiAlgebra 


An algebraic structure that has at least one operation that is totally outer-defined (F = 1) or at least 
one axiom that is totally false (F = 0), is called AntiAlgebra. 


23. Definition of IndetermAlgebra 


We introduce now for the first time the concept of IntermAlgebra (= Indeterminate Algebra), as a 
subclass of NeutroAlgebra. 

IndetermAlgebra results from real applications, as it will be seen further. 

Let U be a universe of discourse, and H a non-empty set included in U. 

If at least one operation or one axiom has some degree of indeterminacy ( I> 0 ), the degree of 
falsehood F = 0, and all other operations and axioms are totally true, then H is an IndetermAlgebra. 


24. Definition of IndetermSoft Algebra 


The set H(A, V, Ve, 5) closed under the following operators: 
joinAND (denoted by A), which is a determinate operator; 
disjoinOR (denoted by VY), which is an indeterminate operator; 
exclusiveOR (denoted by Ve), which is an indeterminate operator, 
and sub-negation/sub-complement NOT (denoted by =), which is an indeterminate operator; 
is called an IndetermSoft Algebra. 
The IndetermSoft Algebra extends the classical Soft Set Algebra. 
The IndetermSoft Algebra is a particular case of the IndetermAlgebra, and of the NeutroAlgebra. 
The operator join AND 
A: H*? — H(A, V, Ve, 5) 
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is determinate (in the classical sense): 

Vx,y €H,x #y,xAy =x joinAND y = {x,y} € H(A, VY, Vz, 5) 

therefore, the aggregation of x and y by using the operator A gives a clear and unique output, ie. 
the classical set of two elements: {x, y}. 

But the operator disjoinOR 

v: H? — H(A, V, Ve, 3) 
is indeterminate because: 


either x x 
Wy €H.x#y,x¥y= xdigoinORy =| ory -| y 
or both {x and y}_ \{x, y} 


Thus, the aggregation of x and y by using the operator V gives an unclear output, with three 
possible alternative solutions (either x, or y, or {x and y}). 

The exclusiveOR operator is also indeterminate: 

vx,y © H,x #y,x Vey =x exclusiveOR y = either x, or y, and no {x, y}, 
therefore two possible solutions: 

Ve: H? > H(A,Y, Ve, 5). 

Similarly, the operator sub-negation / sub-complement NOT 

=:H —> H(A, V, WE, =) 

is indeterminate because of many elements x € H, 

NOT(x) = = x =a part of the complement of x with respect to H 
= a subset of H \ {x}. 

But there are many subsets of H \ {x}, therefore there is an unclear (uncertain, ambiguous) output, 

with multiple possible alternative solutions. 


25. Definition of IndetermSoft Set 


Let U be a universe of discourse, H a non-empty subset of U, and H(A, V, Ve, 5) the IndetermSoft 
Algebra generated by closing the set H under the operators A, V, Ve, and =. 

Let a be an attribute, with its set of attribute values denoted by A. Then the pair 

(F, A), where F: A > H(A,V, Ve, 5), is called an IndetermSoft Set over H. 


26. Fuzzy / Intuitionistic Fuzzy / Neutrosophic / and other fuzzy-extension / IndetermSoft Set 


One may associate fuzzy / intuitionistic fuzzy / neutrosophic etc. degrees and extend the 
IndetermSoft Set to some Fuzzy / Intuitionistic Fuzzy / Neutrosophic / and other fuzzy-extension / 
IndetermSoft Set. 


26.1. Applications of (Fuzzy/ Intuitionistic Fuzzy / Neutrosophic / and other fuzzy-extension ) IndetermSoft Set 


Let H = {h1, hz, hs, ha} be a set of four houses, and the IndetermSoft Algebra generated by closing the 
set H under the previous soft operators, H(A, V, Vz, =). 

Let the attribute c = color, and its attribute values be the set C = {white, green, blue}. 

The IndetermSoft Function F : A — H(A, V, Vc, 5) forms an IndetermSoft Set. 

Let an element / © H, and one denotes by: 

d’(h)= any type of degree (either fuzzy, or intuitionistic fuzzy, or neutrosophic, or any other 
fuzzy-extension) of the element h. 

We extend the soft operators A, Y, Vc, = by assigning some degree d°(.) €[0,1]}”, where: 

p =1 for classical and fuzzy degree, p = 2 for intuitionistic fuzzy degree, p = 3 for neutrosophic 
degree, and so on p = n for n-valued refined neutrosophic degree, to the elements involved in the 
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operators, where A,V,— represent the conjunction, disjunction, and negation respectively of these 


degrees in their corresponding fuzzy-extension sets or logics. 
For examples: 
i. From F(white) = h1 A h2 as in IndetermSoft Set, one extends to: 


F(white) = h,(d;) a h,(d,), which means the degree (chance) that 1 be white is d; and the degree 
(chance) that h2 be white is d;, whence: 

F(white)= h(d") a hyd) = th, @? Ad) 

As such, the degree of both houses {h1, hz} = {hi and h2} be white is d; Ad). 
F(white) = h(d;) Vv h, (dy) = {hi or ho} (dV da) ; 
(dj vd;) 


ii. Similarly, 


or the degree of at least one house {h or h2} be white is 


F(white) = C41) y, (42) _ 


= { hi and (no hz)}, or { (no h1) and hz}, and { (no h1) and (no hz) } 
= ( either h1 is white, or hz is white, and [no both {h1, h2}] are white simultaneously ) has the 


gece a Oe) 
iv. F(white) = (=hi)(d;), which means that the degree (chance) for /1 not to be white is d;. 
(= ka = NOT (hi) = either hz, or hs, or ha, 
or thz, hs}, {h2, ha}, {hs, ha}, 
or tho, hs, ha}, 
or @ (no house). 


There are 8 alternatives, thus NOT(h1) is one of them. 
Let’s assume that NOT(h1) = ths, ha}. Then the degree of both houses {h3, ha} be white is Ad}. 


iil. 


27. Definition of IndetermHyperSoft Set 


Let U be a universe of discourse, H a non-empty subset of U, and H(A, V, Vz, 4) the IndetermSoft 
Algebra generated by closing the set H under the operators A, V, Vz, and =. 

Let a, Q2,..d,, where n = 1, be n distinct attributes, whose corresponding attribute values are 
respectively the sets Aj, A2,...,An, with A; N Aj = @ fori # j, and i,j € {1,2,...,n}. Then the pair (F, A, x 
Az X ...X Ay), where A, X Az X ... X A, represents a Cartesian product, with 

F: Ay X Az X ...X An > H(A, V, Ve, 5), is called an IndetermHyperSoft Set. 

Similarly, one may associate fuzzy / intuitionistic fuzzy / neutrosophic etc. degrees and extend the 
IndetermHyperSoft Set to some Fuzzy / Intuitionistic Fuzzy / Neutrosophic etc. IndetermHyperSoft Set. 


28. Applications of the IndetermHyperSoft Set 


Let’s again H = {h,,h2,h3,h,} be a set of four houses, and the attribute c = color, whose values are 
C= {white, green, blue, red}, and another attribute p = price, whose values are P = {cheap, expensive}. 

The function 

F:CXP > P(H) 
where P(H) is the powerset of H, is a HyperSoft Set. 

F:C xX P > H(A,Y, Ve, 5), is called an IndetermHyperSoft Set. 

Examples: 

F(white, cheap) = h2V ha 

F(green, expensive) = hiVe he 

F(red, expensive) = = hs 
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For a Neutrosophic IndetermHyperSoft Set one has neutrosophic degrees, for example: 

F(white, cheap) = h2(0.4, 0.2, 0.3) Wha (0.5, 0.1, 0.4) 

In the same way as above (Section 26.1), one extends the HyperSoft operators A, V, Vz,= by 
assigning some degree d°(.) €[0,1]’, where: p = 1 for classical and fuzzy degree, p = 2 for 
intuitionistic fuzzy degree, p = 3 for neutrosophic degree, and so on p = n for n-valued refined 
neutrosophic degree, to the elements involved in the operators, where A,V,— represent the 
conjunction, disjunction, and negation respectively of these degrees in their corresponding fuzzy- 
extension sets or logics. 


29. Definition of Neutrosophic Triplet Commutative Group 


Let U be a universe of discourse, and (H,*) a non-empty set included in U, where * is a binary 
operation (law) on H. 

(i) The operation * on H is well-defined, associative, and commutative. 

(ii) For each element x € H there exist an element y € H, called the neutral of x, such that y is 
different from the unit element (if any), with x * y = y * x = x, and there exist an element 

z EH, called the inverse of x, such thatx*z=z*x=y, then (x,y,z) is called a neutrosophic 
triplet. 

Then (H, *) is Neutrosophic Triplet Commutative Group. 

In general, a Neutrosophic Triplet Algebra is different from a Classical Algebra. 


29.1. Theorem 3 


The joinAND Algebra (H, A) and the disjoinOR Algebra (H, VY) are Neutrosophic Triplet 
Commutative Groups. 


Proof 

We have previously proved that the operators A and V are each of them: well-defined, associative, 
and commutative. 

We also proved that the two operators are idempotent: 

Vx €H,xAx=xandxVx=x. 

Therefore, for (H,A) and respectively (H,V) one has neutrosophic triplets of the form: (x, x, x). 


30. Enriching the IndetermSoft Set and IndetermHyperSoft Set 


The readers are invited to extend this research, since more determinate and indeterminate soft 
operators may be added to the IndetermSoft Algebra or IndetermHyperSoft Algebra, resulted from, or 
needed to, various real applications - as such one gets stronger soft and hypersoft structures. 

A few suggestions: 

F(white) = at least k houses; 

or F(white) = at most k houses; 

or F(green, small) = between ki and kz houses; 

where k, ki and kz are positive integers, with ki < kz. 

Etc. 


31. Conclusions 


The indeterminate soft operators, presented in this paper, have resulted from our real-world 
applications. An algebra closed under such operators was called an indeterminate soft algebra. 
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IndetermSoft Set and IndetermHyperSoft Set, and their corresponding Fuzzy / Intuitionistic Fuzzy 


/ Neutrosophic forms, constructed on this indeterminate algebra, are introduced for the first time as 


extensions of the classical Soft Set and HyperSoft Set. 


Many applications and examples are showed up. 
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Abstract: In current Chinese higher education, the teaching quality assessment (TQA) of teachers 
in colleges/universities is an essential way to promotes the improvement of teacher teaching 
quality in the teaching process. In the TQA process of teachers, the evaluation information of 
experts/decision makers implies incompleteness, uncertainty and inconsistency corresponding to 
experts’ cognition and judgment on evaluation indicators. Neutrosophic multiple attribute 
decision making (MADM) is one of key research topics in indeterminate and inconsistent 
decision-making problems. This paper presents a novel MADM technique using tangent 
trigonometric aggregation operators for single-valued neutrosophic numbers (SvNNs) to assess 
the teaching quality of teachers. First, we propose novel operational laws of tangent trigonometric 
SvNNs based on tangent trigonometric function. In view of the tangent trigonometric SVNN 
operational laws, we present tangent trigonometric SVNN weighted averaging and geometric 
operators to aggregate tangent trigonometric SvVNNs. Then, we establish the MADM technique 
using the proposed two aggregation operators to perform MADM problems, and provide an 
actual example about the TQA of teachers and the comparison of existing related MADM 
techniques in the SvNN environment to reveal the efficiency and suitability of the proposed 
technique. 


Keywords: single-valued neutrosophic number; tangent trigonometric operation; tangent 
trigonometric aggregation operator; decision making; teaching quality assessment 


1. Introduction 


The teaching quality of teachers reveals significance in the training and competition of modern 
talents in current Chinese higher education. In this case, the teaching quality assessment (TQA) 
mechanism in colleges and universities plays an important role in the teaching process and 
promotes the improvement of teachers’ teaching quality. Since the TQA of teachers contains many 
evaluation indicators/attributes, such as teaching level and skill, teaching means and method, 
teaching attitude, TQA is a multiple attribute decision-making (MADM) issue. Then, in the TOA 
process of teachers, the evaluation information of experts implies incompleteness, uncertainty, and 
inconsistency corresponding to experts’ cognition and judgment on evaluation indicators. 

In the environment of incompleteness, uncertainty and inconsistency, a neutrosophic set (NS) 
was presented by Smarandache [1] in view of the true, false and indeterminate membership 
functions subject to a non-standard interval ]-0, 1*[. Then, some researchers introduced an interval 
NS (INS) [2], a single-valued NS (SvNS) [3], and a simplified NS [4] based on a real-standard 
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interval [0, 1] to suit the application of engineering and science fields. Due to the merit of simplified 
NSs, including INSs and SvNSs, the simplified NSs have been used for many MADM issues [5-8]. 
Recently, neutrosophic MADM models have been applied to the TQA of teachers [9-11]. 

Neutrosophic decision making is a current research hotspot. It is very vital to establish 
reasonable information representations and operations in decision-making models. It is worth 
noting that the neutrosophic aggregation operation plays an important role in neutrosophic MADM 
issues. Some researchers [12-14] proposed the operational laws of logarithmic single-valued 
neutrosophic numbers (SvNNs) and sine trigonometric SvNNs (ST-SvNNs) and their weighted 
aggregation operators for MADM problems in the SvNS setting. Then, the merit of the sine 
trigonometric function is its periodicity and symmetry about the origin, which meets the preference 
of decision-makers for multiple time phase parameters. Another periodic function, except the sine 
trigonometric function, is the tangent trigonometric function. In terms of the superiority of the 
tangent trigonometric function, this paper needs to build up some new operational laws of tangent 
trigonometric SVNNs (TT-SvNNs) and studies their aggregation operators, then establishes the 
MADM technique to perform the assessment mechanism of teaching quality in Shaoxing University 
in China under the environment of SvNSs. 

The remainder of this article is arranged as follows. Section 2 introduces some preliminaries 
related to SVNNs. In Section 3, we give the definition of TI-SvNN and some novel operational laws of 
TI-SvNNs. In Section 4, we propose the TI-SvNN weighted averaging (TI-SvNNWA) and 
TI-SVNN weighted geometric (TT-SvNNWG) operators, along with the related proof of their 
properties. Section 5 establishes the MADM technique in terms of the TI-SvNNWA and 
TTI-SVNNWG operators to perform MADM problems with SvNN information. Section 6 applies the 
established MADM technique to an actual example about the TQA problem of teachers in Shaoxing 
University in China and conducts the comparison of existing related MADM techniques to show 
the efficiency and suitability of the established MADM technique in the environment of SvNSs. The 
article ends with conclusions and future research in Section 7. 


2. Some Preliminaries of SVNNs 


2.1 Operations and sorting rules of SUNNs 


The SvNS Sw in a universe set Y is denoted as Sn = {<y, Nt(y), Nu(y), Nfly)>ly € Y} [3], where 
Nt(y), Nu(y), Nf(y) € [0, 1] are the true, indeterminate, and false membership functions subject to 0 < 
Nt(y) + Nu(y) + Nfty) <3 for y € Y. Then, <y, Nt(y), Nu(y), Nf(y)> in Sn is denoted as Ns = <Ni, Nu, NP 
for simplicity, which is named SVNN. 

Set two SVNNs as Ns: = <Nh, Nin, Nfi> and Nsz = <Nfz, Nuz, Nf> with h > 0. Then, their 
operations are defined below [4, 7]: 


(1) Ns1 > Ns2 <> Nh = Ntz, Nui < Nuz, and Nfi < Nfz; 


(2) Ns1 = Ns2 < Ns1 D Ns2 and Ns2 D Nsi; 


(3) Ns, U.Ns, =(Nt, v Nt,, Nu, A Nu,,Nf, A Nf); 

(4) Nt, (Nt, =(Nt, A Nt,,Nu, v Nu,,Nf, Vv Nfy); 

(5) (Ns,)° =(Nf,,1-Nu,, Nt,) (Complement of Ns); 

(6) Ns, ® Ns, =(Nt, + Nt, — Nt,Nt,, Nu,Nu,, Nf,Nf;) ; 

(7) Ns, ®Ns, = (Nt,Nt, , Nu, + Nu, — Nu,Nu,, Nf, + Nf, -NANS ) ; 
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(8) h- Ns, =(1-(-M, yh, Nu, NA"); 
(9) Nsit =(N¢!,1—-(1—Nw, )',1-(—f, J"). 


Set Nsy =<Nts, Nug, Nfs> (g = 1, 2, ..., 1) as a group of SVNNs with their weight vector H = (In, hz, 
..., hn) subject to 0 < hg < 1 and oe h, =1. Then, the weighted averaging and geometric operators 
of SVNNs are denoted as SVNNWA and SVNNWG and defined by the following equations [7]: 
SvNNWA(N5,,Ns,,....Ns,) = oh, Ns, = ( ~[J (ine). [] (Mu, TL (ne) a 
g=l g=l g=l g=l 
h, n 


SVNNWG(NS,, Ns,,..-5NS,) =T] (4s, We (Tl )°0-T Y=) * 
g=l 


g=l g=l 


(1-Y, ) . (2) 


gal 


To compare two SVNNs Nsg = <N¢tg, Nus, Nfe> (g = 1, 2), the score and accuracy functions of 
SvNNs are defined as follows [7]: 


F(Ns,) =(2+ Mt, —Nu, —Nf,)/3 for F(Ns,) €[0,1], (3) 
G(Ns,)=Nt,—Nf, for G(Ns,) €[-L1]. (4) 


In terms of the score and accuracy functions, a sorting method of two SvNNs is defined by the 
following rules: 


(1) If F(Ns1) > F(Ns2), then Ns: > Ns2; 
(2) If F(Ns1) = F(Ns2) and G(Ns1) > G(Ns2), then Ns1 > Ns2; 


(3) If E(Ns1) = F(Ns2) and G(Ns1) = G(Ns2), then Nsi = Ns2. 


2.2 Operational Laws of ST-SuNNs 

Set SvNN as Ns = <Nt, Nu, Nf. Then, ST-SvNN is’ defined as 
sin( Ns) = (sin(4 Nt), 1—sin(4 — Nu), 1—sin(4— Nf)) [14], where the true, indeterminate, and 
false membership degrees are sin($Nt):Y [0,1] , 1—sin(¢—Nu):Y >[0,1] , and 
1—sin(4 — Nf): Y [0,1], respectively. 

Set two STI-SvNNs as _ sin(Ns,) = (sin(4 N¢,),1—sin(4—Nu,),1—-sin(—Nf,)) and 
sin( Ns, ) = (sin($ Mt,),1—sin($— Nu, ),1—sin(} — Nf;)) with h > 0. Then, their operational laws 
are defined below [14]: 


1—(1—sin(4 Nt,))0 —sin(4 Nz, )), 
(1) sin(Ns,)® sin(Ns,) =( (1—sin(4— Nu, ))(1—sin(4—Nu,)), ), 
(1—sin(4 — Nf,))U—sin(4 — Nf, )) 


sin($ Nz,)sin(% Nt, ), 
(2) sin(Ns,)®@sin(Ns,) =( 1—sin($— Nu,)sin($—Nu,), ), 
1—sin(4— Nf,)sin(4— Nf,) 
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(3) h-sin(Ns,) = (1-(1-sin( Nt,))",(1—sin(4— Nu,))",(1—sin($-Nf,))"), 


(4) (sin(Ns,))" = ((sin(4 N¢,))",1—(sin(4 — Nu,))",1-(sin($-N,,,))"). 


Set Nsy =<Nts, Nug, Nfs> (g = 1, 2, ..., 1) as a group of SVNNs with their weight vector H = (In, hz, 
..., In) subject to 0 < hg < 1 and Dees h, =1. Then, the ST-SvNN weighted averaging and geometric 


operators are denoted as ST-SvNNWA and ST-SvVNNWG and defined by the following equations 
[14]: 


ST - SVNNWA(NS,, Ns,,...,Ns,) = > h, sin(Ns,) 


g=l 


g=l g=l g=l 


is h sid h K h : ( 
-[1-T](-so(5,) * [ [(1-sin(4- vu, )) ri (1-sin(4- Nf, )) ‘ 
ST - SVNNWG(NS,, Ns,,..., Ns,) = [](sinwvs,))" 


(6) 


n n 


-[T]sinesara i (sin(s—Nw,)) *.1- fins)" 


g=l g= g=l 


= 


3. Operational Laws of TT-SvNNs 


This section defines TT-SvNN and some operational laws of TT-SvNNs. 
First, we give the definition of TT-SvNN. 
Definition 1. Set SVNN as Ns = <Nt, Nu, Nf>. Then, TT-SvNN is defined below: 


tan( Ns) = (tan(4 Nt), 1—tan(4(1— Nu), 1— tan(4(1— Nf)) 
where the true, false, and indeterminate membership degrees are given, respectively, by 
tan(4 Nt): Y [0,1], O<tan(4 Nr) <1, 
1—tan(4(1—Nf)): ¥ [0,1], O<1—tan(4(1—-ANf)) <1, 
1—tan(4(l—Nu)): ¥Y > [0,1], O<1—tan(4(1—Nuw)) <1. 
Definition 2. Set SvNN as Ns = <Nt, Nu, Nf>. If 
tan(Ns) = (tan(4 N¢),1—tan(4(1—Nu)),1—tan(4(1—Nf))), then tan(Ns) is named the tangent 


trigonometric operator and its value is named TT-SvNN. 
Definition 3. Set two TI-SvNNs as_tan(Ns,) = (tan(4 N¢,),1—tan(4(1—Nu,)),1—tan(4 (1— Nf,))) 


and tan(Ns,) = (tan(4 N¢,),1—tan(4(1—Nu,)),1—tan(4(1—Nf,))) . Then, their operational 
laws are defined below: 
1—(1—tan(4 Nt, ))(.— tan(4 Nt, )), 
(1) tan(Ns,)® tan(Ns,)=( (1—tan(4(1— Nu, )))0 —tan(4(1— Nu,))), ), 
(1—tan(4(1— Nf,)))(— tan(4 (— Nf,))) 
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tan(4 Nz, ) tan(4 Nt, ), 
(2) tan(Ns,)® tan(Ns,)=( 1—tan(4(1—Nu,)) tan(4(1— Nu,)), ), 
1—tan(4(1— Nf,)) tan(Z(1— Nf, )) 


(3) A-tan(Ns,) = (1—(1-tan(4 N2,))",(1—tan(4 (1 — Nu,)))",(1—tan(4 1 Nf,)))"), 
(4) (tan(Ns,))" = ((tan(4 Na,))",1—(tan(4 (1 Nu,)))",1—(tan( (1 Nf,)))"). 


4. TT-SvNN Aggregation Operators 

This section proposes two weighted aggregation operators of TT-SvNNWA and TT-SVNNWG 
in terms of the proposed operational laws of TT-SvNNs and indicates their properties. 
3.1 TI-SuNNWA Operator 


Definition 4. Set Nsg = <Ntg, Nug, Nfs> (g = 1, 2, ..., 1) as a group of SVNNs with their weight vector H 
= (In, ho, ..., hn) subject to 0 < hg < 1 and ae h, =1. Then, the TI-SvNN weighted averaging 


operator is denoted by TT-SvNNWA and defined below: 


TT — SVNNWA(NS,, Ns,..-,NS,) =A, tan(Ns,) ® h, tan(Ns,)®...0 h, tan(Ns,, ) 
_x h N. (7) 
= D2 , tan(Ns, ) 

g=l 
Theorem 1. Set Nsy = <Ntg, Nug, Nfe> (g = 1, 2, ..., 1) as a group of SVNNs with their weight vector H = 
(In, hz, ..., hn) subject to 0 < hg < 1 and pe he =1. Then, the value of the TT-SVNNWA operator is 


obtained by the following equation: 


TT — SVNNWA(NS,, Ns),...,Ns,) = > h, tan(Ns, ) 
g=l 


n n n 


= [1-10 tan(s Ni,))" J] (1-tan(sa-Nw,)))", 


g=l g=l g=l 


a) 
(1-tan(4(1-Nf,))) i 


Proof: We can verify Theorem 1 in view of mathematical induction and Definition 3. 
For n = 2, we obtain the operational result: 


2 
TT — SVNNWA(NS,, Ns,) = > h, tan(Ns,) 


1—(1-tan(4Nz,))", 1-(1-tan(4Nz,))”, 
=h, tan(Ns,) ® h, tan(Ns,) =| (1—tan(4(1— Nu, )))", |}®| (—-tan(4(- Nu,)))”, 
(1—tan(4 (1- Nf,)))" (1—tan(4(1- Nf,)))” 
= t - Il (1—tan(4 Ns, ))"* Il (1-tan(4(1—Nu,)))", Il (1—tan(4(1— Nf, )))"* } 


Assume that Eq. (8) holds for n = p as follows: 
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Pp 
TT — SVNNWA(NS,, Ns,,....Ns,) = > h, tan(Ns,) 


gel 
= [1-1 0s ))* LT (tsa) T(t 50-97)) } 
g=l gal g=l 
For n=p + 1, we have the following result: 


Pp 
TT — SVNNWA(NS,, Ns,,...,Ns,,Ns,.:)= > h, tan(Ns,)@h 


g=l 


-[1-T](0-tn( m))" T(t tan(4 (1— Nu a T1(- tan(4 an) | 


g=l = = 


tan(Ws,,,.) 


gtl 


® (1 —(1—tan(4 Ns,,,,))'*",(1—tan(4(1— Nu,,,)))"", (1 —tan(4 (1 — Nf,,.)))""" 


-[)- f- tan(3Nt,))' Yet (s0—n))* FA(t-en(ga—a7))*} 


g=l g= g=l 


Thus, Eq. (8) can hold for n = p+1. 

Therefore, Eq. (8) also holds for any n. This proof is finished. 
Example 1. Set three SVNNs as Ns: = <0.76, 0.23, 0.2>, Ns2 = <0.83, 0.3, 0.22>, and Ns3 = <0.67, 0.12, 
0.15> with the weight vector H = <0.35, 0.2, 0.45>. Using Eq. (8), we give the following calculational 
process: 


3 
TT — SVNNWA(NS,, Ns,,Ns,) = > h, tan(Ns,) 


g=l 
ie (1- tan ( Zx0, 76) ye x(1- tan ( (4x0. g3))"" x(1—tan (4x 0.67)), 
= (1-tan(4 (4d- 0.23))) x(1- tan (<(1-0.3)))"? x(1-tan(2'-0.12)))"", 


(1—-tan(#(1—0.2)))""" x(1—tan(4(1-0.22)))"” x(1-tan(4(1-0.15)))” 
=< 0.6596, 0.2488, 0.2478 >. 


Theorem 2. The proposed TT-SvNNWA operator contains some properties based on the tangent 

trigonometric function as follows: 

(i) Idempotency: If Nsy = <Nts, Nus, Nf> = <Nt, Nu, Nf> = Ns (g = 1, 2, ..., n), there 
is TT —SvNNWA(NS,, Ns,,..., Ns,,) = tan(Ns) . 


(ii) Boundedness: Set Ns~ = (min(v,).max tu, ).max (AY, ) and Ns* = (imax(Nt,), min(Nu,), min(Af,)) 
g& & & & iss & 

as the minimum SvNN and the maximum SvNN, respectively. Then, there is 
tan(Ns”) < TT —SvNNWA(NS,, Ns,,..., Ns,,) < tan(Ns*) - 

(iii) Monotonicity: Set Ns, =(Nt,,Nu,,Nf,) and Ns’ =(N¢, »Nu,,Nf, ‘) (g =1, 2, ..., n) as two groups 
of SVNNs. Then 7T—SvNNWA(NS, , Ns,,+++,Ns,,) << TT —SvNNWA(NS, , Ns,,+++,Ns,) exists when 
Ns, Ns,. 

Proof: 

(i) For Nsg = Ns, using Eq. (8), we obtain 
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TT — SvVNNWA(NS,, Ns,,...,Ns,) = )_h, tan(Ns,) 


-[1-FY(0-an(,))* TT -tn(s0-a4)) ; (1-tan(=(-Ny,) "| 
te men meh ‘[(1-tan(z-N))) ') 


1—(1-tan(4 Ne))™ =" (1-tan(4 (1 Nu)))* =" (1-tan(4(1--Nf))) oe, 
=(tan (4M z); 1- tan(4 d- Nu)),1—tan (4(1— Nf))) = tan(Ns). 
(ii) When Ns < Ns, < Ns*, tan(Ns~) < tan(Ns Ss tan(Ns*) exists since tan (x) for 0 < x < 71/4 


ae function. Then, there is also 


x h, ae y< Di uh , tan(Ns,) < Des h, tan(Ns*). Therefore, based on the property 
(i), there is tan(Ns) < 7T — SvVNNWA(NS,, Ns,,...,.Ns,,) < tan(Ns*). 


(iii) When Ns, < Ns,, there is tan(Ns,) < tan( Ns, ) since tan (x) for 0 < x < 2/4 is an increasing 
function. D4 h, tan(Ns,)< ae h, tan(Ns,) can hold in view of the property (ii). Thus, 
TT —SVNNWA(NS, , Ns,,--+, Ns) <TT — SvNNWA(NS, , Ns,,+++, Ns,) exists. 


3.2 TI-SuUNNWG Operator 


Definition 5. Set Nsg =<Ntg, Nusg, Nfs> (g = 1, 2, ..., 1) as a group of SVNNs with their weight vector H 
= (In, he, ..., hn) subject to 0 < hg < 1 and ae h, =1. Then, the TT-SvNN weighted geometric 
operator is denoted by TT-SvNNWG and defined below: 


TT — SvNNWG(NS,, Ns,,..., Ns, ) =(tan(Ns,))' @(tan(Ns,))” @...®(tan(Ns,))” 
=] ](tancns,)" 
g=l 


Theorem 3. Set Nsg = <Ntg, Nug, Nfe> (g = 1, 2, ..., 1) as a group of SVNNs with their weight vector H = 
(Iu, h2, ..., hn) subject to 0 < hg < 1 and yas h, =1. Then, the value of the TT-SvNNWG operator is 


(9) 


obtained by the following equation: 


n hi, 
TT — SVNNWG(NS,,Ns,,...Ns,) = [(tan(Ns,)) * 
g=l 


(10) 


-[T (ane i)* : (a0(40-Nu)*st-T](cg0—4,9)" 


gol gal 


In view of the similar proof process of Theorem 1, we can easily verify Theorem 3, which is 
omitted. 
Example 2. Set three SvVNNs as Ns: = <0.8, 0.2, 0.1>, Ns2 = <0.7, 0.2, 0.2>, and Nss = <0.9, 0.1, 0.1> with 
the weight vector H = (0.35, 0.25, 0.4). Using Eq. (10), we give the following calculational process: 
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TT - SVNNWG(NS,, Ns,, Ns,) = [I (s2n0%s,))" 
(tan (4 x 0.8)" x (tan (4 x0. 7))" = x (tan (4 x 0.9)" ; 


=( 1-(tan(4(1-0.2)))"” x( 
( 


=< 0.7428, 0.2249, 0.1798 >. 


tan(4(1-0. 2)))" x(tan(4(1-0.1)))” ; 


1-(tan(4(1-0.1)))"” x(tan(4(1-0.2)))"” x(tan(4(1-0.1)))” 


Theorem 4. The proposed TT-SvNNWG operator contains some properties based on the tangent 
trigonometric function as follows: 
(i) Idempotency: If Nsy = <Nts, Nus, Nfg> = <Nt, Nu, Nf = Ns (g = 1, 2, ..., nm), there is 


TT —SVNNWG(NS,, Ns,,..., Ns,,) = tan(Ns) . 


(ii) Boundedness: Set Ns~ = (min(v,), max(Nu, ),max(Nf, ) and Ns* = (max (Wi, )-min( .)>min(Nf, ») 
g& g& & g& g& & 


as the minimum SvNN and the maximum SvNN, respectively. Then, there is 
tan(Ns) < TT — SVNNWG(NS,, Ns,,..-, Ns,,) < tan(Ns") . 

(iii) Monotonicity: Set Ns, =(Nt,,Nu,,Nf,) and Ns” =(Nt, ,Nu,, Nf, _ (g =1, 2, ..., n) as two groups 
of SvNNs. Then 7T—SvNNWG(NS, , Ns,,---, Ns,) <7T —SvNNWG(NS,, Ns;,-+-,Ns,) exists when 
Ns, < Ns, 


Obviously, the proof process of Theorem 4 is similar to that of Theorem 2, which is omitted. 


5. MADM Technique 


This section establishes a MADM technique using the proposed TI-SvNNWA and 
TT-SVNNWG operators in the SVNS setting. 

MADM problems usually contain a set of p alternatives K = {K1, Kz, ..., Kp} and a set of n 
attributes L = {L1, Lz, ..., Lu} and then indicate decision matrix M = (Nskg)pxn, where Nstg (k = 1, 2, ..., p78 
= 1,2, ...,) are SVNNs corresponding to satisfactory assessments of an alternative Kx over attributes 
Lg given by decision makers. The weight vector of the attributes is presented by H = (I, hz, ..., hn) 


subject to 0 < hg < 1 and Dod h, =1. Regarding MADM problems with SvNN information, the 


MADM algorithm is composed of the following steps. 

Step 1: In view of the satisfactory levels of each teacher with respect to the teaching quality 
indicators, the experts give the decision matrix of SVYNNs M = (Nskg)pxn. 

Step 2: The aggregated values Nsx for Kx (k = 1, 2, ..., p) are calculated by the following 
TT-SVNNWA or TT-SVNNWG operator: 


Ns, = TT — SVNNWA(NS,,, NS j35-+-5NSjy) = Mg ta0( NS py ) 


g=l 


-[1-T](-tn(5an,))* LT lt-an(s (1-Mw,)))".[ [(1-tan (4 any) 


g=l g=l g=l 


(11) 


Mailing Zhao, Jun Ye, MADM Technique Using Tangent Trigonometric SvNN Aggregation Operators for the Teaching 
Quality Assessment of Teachers 


Neutrosophic Sets and Systems, Vol. 50, 2022 659 
n he 
Ns, = TT — SVNNWG(N5,,,N5,5---5N5,,) = | [(tan(Ns,,)) 
=! 
bs : (12) 
n hg n hg n re he 
a Ti es Nt,)) ‘1-] [ (tan(4-Nu,,))) “,1-] [ (tan d-Nf,))) | 
g=l g=l g=l 


Step 3: The score values of F(Ns«) (the accuracy values of G(Nsx)) are calculated by Eq. (3) (Eq. 
(4)). 

Step 4: Alternatives are sorted in descending order in terms of the score values (accuracy 
values) and the best one and the worst one are determined. 

Step 5: End. 


6. Actual Example about the TQA of Teachers 


6.1. TQA Example of Teachers 


In current Chinese higher education, the teaching quality of teachers is becoming more and 
more important in the training and competition of modern talents. In this case, the assessment 
mechanism of teaching quality in colleges and universities reveals its importance and necessary in 
the teaching process. Since the TQA problem of teachers contain many evaluation 
indicators/attributes, liking teaching level and skill, teaching means and methods, teaching attitude, 
etc. Therefore, TOA is a MADM issue, where evaluation data of the indicators/attributes contain 
incomplete, uncertain and inconsistent information in the evaluation process. This section applies 
the established MADM technique to an actual example about the TQA of teachers to show the 
efficiency and suitability of the established MADM technique in the environment of SvNSs. 

Shaoxing University in China needs to establish the TQA system of teachers as an effective 
teaching management strategy. To evaluate the teaching quality of teachers, the teaching 
management department preliminarily chooses five teachers as the evaluated objects, which are 
denoted as a set of the five alternatives K = {Ki, Kz, Ks, K, Ks}. In the TQA process, they must evaluate 
the satisfactory levels of each teacher with respect to the indicators/attributes of teaching quality, 
including the teaching level and skill (L1), the teaching means and method (Lz), the teaching attitude 
(Ls), the teaching innovation (Ls), and the satisfaction of students (Ls), which are denoted as a set of 
the attributes L = {Li, L2, Ls, Ls, Ls}. The weight vector of the five attributes is presented by H = (0.23, 
0.2, 0.2, 0.17, 0.2). 

In this MADM problem with SvNNs, the established MADM technique is applied to this actual 
example. Then, the decision steps are given below. 

Step 1: In view of the satisfactory levels of each teacher with respect of the teaching quality 
indicators, the experts give the following decision matrix of SvVNNs: 


[ <0.6,0.2,0.3> <0.7,0.3,0.2> <0.7,0.3,0.3> <0.8,0.1,0.2> <0.6,0.1,0.4> 
<0.7,0.1,0.2> <0.6,0.1,0.1> <0.9,0.4,0.3> <0.9,0.2,0.2> <0.8,0.2,0.4> 

M =| <0.8,0.1,0.2> <0.9,0.3,0.3> <0.6,0.10.3> <0.8,0.4,0.3> <0.8,0.3,0.3> 
<0.9,0.1,0.2> <0.7,0.4,0.2> <0.9,0.4,0.5> <0.7,0.1,0.5> <0.6,0.4,0.4> 

| <0.7,0.4,0.5> <0.8,0.3,0.3> <0.9,0.3,0.3> <0.6,0.3,0.1> <0.9,0.1,0.2> 


Step 2: Using Eq. (11) or Eq. (12), the aggregated values of Nsx for Kk (k = 1, 2, ..., p) are given 


below: 


Nsi = <0.5960, 0.2491, 0.3569>, Ns2 = <0.7361, 0.2346, 0.2906>, Ns3 = <0.7289, 0.2649, 0.3574>, Nsa = 
<0.7332, 0.3020, 0.4074>, and Nss = <0.7455, 0.3363, 0.3365>. 
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Or Ns1 = <0.5827, 0.2794, 0.3710>, Ns2 = <0.6909, 0.2745, 0.3244>, Nss = <0.6990, 0.3150, 0.3627>, Ns4 
= <0.6812, 0.3735, 0.4503>, and Nss = <0.7017, 0.3723, 0.3869>. 

Step 3: Applying Eq. (3), the score values of F(Nsx) are obtained as follows: 

F(Ns1) = 0.6633, F(Ns2) = 0.7370, F(Nss) = 0.7022, F(Nsa) = 0.6746, and F(Nss) = 0.6909. 

Or F(Ns1) = 0.6441, F(Ns2) = 0.6973, F(Nss) = 0.6738 F(Nsa) = 0.6191, and F(Nss) = 0.6475. 

Step 4: The sorting order of the five teachers is Kz > K3 > Ks > Ka > Ki or Kx > Ks > Ks > Ki> Ka, and 
the best one is K2 and the worst one is Ki or K4 in the TQA process of the teachers. 

It is obvious that the sorting orders of the five teachers obtained based on the proposed 
TT-SVNNWA and TT-SVNNWG operators in the SvNS setting reveal some differences, which show 
that different aggregation algorithms may affect the sorting order. 


6.2. Related Comparison 


To reveal the efficiency and suitability of the established MADM technique for the TQA 
problem of teachers, this part compares the established MADM technique with the related 
techniques in the environment of SvNSs. 

Using Eqs. (1)-(6), the evaluation results of the five teachers are given by existing MADM 
techniques [7, 14]. Then, all the decision results based on the established MADM technique and the 
existing MADM techniques [7, 14] are shown in Table 1. 


Table 1. Decision results of various MADM techniques 
The best The worst 


MADM technique Score value Sorting order 
one one 
Existing MADM technique 0.7425, 0.8058, 0.7768, | K2>Ks3>Ks> ea a 
using Eq. (1) [7] 0.7499, 0.7658 Ksa>K 
Existing MADM technique 0.7251, 0.7708, 0.7516, © K2>Ks>Ks> oo eo 
using Eq. (2) [7] 0.6989, 0.7264 Ki> K: 
Existing MADM technique 0.9418, 0.9719, 0.9650, | K2>K3>Ks> % a 
using Eq. (5) [14] 0.9582, 0.9638 Ka>K 
Existing MADM technique 0.9324, 0.9534, 0.9516, | K2>Ks>Ks> x e 
using Eq. (6) [14] 0.9309, 0.9429 Ki> Ks 
Established MADM 0.6633, 0.7370, 0.7022, K2>Ks3>Ks> 
technique using Eq. (11) 0.6746, 0.6909 Ka>K 7 = 
Established MADM 0.6441, 0.6973, 0.6738, K2>K3>Ks> es e 
technique using Eq. (12) 0.6191, 0.6475 Ki> Ka 


In Table 1, the sorting orders given by the established MADM technique using Eggs. (11) and (12) 
and the existing MADM techniques using Eqs. (1) and (2) and Eqs. (5) and (6) are the same. In the 
meantime, the best one is Kz and the worst one is Ki or Ka in the MADM problem. In the existing 
MADM techniques [7, 14] and the established MADM technique, different aggregation operators 
will affect the sorting order of the five teachers. In general, the weighted average aggregation 
operators mainly tend to group opinions, while the weighted geometric aggregation operators 
mainly tend to individual opinions. However, one of the aggregation operators is selected 
depending on decision makers’ preference and some actual requirements in the TQA process. 


7. Conclusions 
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Since the TQA of teachers shows its importance and necessity to improve the teaching quality 
in colleges/universities, it is critical to establish a suitable assessment mechanism in the teaching 
process. Then, the evaluation information for the teaching quality of teachers implies 
incompleteness, indeterminacy, and inconsistency due to the indeterminacy and inconsistency of 
human cognition and judgements to the evaluated objects. In this case, this research proposed an 
MADM technique for the TQA of teachers in the SVNN situation. To perform this task, we proposed 
the operational laws of TT-SvNNs and the TIT-SvNNWA and TI-SVNNWG operators, and then 
established an MADM technique using the TT-SvNNWA and TT-SVNNWG operators in the SvNS 
setting. Consequently, the established MADM technique was applied in an actual MADM example 
about the TQA problem of teachers and compared with existing related MADM techniques. The 
comparative results revealed the efficiency and suitability of the established MADM technique in 
the SvNS setting. 

However, the established MADM technique is another complement to existing MADM 
techniques. Since the tangent trigonometric function shows the main superiority of its periodicity 
and symmetry about the origin, fitting the preference of decision makers for multiple time phase 
parameters, this new technique will also be extended to new aggregation operations and applied to 
the areas of slope stability/risk assessment and medical diagnosis in the environment of simplified 
NSs (SvNSs and INSs). 
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